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nonlinear dispersive equations on the half-line and in bounded
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1. Introduction
1.1. Problem framework

The theory of local well-posedness (LWP), i.e., the existence, uniqueness, and continu-
ity of the data-to-solution map, for the initial boundary value problem (IBVP) associated
with the KdV equation [31], is well-studied. On the right half-line (0, +00) is considered
the following IBVP

Ou + Opu+ O2u + udyu =0, for (z,t) € (0,4+00) x (0,7T),
u(0,t) = f(t), for t € (0,7), (1.1)
u(z,0) = ¢(x), for z € (0, 4+00),

and on the left half-line (—o0,0) the following one

Oru + Opu + 03u + udyu = 0, for (z,t) € (—00,0) x (0,7,
uw(0,t) = g1(t), 0,u(0,t) = ga(t), forte (0,7), (1.2)
u(z,0) = ¢(x), for x € (—o0,0).

The rationale behind the presence of one boundary condition in the right half-line
problem (1.1) as opposed to two boundary conditions in the left half-line problem (1.2)
can be elucidated by integral identities concerning smooth solutions to the linear KdV
equation. For such solutions, denoted by v, and any arbitrary time ¢, where 0 < t < T,
the following holds:

+o0 400 t
/ v (z, t)dx = / v%(z,0)dz + / [20 (0, ) vgy (0,1') — 02 (0,¢)] dt’ (1.3)
0 0 0
and
0 0 t
/ v (x,t)dr = / v / [20(0,1") vas (0,1") — 02 (0,¢")] at’. (1.4)
—0o0 —00 0

Now, assuming v(x,0) =0 = v (0,¢') for all x > 0 and 0 < ¢ < ¢, we deduce from
(1.3) that v(x,t) = 0 for all z > 0. However, the existence of v(x,t) # 0 for z < 0,
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satisfying v(x,0) = 0 = v (0,¢') for all x < 0 and 0 < ¢ < ¢, is not precluded by (1.4).
Indeed, such nonzero solutions do exist, as demonstrated in [28]. Nevertheless, (1.4) does
reveal that homogeneous conditions v(z,0) = v (0,t') = v, (0,¢') = 0 for all z < 0 and
0 <t <t imply that v(z,t) =0 for all z < 0.

Even though the well-posedness theory is well understood, as we shall see, it is im-
portant to present a fundamental problem that forms the basis of our work and that we
intend to address:

Exact control problem: Given an initial state ¢ and a terminal state v in a certain space,
can one determine a suitable control input f (or g1 and g2) such that equation (1.1) (or
(1.2)) admits a solution u satisfying u(x,0) = ¢(x) and u(z,T) = P(x)?

If it is always possible to find a control input that drives the solution of the system
described by (1.1) or (1.2) from any initial state ¢ to any final state 1, then the system

is said to be exactly controllable. Moreover, if we take the final state v = 0, the system
is said to be null controllable.

1.2. Why study control problems on unbounded domains?

The well-posedness of the system (1.1), as an initial-boundary value problem, is well
established in the literature (see, for example, [1-3]). In particular, a result by Bona et
al. [2] guarantees the following:

Theorem A. Let v > 0 and s > —1 be given with s # 3m + %, m=20,1,2,---. Set

H (RY) = {f € H® (R*);e""f € H* (R*)} .

st1
For any given compatible pair' (¢,h) € HS (RY) x H, > (R"), there exists T > 0 such
that the IBVP (1.1) admits a unique mild solution u € C ([0,T]; H: (RT)).

As a direct consequence of Theorem A (see, for instance, [38, Section 4]), they de-
duced that the system (1.1) is not exactly controllable for a certain class of final states.
Specifically, this class is given by

C:= {¢T EH(RT):¢r ¢ HE (RT) for any v and s’ > —1}.
This result highlights that the exact controllability is obstructed for states that fail to

belong to the more regular weighted Sobolev space Hﬁl(RﬂL), regardless of the weight
parameter v and for any s’ > —1. This naturally raises the question:

! Refer to [1] for the precise definition of s-compatibility in this context.
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Question A: Is there a class of states for which the system (1.1) (or (1.2)) is either null
controllable or exactly controllable?

In this direction, Rosier [36, Theorem 1.2] shows that for a certain class of solutions,
the linear system associated with (1.1) is not null controllable for some states. Specifically,
the following result was established:

Theorem B. Let T > 0 be given. Then, there exists an initial data ¢ € L? (RT) such that
ifue L™ (0,T;L* (RT)) solves

{ Oy + Opu+ Bu=0, in D'((0,+00) x (0,T)),

u|t:0 = ¢,
then u‘t:T # 0.

It means that the bad behavior of the trajectories as x — oo is the price to be paid
for getting the exact controllability in (0,400). Indeed, for a certain function wg in
L?(0,+00) and ur = 0 a trajectory u as above cannot be found in L> (0, T, L*(0, +oo)).
However, when the bounded energy condition (u € L™ (O,T; L? (R*))) is relaxed, the
exact boundary controllability of the linear KdV equation holds, as demonstrated also
by Rosier in [36, Theorem 1.3]:

Theorem C. Let T', e, and b be positive numbers, with e < L. Let $ € H° (RT) = L* (RY)
and ¢ € H°, (RT). Then, there exists a solution

u€ L ([0,00) x [0, 7)) NC ([0,¢e]; L* (RT))NC ([T — €, T]; H,, (RT))
which satisfies

Opu+ Ozu+ 92u =0, in D'((0,+00) x (0,T))
ul =0 ul,_, =

Rosier [37, Corollary 2] constructs a fundamental solution with compact time support

for the linear KdV equation, yielding an explicit trajectory. However, with undesirable

behavior at infinity, that drives any ug to zero. Summarizing, [37, Theorem 1] establishes
that the linear KdV equation is exactly boundary controllable on (0, +00).

Theorem D. Let T > 0 and let ug,ur € L?(0,+00). Then there exists a function u €
L3,.([0,T] x [0,+00)) fulfilling
ou+0,u+d2u=0, te(0,T), z€RT,
u‘t:() = U,

u |t,:T = ur.
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It is important to point out that Theorems B, C, and D are related only to the linear
equation. In this context, the control theory for the linear and nonlinear KdV equation
still needs to be developed if compared with the theory in bounded domains. So, given
these previous results, the study of exact controllability for systems (1.1) and (1.2) in the
half-line framework becomes an interesting problem. Specifically, the following question
arises:

Question A’: Given T > 0 and ¢, ¢ € L*(RT) (or L2(R™)). Can one find an appropriate
control input f(t) € H3(0,T) (or g1(t) € H3(0,T) or go(t) € L2(0,T)) such that
there exists a class of corresponding solutions u(x,t) of system (1.1) (or (1.2)) satisfying
u(z,0) = ¢(x) and u(z,T) = ¢r(x)?

1.3. State of the arts

Research on the IBVP (1.1) began with Ton [42], who established the existence and
uniqueness of solutions for smooth initial data with zero boundary conditions. Bona
and Winther [4,5] extended these results, proving global well-posedness in H*(R*)
and continuous dependence, while Faminskii [19] obtained well-posedness in weighted
Sobolev spaces. Later, Bona et al. [1] proved conditional local well-posedness under s-
compatibility conditions for ¢ € H*(RT) and f € HE+D/3(RY) with s > 3, and global
results for 1 < s < 3.

Parallel developments followed with Colliander and Kenig [14], who proposed a unified
framework for the gKdV on R, later refined by Faminskii [20]. Holmer [28] and Bona et
al. [3] pushed the theory to the critical Sobolev exponent s = —3, while Faminskii [21]
established global well-posedness for s > 0 under natural boundary conditions. Fokas [22]
introduced the unified transform method (UTM), extending IST techniques to IBVPs.
Importantly, these frameworks [1,14,22,28] also apply to the IBVP (1.2), and Cavalcante
[10] adapted Colliander—Kenig’s approach to star graphs.

With respect to control theory, Russell and Zhang’s works initiated the exploration
of control strategies for the KdV equation [39-41,44,45]. As for the control issue, Rosier
[35] examined boundary control of the KdV equation on the finite domain (0, L) with
boundary conditions

0w+ Opu + O2u + udyu = 0, in (0,L) x (0,7,
uw(0,t) = u(L,t) =0, dyu(L,t) = g(t), in (0,7), (1.5)
u(z, 0) = uo(x), in (0, L),

where the boundary value function g(t) is considered as a control input, has important
phenomena that directly affect the control problem related to them, so-called critical
length phenomenon. This phenomenon suggests that the exact controllability of the linear
system associated with (1.5) hinges on the length L of the spatial domain (0, L). In other
words, the linear system is controllable if and only if
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L¢N:{\2/7%\/162+kl+12:k,l€N*}. (1.6)

In the case L € N, Rosier [35] proved that the linear system associated with
(1.5) is not controllable, since a finite-dimensional subspace M(L) C L?(0, L) remains
unreachable. Specifically, for any nonzero ¢ € M and g € L?(0,7T), the solution
u € C([0,T]; L*(0, L)) N L*(0,T; H' (0, L)) with u(-,0) = 0 cannot satisfy u(-,T) = 1.
Thus, (0, L) is called a critical domain when L € N. After that, Coron and Crépeau [16]
showed that the nonlinear system (1.5) remains locally exactly controllable for certain
critical lengths L = 2k, provided that no integers (m,n) € N* x N* with m # n satisfy
m? + mn + n? = 3k2. Later, Cerpa [11] and Cerpa—Crépeau [13] extended this result,
proving local controllability for longer times at critical lengths.

Depending on the position where the control is applied at the boundary, the critical
set cannot be explicitly characterized [12,26]. Although several works [15,26] explored the
phenomenon for alternative boundary conditions, the exact structure of the critical set
remained unknown. Two decades later, Capistrano-Filho and da Silva [9] advanced the
theory by analyzing the KdV equation on [0, L] with Neumann-type conditions and one
control input. They proved controllability even in the critical case L € Rg, employing
the return method and a fixed-point argument.

Beyond bounded domains, Mufioz [33] studied approximate control of solitons for
generalized KdV equations on R, proving local null controllability and the possibility of
accelerating solitons to prescribed velocities with quantitative error estimates. Finally,
Ozsari [30] addressed the lack of null controllability for the heat equation on the half-line,
introducing an approach based on the unified transform method (UTM) [22], which also
plays a key role in recent controllability results for KdV-type models.

1.4. Operational controllability

We study the controllability of the KdV equation on the half-line using the Hilbert
Uniqueness Method (HUM) introduced by Lions [32]. We introduce a method for explic-
itly characterizing controls, termed operational controllability, based on the derivation of
global relations between the final state and the control through integral representations
of solutions on the half-line and on finite intervals. This approach not only enables the
application of HUM but also offers a framework potentially adaptable to other nonlinear
evolution PDEs, extending ideas explored in recent works such as Fokas [22], Kenig et al.
[14], Holmer [28], and Bona et al. [1]. For the sake of simplicity, we will consider the exact
controllability problem (1.1); the other cases in this work can be treated analogously. An
important point is that, without any loss of generality, we shall consider only the case
when the initial data ¢ = 0.
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1.4.1. Operational controllability via forcing operator

We will use the representation introduced by Kenig et al. [14], and after explored by
Holmer [28]. Suppose that the initial data ¢ = 0. Then, the integral representation of
the solution of (1.1) given by the forcing operator takes the form

u(z,t) = f%H(t)@ﬁxu2(yg,t)+9(t)$j‘ (7™ f) (z, 1) +0(t) L7 (ie(t)@azu%o,t)> (z,1),

where the operators 2 and .7 are defined in the (A.8) and (A.12), respectively. (See
Appendix A). Now, if we consider the linearized system with initial data zero, the solution
could be written as

u(z,t) = Q(t)f_i‘ (e””"f) (z,1).

Thus, we define the nature of the control that drives the linearized system associated
with (1.1) to satisfy the exact controllability condition.

Definition 1.1. Let ¢7 € L?(R}), thus the system

Ou+ Opu+ 02u =0, for (z,t) € (0,+0) x (0,T),
u(0,t) = f(t), for t € (0,T), (1.7)
u(z,0) =0, for « € (0, +00),

is operational exact controllable at time ¢ = T (via forcing operator) if and only if the
system (1.7) is exactly controllable with a control f = f(t) € H3(R]) given by the
relation

O(T)ZL2 (e ™A f(t) (z,T) = ¢r(z), for every A € (—1,1). (1.8)
Remark 1. Concerning the previous definition, we have the following:

i. From the identities (A.10) and (A.12), the relation (1.8) is equivalent to

3 oo T 7 f(t/)
- 1 Y —-2_2 b . .
r(\) !O/(y ) A ((T _ t’)1/3> (T — )3 dt'dy = ¢r(z), (1.9)

for some A € R, where A is the Airy function given in (A.5). It is crucial to empha-
size that the presence of the parameter A\ in the relation above must adhere to the
conditions ensuring the well-posedness of the system under consideration.

ii. In Definition 1.1, operational controllability means that, given the final data, we ob-
tain an explicit representation formula (1.9), in this case through a forcing operator,
that satisfies the exact controllability condition, that is, u(x,T) = ¢r(x).
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Remark 2. Observe that we can extend the previous definition for two classes of op-

erators: the boundary operator [1] and the UTM operator [22]. Precisely, we have the

following:

(a)

Operational controllability via boundary operator: Using the representation giving
by Bona et al. [1], we can establish the operational controllability of the linear system
(1.7). Note that [1, Proposition 2.2] implies that the solution of the system (1.7) is
given by

u(a, 1) = Wo(0) ] () = [0o()1] () + 07T () i HO(RY), for § <5 <3
Here, for x >, t > 0,

1 0 \/3u2—4+m o0
U} @) = 5z [ eime U (g — 1) et e gy aga
1 0

™

Thus, the control solving the exact controllability problem for the linearized system
(1.7) is defined as follows.

Definition 1.2. Let ¢ € H*(R}"), thus the system is operational exact controllable
at time ¢ = T (via boundary operator) if and only if the system (1.7) is exactly
controllable with a control f = f(t) € H%

(R;") given by the relation

70 7 ef“%w%‘(@w)z(iﬁﬁ—n e~ WIS f(e)dgdp | = mpr(w).
1 0

Operational controllability via UTM operator: Following the Fokas approach [22—-
24,29], we can consider the case of H*(R}), for —2 < s with 3! ¢ N + 3, and we
can consider the operational controllability by usmg the followmg 1ntegral formula

1 . . 3 .
’U,({L‘,f) =9 [07']“7 O} (xﬂf) = _% / elkw—l(k—k )t(3]€2 _ ]-)f (k . kg,T) dk,
aDk
(1.10)
where fj (k3, T) are defined by

T
/ekkg t)dt', keC,0<t<T,
0

2 Note that the terms (3k? — 1) in the formula (1.10) arises from the dispersion relation associated with
the linear KdV operator after applying the unified transform method and solving the corresponding global
relation in Fourier space. For details, see for instance [22, Chapter 1, Proposition 1.2 and Example 1.12].
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and C* and C~ will denote the upper half (Imk > 0) and the lower half (Im k < 0)
of the complex k-plane. The domain D is defined by

D = {k € C, Re(ik —ik®) <0} = {k € C, (Imk) (3(Rek)® — (Imk)*> — 1) < 0}.
Moreover, DT and D~ will denote the part of D in C* and C~, namely
DY =DNC* and D =DNC".

The asymptotic form of D, Dt D~ as k — oo will be denoted by DR,DE,DE,
respectively, i.e.,

Dr={keD, |wk)|>R, Rlarge}, DL=DprnNC" Dp=DrnC".
(1.11)
From [24, Theorem 2], the function u(x,t) given by (1.10) defines a solution to the
system (1.7) in the space C([0,T]; H*(R;)). Thus, in this case, the control solving
the exact controllability problem for the linearized system (1.7) is defined as follows.

Definition 1.3. Pick ¢ € H*(R}), the system is operational exact controllable at
time t = T (via UTM operator) if and only if (via forcing operator) the system (1.7)
is exactly controllable with a control f = f(t) € H =+ (R;") given by the relation

T
/ ek ih=kT=) (382 1) f (') dt'dk = —2m¢r ().
) 0

)
=+

Note that in [3,24], the authors establish the uniqueness of the solution to (1.7)
when —3/4 < s < 1. Due to this and taking into account the previous definitions,
“operational controllability” provides a framework to determine inputs that ensure
exact controllability, characterized by the forcing, boundary, and UTM operators.
Since these definitions are equivalent, the desired control can be obtained by com-
bining their relations; for instance, if system (1.1) is controllable through all three
operators, the control function f can be written as

({Forcing operator} f) (x,t) + ({UTM operator} f) (x,t) = 0,
({Forcing operator} f) (x,t) — ({Boundary operator} f) (x,t) = 0,

or
({Boundary operator} f) (x,t) + ({UTM operator} f) (z,t) = 0.

Therefore, if the inverses of the operators introduced above are well-defined, we may
conclude that the control input f(¢) is given by:
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f(t) = [({Forcing operator})] ™ (¢r(x))(1),

or

f(t) = [({Boundary opera‘cor})]_1 (o7 (2))(¢),

or

f(t) = [({UTM operator})] ! (¢7(2))(t).
1.5. Notations and main results

So far, no results address the controllability of the KdV equation on the half-line.
Here, we relate the IBVP with controllability and propose an approach applicable not
only to the KdV but also to other dispersive equations on unbounded domains, namely
R* = (0,00) and R~ = (—00,0). For the well-posedness and control analysis (via forcing
operator), we first consider equation (1.1) in the range —2 < s < 3 with s # 1.

In this set of conditions over s, we have that

s+1 1 3

o€ H (RY), feH™ (Rf), andif 5 <s< 3, 6(0)=/0). (1.12)

Moreover, considering the system (1.2), if —% <s< %, for s # %, we get

s El 1 3
¢eH(R;), g1 € HS (Rf),go € H3 (R}), and if 5 <5< 0(0)=g(0)
(1.13)
Let X denote the modified Bourgain space X, ;, N D, with b < % and a > %, where

1/2

lullx., = // € (r — ) (e, ) Pdedr |
&,

and
1/2

o, = | [ (r<late 7 Pdcar

l€1<1

With this in hand, we define the solution for the systems (1.1) and (1.2), respectively,
as follows.

Definition 1.4. We will call a solution u(z,t) of (1.1)-(1.12) (resp. (1.2)-(1.13)) on [0, T]
if the following holds:
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a) Well-defined nonlinearity: The function for some appropriate space X, if u € X, then

d,u? is a well-defined in the sense of distribution. Moreover, the function wu(x,t)
satisfies system (1.1) (resp. (1.2)) in the sense of distributions on the set (x,t) €
(0, 4+00) x (0,T) (resp. (z,t) € (—o0,0) x (0,7)).

b) Space traces: The function u € C ([0, T]; HS) and in this sense u(-,0) = ¢ in H* (R})
(resp. u(-,0) = ¢ in H* (R)).

c¢) Time traces: Considering v € C (Rx;Hsgl (O,T)) and in this sense u(0,-) = f in

H™5(0,T) (resp. u(0,-) = g1 in H5 (0,T)).
d) Derivative traces: If 9,u € C (R,; H3(0,T)), considering only the system (1.2)-(1.13)

we require that, in this sense, u(0,-) = g, in H5(0,T).

Let us now introduce two sets. For any ¢ € H*(R"), -3 <

s %, we define the
admissible final state class for the linearized systems (1.1) and (1.2)

<
by the sets

A2(¢,T) = {¢r € H*(R™) : the solution given by Definition 1.4 for the linear system

associated with (1.1) satisfies u(x,T) = ¢, for a boundary control
541

feHs (RY)}

and

Aj (¢, T) = {¢r € H*(R™) : the solution given by Definition 1.4 for the linear system
associated with (1.2) satisfies u(z,T) = ¢, for a boundary controls

g1 € H5 (RY), go € HS(RT)},

respectively. Note that both sets are non-empty (see this discussion at Section 5).
Now, consider the following ball in X := X, N D, given by

B, = {u S XO,b ND, : ||'I.LHX0’mew <rp.

With all the previous frameworks, we present two results answering Question A’ and,
consequently, Question A.

Theorem 1.1. Let T > 0. Then, there exists 6 > 0 such that for any ¢ € L*(R}) and
or € AV, T), verifying [0l L2y + 167l 2rty < 0, the system (1.1) admits a unique

solution uw € B, C X = Xo3 N D, operational exactly controllable at time T, it means
that there exist f € H3 (R;") such that

3 1
or(x) = e TOeH02) () — EQ&WQ(%,T) + LMz, T, ),

where
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M(t,0) = e [ 10) = 00 P4 D0| 4 00 70.20,0)|

for every A € (—1,1),

with fﬁ‘ the forcing operator given by (A.11).

The second main result considers the control problem (1.2) when only one control
input is available. The result is the following.

Theorem 1.2. Let T > 0. Then, there exists § > 0 such that for any ¢ € L*(R;) and
o1 € AV (¢, T), verifying [0l 2wy + 07l 2z y < 0, the system (1.2) admits a unique
solution u € B, C X = X, N Dy operational exactly controllable at time T'. Moreover,

we have:

(i) If g1 = 0, one can find go € L*(R}") such that

pr(x) = e TOA0) g(g) — %%ﬂﬂ (2, T) + L2 hy (2, T, ) + L 2hy(x, T, )

where
_ —t(92+02) 1 2
[hl(t;¢)1 Y b(t)e ¢ om0 T 220w (0.7)
ha(t, ¢) 0(t)Z, 3 (92 — 9aIe—t<8w+8i>¢‘ _, t200:20:u(0, .)) (t)

(ii) If g2 = 0, one can find g, € H3 (R}) such that

br(a) = e TOARG(a) — L PO, T) + L (. T,6) + Lol T, ),

where
_ —t(8,+02) 1 2
[hl(t,gb)] iy gi(t) — 6(t)e ¢\x:0+ L90,u2(0, 1)
h2(t7 d)) Q(t)Il/3 (— gaxeft(aﬁai)gg‘ + %gaz@amUQ(O, )) (t)
=0

Here, M is a matriz given by (A.15).

Both theorems follow from classical control tools: the Dolecki-Russell duality [18] in
Lions’ framework [32], reducing the problem to an observability inequality, and a fixed-
point argument for the full system. Moreover, the explicit solution formulas [1,22,28]
allow us to precisely characterize the control and controllable solutions, in line with
Definitions 1.1, 1.2, and 1.3, as follows:
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Remark 3. Let % <s<land f € Hs (0,T) such that system

Ou+ Opu+ 02u =0, for (z,t) € (0,+0) x (0,T),
u(0,1) = £(), for t € (0,7),
u(z,0) =0, for x € (0, +00),

is (operational) exactly controllable at time T, via forcing operator, boundary operator,
and UTM operator (see Definitions 1.1, 1.2 and 1.3). Then, the control f satisfies the
following relations (see Remark 2 item (c))

>0 o0 ,(L)
9Re / / T =T, (3% — 1) e W= f(e)dedp | =0
1 0
or
o0 oo . L)
//eiusT*i#Te ’ (3p% — 1) e~ W= p(e)dcdp
1 0
T
+ / / olhr k=K (T (312 _ 1) f (/) dt'dk = 0
oDk 0
or

oo T
bm )t Y I_%_xf(t’)
eyl / i A((T—w”g) a e

T
+ / /eikm—i(k—ks)(T—tl)(3k2 _ 1)f (t,) dt/dk — O
oD} 0

Here, A is the Airy function given by (A.5) and Z_ 2 is the Caputo fractional derivative

given by (A.5) and (A.4), respectively. Moreover, the region D; is defined by (1.11).
1.6. Paper’s outline

We conclude the introduction with the paper’s structure: Section 2 reviews well-
posedness theory; Sections 3 and 4 prove Theorems 1.1 and 1.2, establishing exact
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controllability on the right and left half-lines, respectively; Section 5 discusses perspec-
tives and open problems. Appendix A gives boundary forcing operator formulas and key
estimates.

2. Well-posedness theory

In this section, we are interested in revisiting the well-posedness theory presented in
the classical papers [1-3,14,22,24,28]. These preliminary analyses will be paramount for
us to present the main novelty of this work.

2.1. Preliminaries

Let us consider s > 0. In this case, we say that ¢ € H*(R™) if exists ¢ € H*(R) such
that ¢ = ¢|gr,. Moreover, we set

Bl s (m+) == igf 0]l 7+ w)
Here,
Hy(®*) = {6 € H*(R¥); supp(9) C [0,+00) |,

otherwise, that is, s < 0, define H*(R") and H5(R™) as the dual space of H; *(R™)
and H*(R™), respectively. The first results summarize useful properties of the Sobolev
spaces on the half-line, and the proofs can be found in [14].

Lemma 2.1. For all f € H?(R) with —% <s< % we have

||X(o +00) f||H s(R) ~ ||f||Hs(R

Lemma 2.2. ]f% <s< % the following statements are valid:

(a) H§(RT) = {f € H*(RT); f(0) =0},
(b) If f € H*(R™) with f(0 ) = 0; then ||x(0,4o00) fllzs ®+) S Il R*)-

Lemma 2.3. If f € H3(R") with s € R, we then have

NV fllas ey S Il mg®+)-

Let us consider the well-known Bourgain theory [6]. We denote by X*° the Fourier
transform space associated with the linear KdV equation, precisely, the space X*? is the
completion of S’(R?) concerning the norm

Hw”XS»b(qs) = [[{§)*(r — §3>bw(§,7')||Lng-
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To obtain our results, we also need to define the following auxiliary modified Bougain
space. Let U*? and V' the completion of S’(R?) with respect to the norms

2

futons = ( [[ 772 - &)late mdear ) ana

w|lye = (//<T>2O‘|@(f,T)|2d£dr>é .

Next, nonlinear estimates, in the context of the KdV equation, for b < 3, were derived
by Holmer in [28].

Lemma 2.4. The following holds:

(a) For s> —3 there exists b= b(s) < 1 such that for all o« > % we have

102 (v1v2) | o —s S Nvallxssave llvzllxssave.

(b) Considering s € (7%’3)7 there exists b = b(s) < % such that for all o > %

|02 (v102) || oomo S l01llxerave 02l xepnve,
is verified.

2.2. Querview of well-posedness results

In our analysis, we will consider the KdV equation posed in the unbounded domains,
that is, the positive real line and the negative real line.

Let us start considering the case of the positive real line. We firstly quote the work
of Bona et al. [1,2] that considers the system (1.1) in R*. Notably, the conventional
approach of eliminating the term J,u from the equation by transitioning to traveling
coordinates comes with a substantial trade-off in the quarter-plane problem. Introducing
a change of variables v(z, t) = u(z+t,t) effectively eliminates the problematic term in the
evolution equation. However, this transformation alters the landscape of the boundary
condition, now expressed as v(—t,t) = f(t) for ¢t > 0. Consequently, the boundary
condition is enforced at a dynamically shifting spatial point, framing the problem within
the unconventional domain {(z,t): ¢ > 0,2 + t}.

Essentially, in [1] the authors establish a Kato smoothing effect in the following form:

s+1
For s > 2 if ¢ € H*(RT) and f € H, 2 (R™) satisfy certain compatibility conditions

at (x,t) = (0,0), then the IBVP (1.1) admits a unique solution

weC(0,T;H* (RY))nL?(0,T; HiHH (RY)),

loc x
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which satisfies the following additional properties

1
T 2

s 2
s [z ute.of at| <€ (1ol + 1510 )

0<z<+o0 3
0

On the other hand, in [3], the authors proved a boundary smoothing property for the
corresponding linear problem, where the ud,u term is dropped and ¢(x) = 0, which
states

HUHLQ([O,T];HSJF%(R;)) S C”fHHigl(Rg-y

where ¢ = ¢(s,T). As an application of this property and variants of it, the authors
obtain local well-posedness of mild solutions of the nonlinear problem for s > —%, where

mild solutions are defined as ones that can be appropriately approximated by smoother
solutions. Next, we present the results that can be found in [1] and [3], respectively.

Theorem 2.5. The initial-boundary-value problem (1.1) is locally well-posed for initial
data ¢ € H* (R}) and boundary data f € giers (R?‘) satisfying certain compatibil-

loc
ity conditions for s > 3/4, whereas global well-posedness holds for ¢ € H* (R}),f €
7+3s

H2 (Rf) when 1 < s < 3 and for ¢ € H*(R]), f € HUETD/3 (Rf) when s > 3.

loc

Furthermore, the corresponding solution map is an analytic correspondence between the
space of initial and boundary data and the solution space.

Theorem 2.6. Let s > —3/2 and T > 0 be given. There exists a constant C such that for
any f € H(SSH)/?’ (R?‘), the corresponding solution u of the linearized system associated

to (1.1) belongs to the space L? (O,T; H3+3/2 (Rj)) and satisfies

o < Ol o2 g

ok

2 (0,17 3 (RY))
for a constant C' depending only on s and T'.

To obtain the boundary controllability for the KdV posed in a half-line (positive or
negative), it is necessary to consider a lower regularity in the initial data than s > % as
in the previous results. In this sense, Holmer [28] proves the existence of a solution of
the KdV equation (1.1) and (1.2), with 8 = 0, posed either on a left half-line and right
half-line. The main accomplishment of his work is to show that initial and boundary data
may be given in Sobolev spaces of negative index. Indeed, the author demonstrated the
existence of solutions for initial data in the Sobolev space H® as long as s is greater than
—%, and similar restrictions apply to the boundary data. As is shown in the article, the
right half-line problem requires one Dirichlet condition, while the left half-line problem
requires an additional Neumann condition. On the finite interval, the problem is solved
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with two Dirichlet conditions and one Neumann condition on the right boundary. Now,
to establish the well-posedness of systems (1.1) and (1.2), for —2 < s < 3 with s # 3.

Now on, we will consider the case when § = 0 and the presence of source function
h € LY(0,T, H*(Q)), where Q = RT or Q = R™, namely

Opu+ d3u=h, for (z,t) € (0,+00) x (0,7),
u(0,t) = f(t), forte (0,7), (2.1)
u(z,0) = ¢p(x), for z € (0,+00),

and
O+ O2u = h, for (x,t) € (—o0,0) x (0,7,
uw(0,t) = g1(t), O,u(0,t) = go(t), forte (0,7T), (2.2)
u(z,0) = ¢(x), for z € (—00,0).

Thus, the well-posedness result for the linear systems, as presented in [28], can be stated
as follows.

Theorem 2.7. Let —2 < s < 3, s # %, and consider h =0 in the system (2.1) and (2.2).

i. Given (¢, f) satisfying (1.12), exist T > 0, depending only on the norms of ¢, f in

(1.12), and u(x,t) that is a mild and distributional solution to (2.1)-(1.12) on [0,T].

ii. Given (¢,g1,92) satisfying (1.13), exist T > 0, depending only on the norms of

®,91,92 in (1.13), and u(x,t) a mild and distributional solution to (2.2)-(1.13) on
[0,T].

Additionally, the results in [28] also ensure the well-posedness theory for the systems
(1.1) and (1.2), respectively.

Theorem 2.8. Let —% <s< %, 5 # %, it follows that

i. Given (¢, f) satisfying (1.12), exist T > 0, depending only on the norms of ¢, f in
(1.12), and u(z,t) solution to (1.1)-(1.12) on [0,T].

ii. Given (¢,4g1,92) satisfying (1.13), exist T > 0, depending only on the norms of
&, 91,92 in (1.13), and u(z,t) solution to (1.2)-(1.13) on [0,T].

In both cases, the data-to-solution map is analytic as a map from the spaces in (1.12) and
(1.13), to the spaces giving in the Definition 1./, which means that following solutions
maps,
I,: H'RI)xHF(R}) — X=X,,ND,
(¢7f) — FT<¢,f):’LL
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and

s+1

T : HR) x H (RF) x Hi(R}) — X =X, Da
((ba 91392) — Fl(¢7 91792) = u,

are analytics, where T, and T are the map solution of the systems (1.1) and (1.2),
respectively.

2.83. Boundary formulas

In [28], Holmer introduced the boundary forcing operator, which is the key point to
prove the previous results. This operator gives us a chance to express the solution of
the system (1.1) and (1.2), as well as the boundary terms in terms of this operator (for
details, see Appendix A.1). Thus, the local solution of the systems (1.1) and (1.2) are
given by

Right u(z,t) = H(t)e_t(aﬁ‘ai)qﬁ(x) — 20(0)20,u*(, t) + 0(t) LDh(x, t, §),
Half-Line
Problem | (1, ¢) = e~ [ f(t) — 0(t)e~ @+ Dg| 4 10(H)70,u%(0,1)]

x=0
(2.3)
and
(i, £) = B(t)e P02 () — %G(t)gamzf(x,t)
Left +0() L2 ha(w,t,0) + 0(8) L2 ho(w, . ),
Half-Line
Problem [hl(t,éﬁ)] y g1(t) — H(t)e*t(az+6i)¢)‘ +10(t)20,u*(0,1)
ha(t, ¢) 0(t)T s (92— 60,¢~1 000 6|  1+400,70,4(0, -)) ol

(2.4)
respectively, where M is a matrix given by (A.15).

Finally, it is worth noting that Fokas [22-24] has proposed an alternative approach
for solving initial-boundary value problems for integrable nonlinear evolution equations,
known as the Unified Transform Method (UTM). Fokas et al., in [24], studied the validity
of the UTM formula for the KdV equation with data in Sobolev spaces. There, the
authors studied the KdV equation without a drift term, i.e., 8 = 0. For more details, see
the Appendix A and [22, Chapter 1, examples 1.1 and 1.12].

3. Exact controllability: the right half-line

In this section, our primary focus is to attain the exact controllability of the system
described by (1.1) and establish the proof for Theorem 1.1.
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3.1. Backward system
Initially, consider the following homogeneous linearized system

Ou+ Opu+ 02u =0, for (z,t) € (0,4+00) x (0,T),
u(0,t) =0, fort € (0,7,
u(z,0) = ¢(x), for x € (0, +00).

Note that this system could be rewritten as

Oru = Au, Au = —0,u — O2u,
where
u(0) = uo, D(A) := {u e H*R]) : u(0) =0} c L*(R}).

Using the Semigroup theory (see, for instance, [34, Cor. 4.4 chapter 1]), it is not difficult
to see the following result.

Proposition 3.1. The operator A generates a Cy-semigroup of contraction (S(t))i>0 in
L2(RY).

So, we will consider the backward adjoint system given by

{—s@t = A%p,
<p(T) = @T,
which implies that

Opp+0pp+03p=0, for (x,t) € (0,+00) x (0,7T),
©(0,t) = 9,0(0,t) =0, forte (0,T), (3.1)
oz, T) = pr(z), for z € (0, +00).

As a direct consequence of Proposition 3.1 and the general theory of evolution equations,
the existence and uniqueness of this system hold.

Proposition 3.2. Let or € L2(R})), then there exists a unique mild solution ¢(t) =

S(T — t)yer of (3.1) such that ¢ € C ([0,T); L*(RY)). Moreover, if o7 € D(A), then
(3.1) has a unique (classical) solution ¢ such that

¢ € C([0,T]; D(A)NC* (0,T; L*(R])).

To establish some trace estimates for the backward system, remark that the change
of variable x = —z and t = T — ¢ reduces system (3.1) in
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Orp + 00 + 8390 =0, for (l',t) € (—OO, 0) X (OvT)a
©(0,t) = 05(0,t) =0, forte (0,T), (3.2)
p(x,0) = @o(x), for x € (—o0,0).

Also the well-posedness of system (3.2) follows from Theorem 2.8, with f% <s< % and
s # +. By using the boundary forcing operator, we have that the solution ¢ of (3.2) is
given by:

o(z,t) = 0(t)e Ot oo (2) + (). LM hy (2, 8) + 0(1) L 2 ha(a, 1),

where

_ —t(8,+83)
A A
ha(t 0(t)Z1/3 (* 00, 10=102) ) (t)
z=0

with A a matrix given by (A.15). From Lemmas A.4 and A.G, the estimations of the

~—

group and the Duhamel boundary forcing operator, respectively, ensure the following
space and time trace estimations

(Space traces) |[l¢llc®,,ms) < CHSOoHHs(R;)» (3.3)

3
g

(Time traces) H<p||C<Rm s+1) < Clleoll s vz (3.4)

and

(Derivative time traces) ||8I<p||c( < Clleol s wrs - (3.5)

]RI,H;E)

In particular, for ¢y € L?*(R; ), we have the solution ¢ of system (3.2) belonging of
C([0,T; L2(R;)) with ¢(0,-) € H3(0,T) and ©,(0,-) € L*(0,T), and the following

xr
results are verified.

Proposition 3.3. Any solution ¢ of adjoint system (3.1) satisfies

T
Tlorl2gs) = [ 10Ozt
0

Proof. Multiplying the first equation of (3.1) by t¢ and integrating by parts over (0,T") X
(0, 00), the results follow from the boundary conditions. O

The following result reveals a notable improvement in the regularity of the solution
to the linear system (3.2).
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Proposition 3.4. Let u be the solution of the linear problem (3.2) given by Theorem 2.7.
If 2%ug € L%(—00,0) for a = 2,3, then

lz ull L2 (0,7: 057 (—00,0)) < €

where ¢ = c(T, lluoll 2 (0,0 HHUQUOHLZ(—OO,O)) is a positive constant. Moreover, if ug €
L?(—00,0), then

T zo+1
uf dr dt < o(T, [|uol| L2~ s0.0))

0 xo
for any x¢ € (—00,0].

Proof. Let 1y € C*°(R) be a nonincreasing function such that ¢o(z) = 1 for z < —1 and
Yo(z) =0 for # > —3, and set

"Za(l‘) = |'T|a 1;0(37)7 HAS (_OO’O)'

Then ¢, € C>°(R) with Vo =0, 1;('1 < 0, 1, vanishes near the origin and grows like ||
as & — —oo. For a € {2,3} the derivatives ¢/, !, ¢! are bounded by Cu(1 + 1ha) on
(—00,0) for some constant C, > 0 independent of x.

We argue first for smooth solutions with sufficient decay at = —oo; the general case
follows by density. Multiplying the equation in (3.2) by u(x, t) Vet (z—x0) and integrating
by parts over (—o0,0), we treat each term separately. For the time derivative,

0 0
- 1d -
/uutwa(x—xo)d:ﬂzia /qu/Ja(x—xo)dx.

For the drift term, integration by parts together with u(0,f) = 0 and the decay at

T = —00 gives
0 . . . 0
/umu{/;a(a:fxo)d:c:§[u2{j)va(mfx0)] -5 /uzzﬂlzx(xf:co)dx

1

0
=3 / u? P (x — x0) da,

where the boundary term at 2 = 0 vanishes because u(0,¢) = 0, and the boundary term
at © = —oo vanishes by decay. For the dispersive term, integrating by parts three times,
we obtain
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0 0 0
~ 3 ~ 1 ~
/ Uzgr U (T — T0) dv = 5 / u2 ! (x — x0) do — 3 / u? P! (x — x0) dx + B(t),
where B(¢) collects all the boundary contributions at = 0 and = —oo were produced

by the three integrations by parts. The contributions at x = —oo vanish by decay, and
those at x = 0 are

B(t) = |tige utha(z — 20) — u2 U (x — x0) + 1u? O (& — xO)L .
Now, the two homogeneous boundary conditions u(0,t) = 0 and 9,u(0,¢{) = 0 im-
posed in (3.2) annihilate the first and the third terms of B(t) directly. The middle
term —u2(0,¢) Yo (—20) also vanishes because u,(0,¢) = 0. Hence B(t) = 0 for every
t € (0,7), in contrast with the right half-line case where the single Dirichlet condition
already sufficed. Adding the three identities, the linear equation yields

0 0
1d ~ 1 ~
ia/u21/1a(:cfxo)d:cf§/u2¢;(zfx0)d:1:
3 / 1 /
+§/uiqz;(x—xo)dx—§/uQJZ’(x—xo)dx:O.
— 00 — 00

Since 1/, < 0 on (—00,0), the term S [u2 !, is nonpositive, so we move it to the right-
hand side as —2 [u? [¢/,|. Rearranging,

0 0
%% /U2Ja(x7xo)d$+g/uih;;(xfxo”d:ﬂ
. 0
=5 /u2{—J;(a:—xo)—l—zzg'(x—xo)}da:. (3.6)

By the properties of Ja, there is a constant C, > 0, independent of xy < 0, such that
[0 ()] + [V (y)| < Co (14 a(y)) for all y € (—o0,0). Hence the right-hand side of
(3.6) is bounded by

0 0 0
Ca Ca e Ca Ca s
7 / ’LL2 d$+ 7 / ’U,QwQ(gL’—.’IJQ) d.T < 7”’11;0”%2(700,0) + 7 / u2wa(a)‘—.’1,'0)d$,
—00 —o00 —00

where in the last step we used the basic energy estimate ||u(t)||£2(—o0,0) < [[u0£2(=00,0)-
Dropping the nonnegative smoothing term and setting Ea(t) = fi)oo u?(x,t) Yo (v —
xo) dx, inequality (3.6) gives
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d ~ ~
7 Ba(t) < Ca Ea(t) + Co o122~ 0.0 -

Since 2%ug € L2(—00,0) (meaning |z|*ug € L2(—00,0)) and ¥ (z — 20) < |z — 20|* <
2%(Jz|™ + |zo|®) on the support of ¥y(- — xq), the initial value satisfies

0
e (e} « 2 o
E,(0) = / ud o (x — x0) dr < 2 (H|x| uOHLQ(ﬂX),O) + |zo| Huo||2L2(_Oo70)) < oo.

—00

Although this bound is not uniform in x, it suffices for the local smoothing estimate,
where g is fixed. For the weighted estimate, we apply the argument at xg = 0, in which
case o () < |z|* globally and

~ 2
Ea), _ <lllal™uoll}a ) < o0
To=
Gronwall’s inequality then yields, for every ¢ € [0, 7],
Falt) < (Ba(0) + T CaJuol32 ) €7

Ug | 12 oo 02 T0)- (3.7)

Integrating (3.6) in time over (0,7") and using (3.7) to control all terms, we obtain

T
0/
We now extract the two stated conclusions.

Local smoothing. Taking o = 2, we have 1/}2((E) = 22¢(z) and Ph(z) = 2z g(x) +

21/10( ). For # < —1 we have ¢o(z) = 1 and 1/10(37) =0, hence )(z) = 2z and [P} (z)| =
2|z| > 2. Therefore, for any zy € (—o0,0],

= Cl( )

N W

ul Y (x — o) | dr dt < co (T, ||uo||p2(— au0‘|L2(70070),x0). (3.8)

é\o

T wo—1 T 0
//uidmdté%//uihﬁé(m—xoﬂdxdtgcj
0 wo—2 0 —oo
T zo—1 T 0
/ uidmdtgé//ui@é(m—xoﬂd‘rdt
0 wo—2 0 —oo
T 0
<%//u2{—QZQ(JU—xo)—i—z;é"(a:—xo)}d:rdt—FEg(O)
0 —oo
T 0 0

< Ml/ / wldxdt + Mo / uo(x)de < (MiT + Ms) Hu0||2L2(_0070) =:cy

0 —oo —0o0
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where 2My = (|95 || Loo (—00,0) + |15 ]| Loo (—00,0) and Mz = [[1h2]| oo (—o0,0)- Since the local
smoothing estimate at fixed xg only requires finiteness of this initial value (not uni-
formity in x), and since the basic energy estimate ||u|/pz < |Jug|/rz controls the term
independently of the weight, a more careful inspection of the constants, analogous to
the right half-line case, show that the zy-dependence can be absorbed by choosing the
weight Ja with base point matched to xg, yielding

T zo+1
ui dx dt < c(T, Hu0||L2(_Oo70))

0 x¢

for every zy € (—o00,0], as claimed. The bound near the boundary xo € (—1,0] follows
from the basic energy estimate combined with the smoothing term is restricted to a fixed
compact set adjacent to the origin.

Weighted estimate. For @ = 3, the weight 13(x) = |#[3¢o(x) satisfies [¢4(z)| > 322
for © < —1. Applying (3.8) with 2o = 0 and « = 3 gives

T -1

1 T 0
//x2u§dxdt<§//u bty (2)| da: dt <
[e’¢) 0 —o0

0 —

Together with (3.7) for « = 2 and 29 = 0 (which controls fOT f?oo 2?u? dx dt after time
integration) and the local smoothing estimate on (—1,0), we conclude

x? u +u )dxdt (T,Huoan(_ auo|‘L2(_w70)),

é\o

T
[l U||%2(0,T;H1 —0,0)) /
0

which completes the proof. O
3.2. Controllability: linear system

The first lemma gives an optimality condition that will be paramount for our analysis.

Lemma 3.5. Consider the initial data ¢ € L*(R}) and the final data ¢7 € A%, T).
Then, the linear system associated to (1.1) is exactly controllable if and only if there
exists f € H3(0,T) such that

<f(),3§g0( )>H1/3(0 T),H=1/3(0,T) /¢ @de - /¢<p(0)dx, (39)
0 0

for all or € L?(0,00) and ¢ is the solution of the backward system (3.1).
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Proof. To prove this result, multiply the system (1.1) by ¢, solution of the backward
system (3.1), and integrate by parts in R} x (0,7). O

The optimality condition (3.9) guarantee that the critical points of the functional
J : L*(0,00) = R,

defined by

1 [ee] (oo}
T (er) = 5 10200 ooy + [ 6Therds = [6p(0)dz, @10
0 0

where ¢ is the solution of (3.1) with final data o7 € L?(R}), is the control that drives
my initial data to my final data. Precisely, we have the following classical result.

Proposition 3.6. Let ¢ € L?(R}) and suppose that o7 € L*(R}) is a minimizer of J.
If @ is the corresponding solution of (3.1) with final data o1 then f(t) = 02¢(0,t) is a
desired control.

Let us now give a general condition that ensures the existence of a minimizer for 7.
To prove the previous result, we first establish an observability inequality associated with
the solutions of the system (3.1).

Proposition 3.7. For any T > 0, there exists a constant C(T, L) > 0, such that

2 2
||90T||L2(]Rj) §C||8§QP(O7)HH—%(O7T) ’ (311)
for any o1 € L*(R}), where ¢ is the solution of the backward system (3.1).

Proof. We proceed in a standard way (see, e.g., [35, Lemma 3.5]). Let us suppose that
(3.11) does not hold. In this case, it follows that there exists a sequence {¢p 7 }nen of
final data, such that

1 :H‘p"’T“i?(RI) > n |07 (0, ')HZ*%(O,T) ’ (3.12)

where, for each n € N, {¢, }nen is the solution of (3.1). Inequality (3.12) imply that
920,(0,) = 0 in H™3(0,T).

Moreover, from (3.3), Proposition 3.4 and (3.12), we obtain that the sequences {y, }nen
is bounded in L?(0,T; H} (R;)). On the other hand, the adjoint system implies that

loc

{04¢0n }nen, is bounded in L2(0,T; H, ?(R})), and the compact embedding

loc
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Hipe(RY) —ree Lioe(RE) < Hi2(R

loc loc

)

x

allows us to conclude that {@,},en is relatively compact in L2(0,7; L2 (R})) and

loc
consequently, we obtain a subsequence, still denoted by the same index n, satisfying

On — @ in L*(0,T; L (RY)), as n — oo.

Furthermore, the hidden regularity given by (3.4) implies that {¢, (0, ) }nen is bounded
in H%(0,T). Then, the embedding H3(0,T) <., L2(0,T) ensures that the above se-
quences are relatively compact in L?(0, T'). Thus, we obtain a subsequence, still denoted
by the same index n, satisfying

©0n(0,:) = ©(0,-), in L3*0,T).

From the boundary condition of the adjoint system, we deduce that ©(0,-) = 0. In
addition, according to Proposition 3.3, we have

T
T”@"aTHQLZ’(R;) :/H<Pn(t)||2Lz(R;r)dt.
0

Then, if follows that {1 }nen is a Cauchy sequence in L?(R}). Thus,
o1 — @7 in L*(R}), as n — oo, (3.13)

x

which implies that
||90T||L2(R;r) =1 (3.14)
On the other hand, by using (3.5), (3.13) and (3.12), we see that
2 (0,-) = 9,0(0,-) in L*(0,T), as n — oo,
and
020, (0,-) = 9%20(0,-) in H_%(O,T)7 as n — oo.
Finally, taking n — oo, from above converges, we obtain that ¢ is solution of the system

5t80 + arso + 8390 =0, for ((L’,t) € (07 OO) X (OvT)a
©0(0,t) = 0,0(0,t) = 02p(0,t) =0, fort € (0,T).

Note that in this situation, we have ¢ = 0 because of the unique continuation property
(0(0,t) = 9,(0,t) = 8%0(0,t) = 0, t € (0,T)), which is a contradiction with (3.14),
showing the result. O
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We are in a position to present the controllability result for the linearized system
associated with (1.1). Indeed, the linear functional (3.10) is continuous and convex. It is
evident from Proposition 3.7 that the functional is coercive. Consequently, a minimizer
for J exists. Therefore, based on Lemma 3.5, Proposition 3.6, Lemmas A.4, and A.6,
the following theorem is verified.

Theorem 3.8. Let T > 0, ¢ € L2(R}) and ¢ € A%(¢,T). Then, there exist f € Hz(R))
such that the distributional solution u of the linear system (1.7) satisfies u(x,T) = ¢r(x)
for x € (0,00). Moreover, the following estimates hold

llloy .oy < C (19l s) + 11,03 g ) -
3.8. Controllability: nonlinear system

Let T > 0, thanks to the Theorem 3.8, we can define the bounded linear operator

A RO IR —  HE®RD)
(¢7 ¢T) — AT (¢a ¢T) =

where f is the control defined in Proposition 3.6. Now, we are in a position to prove one
of the main results of the work.

3.83.1. Proof of Theorem 1.1
We treat the nonlinear problem using a classical fixed-point argument. According to
(2.3) the solution of (1.1) can be written as

u(z,t) = O(t)e_t(8m+8i)¢(:r) - %G(t)@aruQ(azt) +0(t)L2h(, t),
with

h(t) = e ™ | f(t) — O(t)e P+ g +%0(t)@8xu2(0,t)

=0

Consider the map
T(u) := 0(t)e @+ () — %G(t).@&czﬂ(x, t) + 0(t)L by (2, 1),

where

hp(t) = e ™A [Ar ((b, or + %O(T)@aqu(x,TO () — g(t)e—t(amﬂ?g)qb

x=0

1
+ 56(:5)@8@1;2(0, t)} .
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If we choose

1
0= A (967 + 300 20.0%(0.1) ) 0 (3.15)
from Theorem 3.8, we get
F(U)|t=0 = d) and F(u)\tzT = d)T.

The next steps are devoted to proving that the map I' is a contraction in an appropriate
metric space, then its fixed point u is the solution of (1.1), with f defined by (3.15). To
prove the existence of the fixed point, we apply the Banach fixed-point theorem to the
restriction of I' on the closed ball

By = {u € Xop N Dy ¢ lullx, ,np, ST,

for some r > 0. In the sequel, C' denotes a generic positive constant; Cy, C1, etc, and
others positive (specific) constants.

(i) T’ maps B, into itself.
Indeed, using Lemmas A.4, A.5 and A.6, there exists a constant C' > 0, such that

IP@x0 40, < 0020 (a)|

1 2
XourD. + Hiﬁ(t)@aiu (x,t)’

XO,mea

+ Ha(t)gﬁT(x,t)\

XoyhﬁDa
<C (||9HH1(Rt+) 16l 2wy + Haxuzﬂxo‘_b + HhT”H%(Ri)) :
From [28, Lemma 5.10], it follows that

HagCUQHXU‘ib <C ||UH§(0,,,HDQ <Cr

Thus,

R 1
1 < 9 ’
ol gy <[00 (n6m + 5002000 m)) (”HHmp

+||opere-+g

+ H%H(t)@@qu(O,t)”

"
z:O’ HS(R?’) H%(R:r)

L?(RI))

or + %O(T)@amuz(x, T)

<IA] (wnm;) " \

2
+C ||¢||L2(]R;") +2C ”uHXo,bﬁDa
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<8 (19l o) + 167l 2y + C 16l ey
+2C (L+ 14D Il oo,
<AL 6 4+ CS + 20 (1 + ||A||) 2.

Finally, we have that
IT@x00r0 < C (101 s, + 140 +C) 6+ C 3+ A ) 2

To obtain (i), we take § with

6 = min ul , L .
{20 (1611552 + 14511+ C) 43 (101l a gy + 1A +C) (3 + A1) }
Hence, it follows that
C (101 @) + 1A +C) 64+ C2 (3 + A r* <.
(ii) T is a contraction.
Let u,v € By, and consider
[(u) — D(v) = f%H(t).@&r (u2(,1) — v (2, 1)) + 0(t).L) (ﬁ%(az, £) — h¥(, t)) .

o~

hi(t) = e [Ar <¢, o1+ %9(T)98$u2(x, T)) (t) — O(t)e @402

x=0
1 2
+ iﬁ(t)@&,;u (0,1)
and
ho.(t) = e ™A [Ar <¢, or + %G(T).@aQO(x, T)) (t) — O(t)e 10102 -
1 2
+ iﬂ(t)@&gv 0,8)].
Note that

R (t) — B (t) = e~ {AT <o, %G(T)an (v(2,T) - vQ(x,T))) (1)

+ 20070, (w(0,1) - ﬂ“v’”] |
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Thus, we get

IT(w) ~ T(0)l x, ,p, < H%ew%z (u?(2,1) - v%m))]

XoybﬁDa

+ o022 (R, 1)~ ip(a,1)) |

XoybﬂDa

<CJl0 (utv) (=), _, +C|

CIOREA0) .

<2C%|lu+vllx, ,np,

U= U”Xo,mea
+C? 2+ [[A-]]) flu + ’U“Xg,br']Da llu— U”Xo,mDa
<2C% (4 + A D e flu = vl x, b, -
and taking r such that 2C? (4 + ||A,|) r < 1, (ii) follows.
Therefore, the map I is a contraction. Thus, from (i), (ii), and the Banach fixed-point

theorem, I' has a fixed point in By, and its fixed point is the desired solution. The proof
of Theorem 1.1 is, thus, complete. O

4. Exact controllability: the left half-line

In this section, our primary focus is on achieving exact controllability for the system
(1.2) and establishing the validity of Theorem 1.2. Firstly, consider the homogeneous
linear system

Oyt + dpu + O3u = 0, for (x,t) € (—o00,0) x (0,T),
u(0,t) = 0,u(0,t) =0, forte (0,7),
u(z,0) = ¢(x), for x € (—o0,0),

whose adjoint associated system is given by

Oyp+ 0pp+03p =0, for (x,t) € (—00,0) x (0,7),

SD(Oat) =0, for t € (OvT)v (41)
QO(LE,T) = QDT(:C)’ for z € (_0070)'
Remark that the change of variable x = —z and ¢t = T — t reduces system in

Orp +dop+ 030 =0,  for (2,t) € (0,00) x (0, 7),
©(0,t) =0, for t € (0,7), (4.2)
go(x,()) = <)O(J(x)v for x € (0,00)

The well-posedness of system (4.1) follows from Theorem 2.8, when —3 < s < 2 and
s+ % Note that this system takes the form
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{sot = By,
SD(T) )
where the differential operator B is given by

{Bso = —0,p — B3,
D(B) = {p € H*R;) : p(0) =0} = H3(R;) N H}(R;).

Similarly to Propositions 3.2 and 3.3, we have the following result.

Proposition 4.1. Consider the initial data o7 € L?>(R;). Then, there exists a unique

mild solution p(t) = S(T — t)er of (4.1) such that ¢ € C ([0, T); L*(Ry)). Moreover, if
o € D(B), the system (4.1) has a unique (classical) solution p in the class

¢ € C([0,T); D(B))NC* (0,T; L*(R}))
and satisfies

HSOI(O, ')||L2(O,T) < ||90THL2(R;)‘

The following result reveals an improvement in the regularity of the solution to the
linear system (4.2).

Proposition 4.2. Let u be the solution of the linear problem (4.2) given by Theorem 2.7.
If 2%ug € L?(0,00) for a = 2,3, then

= ull L2 (0,711 (0,00)) < €5
where ¢ = ¢(T, uoll £2(0,00), [|2%Uol| L2(0,00)) is a positive constant. Moreover,

zo+1
/ ui dx dt < c(T, ||u0||L2(0700))

Zo

St~

for any xq € [0,00).

Proof. The proof follows the same scheme as that of Proposition 3.4 for the left half-line.
We only highlight the differences. Let 19 € C*°(R) be nondecreasing with g (z) = 0 for
z < % and o(xz) =1 for x > 1, and set ¥, (z) = x%Po(z), so that ¢, = 0 and ¥}, > 0
on (0, 00).

Multiplying the equation in (4.2) by u(z,t) ¥o(z — x¢) and integrating by parts over
(0, 00), the single homogeneous condition «(0,t) = 0 suffices to annihilate all boundary
contributions at x = 0, in contrast with the left half-line case, where the two conditions
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u(0,¢) = 0,u(0,t) = 0 were both needed, while the contributions at z = +o0o vanish
by decay. The same computations that led to the differential identity in the proof of
Proposition 3.4, now with ¢/, > 0, give

33 [ vate—sodot S [a2ui—ao)de = 5 [ o {0l (o—a0)+ o (0—a0)} do.
0 0 0

Since || + [¥ | < Co(l + o), with Cy > 0 independent of zy, and the basic energy
estimate yields [[u(t)]|12(0,00) < |[t0l£2(0,00), Gronwall’s inequality applied to E(t) :=
Jo7 v alz — zq) do gives

Ea(t) < C1 (T, ||UOHL2(O,oo)> ||.’I,‘Oé’uJo||L2>(O’OO))7 Vit e [0, T], (43)

with ¢; independent of xy > 0. The extraction of the local smoothing estimate (with
constant depending only on |lug||z2(0,00), taking a = 2) and of the weighted estimate
(with @ = 3 and base point xy = 0) proceeds as in the proof of Proposition 3.4. 0O

4.1. Linear control results: Neumann and Dirichlet cases

We consider the linearized system associated with (1.2), with the presence of one
control acting in the Neumann boundary condition

Opu + Opu + O3u = 0, for (z,t) € (—00,0) x (0,T),
w(0,t) =0,  0,u(0,t) = go(t), forte (0,T), (4.4)
u(z,0) = ¢(x), for z € (—00,0),

and with one control acting in the Dirichlet boundary condition

Ou+ Opu+ O2u =0, for (z,t) € (—o0,0) x (0,7,
u(0,t) = g1(t), O,u(0,t) =0, forte (0,T), (4.5)
u(z,0) = ¢(x), for x € (—00,0).

Now, we will first prove that the system (4.4) is exactly controllable. Here, we will
follow the same steps as done in the previous section; the control result is achieved if
an observability inequality is shown. The observability inequality is given in the next
proposition.

Proposition 4.3. For any T > 0, there exists a constant C(T, L) > 0, such that,

||90T||2LZ(R;) < C|0:4(0, ')HiZ(O,T) ) (4.6)

x

for any o1 € L*(R}), where o(z,t) is the solution of the backward system (4.1).
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Proof. Let us argue by contradiction. Supposing that the observability inequality (4.6)
does not hold, it follows that there exists a sequence {¢, 1 }nen, such that

L=lnlagsy 21 19500 (0, )220 (4.7)
where, for each n € N, {¢y, }nen is the solution of (4.1). Inequality (4.7) imply that
ppn(0,-) =0 in L*(0,T).

Moreover, it is important to note that from Lemmas A.4 and A.6 together with the
formula solution (2.3), we obtain the estimates (3.3), (3.4), and (3.5) for the adjoint
system (4.1). Furthermore, from Proposition 4.2 and (4.7), we obtain a sequence {©,, }neN
bounded in L?*(0,T; H} (R;)). On the other hand, the adjoint system implies that
{0tpn}nen, is bounded in L2(0 T; H,;>(R;)), and the compact embedding

Hlloc(R;) “ee LZQOC(]RCE) — Hloc (R )7

allows us to conclude that {¢,}nen is relatively compact in L?(0,7T; L% (R;)) and
consequently, we obtain a subsequence, still denoted by the same index n, satisfying

©n — @ in L*(0,T; L7, .(0,00)), as n — oo.

Furthermore, the trace estimate of the system (4.1) implies that {©n(0,-)}nen is
bounded in H'3 (0, 7). Then, the embedding Hs (0,T) =¢. L?(0,T), guarantees that the
above sequences are relatively compact in L?(0,T)). Thus, we obtain a subsequence, still
denoted by the same index n, satisfying

(Pn(ov ) — 90(0’ ')a in LQ(OaT>
From the boundary condition of the adjoint system, we deduce that ¢(0,-) = 0. Ad-

ditionally, multiplying the first equation of (4.1) by te and integrating by parts in
(0,T) x (—00,0), we deduce that

Tlpn 2 agae / ()2 et + / w0, 1) P,

So, it follows that {¢,. 7 }nen is a Cauchy sequence in L?(0,00). Thus,
on1 — @7 in L*(R}), as n — oo, (4.8)
which implies that

H<PT||L2(R;) =1 (4.9)
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On the other hand, by using the derivative traces estimation of the system (4.1), (4.8),
and (4.7), we see that

0z¢n(0,) = 9,0(0,:) in LQ(O,T), as n — oo,
and
5‘3@1(0, = 83@(0, ) in H’%(O,T), as n — 00.

Finally, taking n — oo, from above converges, we obtain that ¢ is solution of the system

8t<p+8$g0+8;’<p20, for (l‘,t) € (—O0,0) X (07T)a
©(0,t) = 0:(0,t) =0, forte (0,7),
oz, T) = pr(x), for x € (—o0,0),

or equivalently,

o+ 0pp+ 039 =0,  for (z,t) € (0,00) x (0,T),
©(0,t) = 0,p(0,t) =0, forte (0,7T),
@($,O):<p0($), for x € (0,00)

Notice that (4.9) implies that the solutions can not be identically zero. However, from
the following Lemma, one can conclude that ¢ = 0, which leads us to a contradiction
with (4.9). O

Lemma 4.4. For any T > 0, let Ny denote the space of the initial states o € L*(R}),
such that the solution of (4.2) satisfies 0,(0,-) = 0. Then, Ny = {0}.

Proof. The proof uses the same arguments as those given in [35], that is if Np # {0},
the map ¢r € Ny — B(¢r) € CNp (where C Ny denote the complexification of Nr)
has (at least) one eigenvalue.Hence, there exist A € C and ¢y € H*(R;)\{0}, such that

)\ _|_ /+ ///:()7 . R—7
{‘pT T TeT 1 Re (4.10)

o1 (0) = 7 (0) = 0.

To conclude the proof of the Lemma 4.4, we prove that this does not hold. To simplify
the notation, henceforth, we denote @7 := . Consider

{Aso +¢ +¢" =0, in(-00,0),
©(0) = ¢'(0) =0,
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with ¢ # 0. Note that if ¢”(0) = 0, then ¢ = 0. Otherwise, we use an argument similar to
the one used in [35, Lemma 3.5]. Let us introduce the notation ¢(§) = fi)oo e~ p(z)da.
Note that the above representation has the following properties:

0

26 = / e~ ! (1) = i€ + [ Q20 = i€F + p(0) = it

— 00
and

0
901//(6) _ /e—zxf /l/( )dSE‘_Zé-SQO—‘r[ 5 e—ixﬁw_i_ié-e—ixﬁspl+e—ix§¢//]§zgoo

= —i’P — 2p(0) + i’ (0) + " (0) = —i&* + " (0).

Then, multiplying the equation in (4.10) by e~%*¢ and integrating by part in (—oo,0)
yields

¢"(0)
A —i& — &3
Using Paley-Wiener theorem (see, for instance, [43, Section 4, p. 161]) and the usual
characterization of H3(—o0,0) functions using their Fourier transforms, we see that a

P(8) = (4.11)

nontrivial solution of (4.10) is equivalent to the existence of A € C, such that

(i) @ is a entire function in C,

(i) g 1B (1+1¢[%)* d¢ < oo,
(iii) V& € C, we have that 3|(¢)| < 1 (1 + [£])*eXI ™€l for some positive constant c;.

Notice that if (i) holds, then (ii) and (iii) are satisfied; however, since $ is given by (4.11),
it can not be an entire function. 0O

As usual in control theory (see the previous section), with the previous observability
inequality in hand, the following controllability result for the linearized system holds.

Theorem 4.5. Let T > 0, ¢ € L?(R) and ¢ € AY(¢,T). Then, there exist go € L*(R;")
such that the distributional solution u of (4.4) satisfies that u(x,T) = ¢r(x) for x € R, .

Moreover, the following estimates hold

lulloms 2@y < C (18] @z, + 92 s ) -

Remark 4. Note that similar results can be obtained for the system (4.5). Indeed, we have
the following observability inequality for the solution of the adjoint system associated
with the system (4.5):
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lerlz2mz) < C1O200, )53 0.0,

for any @7 € L?(R;), where ¢ is the solution of the backward system (4.1). So, with
this in hand, the following holds:

Theorem 4.6. Let T > 0, ¢ € L2(R; ) and ¢p € A%(p, T). Then, there exist g € H3 (R;)

such that the distributional solution u of (4.5) satisfies that u(z,T) = ¢r(x) for x € R .
Moreover, the following estimates hold

llloms 2@y < € (190l 2@s) + 91l 3 o)
4.2. Controllability of the nonlinear systems

Let T > 0, from Theorems 4.5 and 4.6, we can define the bounded linear operators

Aip: LAR;) x L2(R;) — H3 (R})
(¢, é7) — Aip(o,07) =01
and
ANy LAR;) x LA(R;) —» L2(R)
(¢, é7) — Ayn(0,07) = g2,

where g; and g2 are the controls of the linear system (4.5) and (4.4), respectively. Now,
we are in a position to prove Theorem 1.2.

4.2.1. Proof of Theorem 1.2

Since the proof of this theorem is analogous to what was done before in Theorem 1.1,
that is, the nonlinear problem is treated using a classical fixed-point argument, for the
sake of completeness, we will give the sketch of the proof. According to (2.4) the solution
of (1.2) can be written as

w(z, ) = 0(t)e 10102 () — %H(t)gﬁqu(a:,t)+9(t)$j\1h1(x,t, ) +0(t). L 2ho (2,1, ¢),
with

mto)] - e(t)eft@ﬁa%‘m:o +10(t)20,u2(0, 1)
ha(t, ) O T1ss (92 — 00,1009 |+ 500,90,2(0,9) (1

)

where M is a matrix given by (A.15). Consider the map

T(u) = 0(t)et @0 p(z) — %9@)%1”2 (1) + 0(t) L2 h1 1 (2, t) + 0() L ho 1 (2, 1).
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In this case, ﬁ’fT(t) = hy(t, ) and ﬁgT(t) = hay(t, ) with

2(0) = A (6101 + D700, T)) 0.
Thanks to the Theorem 4.5, we get that
[(u)li=o =¢ and DI'(u)li=r = 7.
Remember the closed ball in X,
B, ={u€ XopN Dy :|ulxy,np. <7},

for some r > 0.
Note, first, that I' maps B,. into itself. Indeed, using Lemmas A.4, A.5 and A.6, there
exists a constant C' > 0, such that

1L x00000 < C (10012 18] 22 esy + 19562, + 185213
+ 15 7l 3 )

From [28, Lemma 5.10], it follows that

|01 < Cllul%,,np, < Cr*.

“l
Xo,—b

Note that from definition of I', the function ﬁ; and /ﬁg are given by

Bt o(0) =ar, (B 0405

1 2
+50(0)20,u (O,t))

=0
vana (07 (Mo (6,00 4 30020061 ) (0 (2

_ 90,1040

o+ %ea,;%z«f(& -)) (t)>

r=

and

o~

2,7(t) =az:1 (9(t)et(aw+3§)¢

1
+ 5(9(:5)%xu2(0,1t))

x=0

+ asz (911 /3 <AZ,N (qs, ér + %G(T)%ﬂﬁ(:c, T)) (t) (4.13)

— 00, Ot gl %eaz.@axzﬂ(o, .)) (t)) ,
0

r=

where
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sin(3 0~ %) sin(5 A0+ 3)

L1 = 53| 2 (ha-A)] P12 T T 2V/Bsin| E (-]
_ _ sin(FM-F) _ __ sin(§M+F)
92,1 = 5785 2 ha-A1)] 922 T T 2/Bsim|E (ha-A1)]

Thus, for i = 1,2, we get

1
+ Hie(t)@azu%o,t)

ﬁi 1 < H9 t —t(92+07) H
I ’T||H3(Rt+)c< (t)e (bz:O H%(R?')

HH%(R?)

"

Taix (6,01 + 30(120.%(0.7) ) (0

H3 (RY)

1
. \ + Yoo, 90,20, -)) “)H .
=0 2 1 RY)

Ty (—9 Dot O+ g

Note that

1

H e(t)eft(ﬁﬁr@ﬁ)qb 1
H3(RY)

and

Therefore, we have that

1
Lsun (6.6r+ 3000207 1)) 0 < Al 5420 Al
H3(R])

B 7 < (CH+ [[Aynll) 6 +2C (1 + [|A ) >

HE (RY)
Finally, we have that
IR .05, < C (1673 sy + 1ALl +2C) 6+ C2 (6 + [ Arn ) 72,

showing that I" maps B, into itself.

Now on, let us show that I'" is a contraction. To do that, let u,v € B,., and consider

I(u) = T(v) = — %Q(t)@&ﬂ (w2 (2, ) = v2(2, 1) + 602> (R o, 1) = B o, 1))

+ 002> (R r(w,t) = By r(w,0))

Here E;‘T and ﬁfT for i = 1,2 are given by (4.12) and (4.13), respectively. Observing
that
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AZT(t) - ﬁfyT(t) =a;1 (;e(t)@&c (u2(0, t) — v%(0, t)))

+ aip (911/3 <AI7N (o, %H(T).@Br (u®(z,T) — v*(a, T))) (1)

+%98z@81 (u®(0,t) — 1)2(0,15))) (t)) ,

we have

IT(w) = Tl x, ,np, <A4C% 6+ ANl 7 llu=vlx, b, -

and taking 7 such that 2C? (4 + ||A;,||)r < 1, T is a contractive. Therefore, the re-
sults are obtained by using Banach fixed-point theorem. The proof of the Theorem is

complete. O

5. Further comments and perspectives

Let us present some comments and perspectives on our analysis in this work.

5.1. Comments and novelties

There are important facts about the theorems presented in this work. We mention

some of them below.

i.

ii.

iii.

Given that operational controllability can be extended to encompass bounded inter-
vals, with all operators effectively operating within these constraints, we can similarly
extend Theorems 1.1 and 1.2 to the bounded cases, provided suitable boundary con-
ditions are met.

Regarding the critical set phenomenon, it is notable that several authors have ex-
plored this aspect when considering the KdV equation on a bounded domain. We
highlight two specific works. In references [35] and [26], the authors delve into
this phenomenon for two sets of boundary conditions. However, in our case, where
fewer boundary conditions are imposed, and the drift term (9,u) is included in the
equation, the critical set phenomenon does not manifest. This represents a novel
observation for the KdV equation. Specifically, we can maintain the same control
positioning, either d,u(L,t) = f(t) or u(0,t) = g1(t).

Still concerning the critical set phenomenon, in a recent work [9], the authors
developed a refined analysis of the critical length phenomenon for the nonlinear
Korteweg—de Vries equation under Neumann-type boundary conditions. The paper
combines sharp well-posedness theory, hidden regularity estimates, fixed-point argu-
ments, and the return method in order to recover controllability in situations where
the linearized system fails due to the presence of critical lengths. We also emphasize



40 R. de A. Capistrano-Filho, F. Gallego / Bull. Sci. math. 214 (2027) 103909

that several other contributions have addressed related questions from different per-
spectives. For a broader overview of the subject and further developments concerning
controllability and critical length phenomena for dispersive equations, we refer the
reader to the surveys and related works [8,12].

The scenario presented in this work is completely new in terms of control theory.
Employing a comprehensive approach enables us to formulate a broader relationship,
thereby achieving precise control, denoted by f, which is essential for ensuring the exact
controllability of the system under consideration, as stated in Remark 3. Our analysis
is illustrated in the scheme below (see Fig. 1 below), which shows the range of s in the
control space H?® for which the relation presented in Remark 3 remains valid.

5.2. Non-emptiness of A2(¢,T) and AY(¢,T)

As mentioned in the introduction, the admissible final state class A%(¢,T) is non-
empty for any given ¢ € L?(R*) and T > 0. In fact, to see this, consider the linear
initial-boundary value problem with homogeneous boundary conditions:

O+ 0pv+ 020 =0, (z,t) € (0,+00) x (0,T),
v(0,t) = 0, t e (0,7), (5.1)
v(x,0) = ¢(x), x € (0, 400).

By the well-posedness theory for the linear Korteweg—de Vries equation (including the
drift term 0,v) on the right half-line developed by Bona, Sun, and Zhang [1,2], Collian-
der and Kenig [14], and Holmer [28] (see also Fokas [22-24] for the unified transform
approach), problem (5.1) admits a unique solution v € C([0,T]; L?(R*)). The present
approach follows Holmer’s method of boundary forcing operators, which directly accom-

~
Forcing operator

!
T

2 3 z 4
2

ed
ol
N o
—
wlw @

Bl

Boundary operator

Operational Controllability
A

) 5 ) & ) & ) ) * ) )
T A4 T v T v T T hd T T

1 3 3
-1 _3 0 1 3 1 3 2 3 z 4

UTM operator

) 5 ) 5 ) 5 ) ) ) 5 )
T hd T v T v T T T v T

3 3
“ -1 -3 © 3 & 1 3 2 3 z 4

|\ J
Y

Operational Control

Fig. 1. Operational controllability and control characterization relations.
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modates the drift term without altering the analysis. More generally, for every boundary
datum f € H'/3(0,T), the non-homogeneous problem associated with (1.1) admits a
unique solution u € C([0,T]; L2(R™T)), and the data-to-solution map

(¢, f) —u

is continuous from L?(R*) x H/3(0,T) into C([0,T]; L?(RT)). Returning to (5.1), the
solution v satisfies Definition 1.4 with s = 0 and boundary control f =0 € HY3(0,T).
The temporal trace at t =T yields

o7 :=v(-,T) € L*(R"),

and by construction, ¢ € A%(¢,T). This proves that A%(¢p, T) # 0.

An analogous argument applies to the left half-line case associated with (1.2), where
two boundary conditions are required at x = 0. Consider the linear problem with
homogeneous boundary data (g1 = g2 = 0). For any ¢ € L?*(R~), Holmer’s well-
posedness theory [28] (with the drift term —0,w explicitly included in the present
work) ensures the existence of a unique solution w € C([0,7]; L?>(R™)), and the data-
to-solution map (¢, g1, g2) — w is continuous from L?(R~) x H'Y3(0,T) x H=/3(0,T)
into C([0,T]; L*(R™)). It is worth noting that Bona, Sun, and Zhang’s approach does
not cover the left half-line case; Holmer’s method is particularly well suited to this
configuration. Taking g1 = go = 0, the solution w of linearized system of (1.2) yields
Yr:=w(-,T) € L*(R7), and thus ¢ € A (¢, T), proving that A% (¢, T') # 0.

Remark 5. It is worth placing this result in historical context. Rosier’s pioneering work
[36] established exact boundary controllability for the linear KdV equation on the
((0,400) x (0,T)) with boundary controls in dis-
tribution spaces of negative order, showing that any ug, ur € L?(R™) can be connected
by such a solution. However, if one requires solutions to belong to L>(0,T; L*(R")),
controllability fails: Rosier showed there exists ¢ € L%(R*) such that 0 ¢ A%(3, T') when
the admissible final state class is defined using solutions in L>°(0, T'; L>(R™")). This illus-
trates the delicate dependence of controllability properties on the functional framework.

half-line in the weaker framework L2

The well-posedness theory cited above was developed after Rosier’s work and provides
the natural functional setting ¢ € L*(R*), f € HY/3(0,T), and u € C([0,T]; L*(R™)),
which is consistent with the equation’s scaling. Within this modern framework, the non-
emptiness of AY(¢,T) (and similarly A9(¢), T) for the left half-line) follows from the
well-posedness of the homogeneous boundary problem, and the continuous dependence
on data ensures the structure needed for fixed-point arguments in the nonlinear problem.

5.3. Noncritical length phenomenon

Rosier [35] showed that considering L ¢ A, where N is defined by (1.6), that the
associated linear system (1.5) posed on the bounded interval
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Ou+ Opu+ O3u =0, in (0,L) x (0,7,
uw(0,t) = u(L,t) =0, Oyu(L,t) = g(t), in (0,7), (5.2)
u(z,0) = up(x), in (0, L),

is controllable; roughly speaking, if L € N system (5.2) is not controllable, that is,
there exists a finite-dimensional subspace of L?(0, L), denoted by M = M(L), which
is unreachable from 0 for the linear system. More precisely, for every nonzero state
e M,ge L*0,T) and u € C([0,T]); L?(0,L)) N L3(0,T; H'(0, L)) satisfying (5.2) and
u(-,0) = 0, one has u(-,T) # 1.

Definition 5.1. A spatial domain (0, L) is called critical for the system (5.2) if its domain
length L belongs to the critical set N

Following the work of Rosier [35], the boundary control system of the KdV equation
posed on the finite interval (0, L) with various control inputs has been intensively studied
(cf. [7,11,13,16,17,25-27] and see [12,38] for more complete reviews). Essentially, the crit-
ical length phenomenon arises from employing HUM, utilizing a compactness-uniqueness
argument to establish certain observability inequalities. Certainly, through a contradic-
tion argument, we have determined that the adjoint system is observable, which allows
us to explore a complex function. The critical length phenomenon manifests when this
complex function is potentially entire.

Thus, we are interested in analyzing whether the critical length phenomenon appears
for the KdV equation in unbounded domains. Let us consider the three cases treated in
this work.

5.8.1. The case of the left-half line

We already know that the critical length phenomenon naturally arises in the case of
Neumann boundary control within a bounded domain. However, when considering the
left half-line, we can further examine the following control problem

Opu + Opu + O2u = 0, for (x,t) € (—oo, L) x (0,T),
u(L,t) =0, Oyu(L,t) =gs(t), forte (0,T), (5.3)
u(z,0) = ¢(z), for z € (—o0, L).

By using the HUM, let us recall that the backward system associated with (5.3) is

o+ 0o+ 30 =0, for (z,t) € (—o0, L) x (0,T),
o(L,t) =0, for t € (0,7), (5.4)
o(x, T) = pp(x), for € (—o0, L),

and its observability inequality is given by
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2 2
||SDTHL2(—OO,L) < C|0xp(L, ')HLZ(O,T) :

Through the application of the compactness-uniqueness argument, the function in the
complex plane associated with the observability inequality is

N —iLE, 11 L
P() = i—Tw—(ng’

Note that for any L > 0, the function @ can not be entire. Thus, we do not have any
restriction on the length L.
Also, in the case of the control acting in the Dirichlet condition

Opu + Opu + O2u = 0, for (z,t) € (—oo, L) x (0,7T),
u(L,t) = g1(t), Oyu(L,t)=0, forte (0,T),
u(z,0) = ¢(z), for x € (—o0, L),

the backward system and its observability inequality are given by (5.4) and

2 2 2
||SOTHL2(7<>0,L) < ¢ Haa,@(lﬁ )HH*% (0,T)°
respectively. In this case, the function in the plane complex is given by

_ ST

and the function @ can not be entire. Again, no restriction on the length L is necessary.

5.8.2. The case of the right-half line
Consider the control problem posed on the right half-line

Ou+ Ozu+ 02u =0, for (z,t) € (L,+o0) x (0,7T),
u(L,t) = f(¢), for t € (0,7, . (5.5)
u(z,0) = ¢(x), for x € (L, +00).

Again, using HUM, the backward system associated with (5.5) is

Opp+ Opp+ 030 =0, for (z,t) € (L,400) x (0,T),
o(L,t) = 0,p(L,t) =0, forte (0,7),
oz, T) = pr(x), for x € (L, +00),

and its observability inequality is given by

||30TH22(L,00) <C||#2¢(L,") Hir% 0,17) °
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Through the application of the compactness-uniqueness argument, we do not associate
any function in the complex plane, as we directly derive a contradiction from the spectral
analysis of the operator.

To summarize, considering all the boundary controllability on the half-line in our
work, the critical length phenomenon does not exist, suggesting a behavior completely
different compared with the bounded interval, as in the case of the following works [35]
and [26].

5.4. Controllability in H® via forcing operator
From the preceding analysis, considering the case —% <s< %, with s #£ %, we can
extend our understanding of controllability for the KdV equation for this range of s. By

leveraging the well-posedness principles observed in half-line scenarios, we can derive the
following scheme:

[ Boundary control in right half-line ]
¢ (70

{Em + Oyu+ 03u =0, in (0,00) x (oﬁﬂ {W + 8up + 03 = 0 in. (0,00) x (0,T)

u(0,8) = f(t) € HEHD/3(0,T) ¢(0,4) = 9,(0,t) = 0 in (0,T)
u(z,0) =¢ € H*(0,00) o(@,T)=pr € H*(0,00)

= 1
I —

|

Necessary and sufficient condition to exact controllability:
<f()7 agLP(Uv ')>H(s+1)/3,H*<s+l)/3 = <¢(')7¢('70)>H*,H** - <u('7T)v‘tDT('»H-‘,H*-q

NI

This scheme represents the method of controllability in the right half-line (the left half-
line can be done similarly). Note that the necessary and sufficient condition to obtain

exact controllability may be seen as an optimality condition for the critical points of the
functional J : H%(R}) — R, defined by

1
j(@T) = 5 H&%Sﬁ(oa ')||i]—<s+1)/3(07T) - <¢(')a§0('70)>H5,H*5 + <u('7T)790T(')>H5,H*5 ’

where ¢ is the solution of (3.1) with final data or € H~*(R}). Moreover, we already
known that if or € H%(R}) is a minimizer of J, with ¢ the corresponding solution of

(3.1), with final data @r, then f(¢) = 02¢(0,t) is a desired control. Thus, the observ-
ability inequality is given by

||¢T\|?{fs(m) < C[|az¢(0, -)Hi{_%(oj) ’
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for any o7 € H™*(R}), where ¢ is the solution of the backward system (3.1). To prove
the observability inequality, several approaches can be utilized. Our intuition regarding
the observability inequality is that it is valid in —% <5 < %,

favorable trace estimates and smoothing effects exhibited by the solution of the backward

with s # %, given the

system, however, this issue of showing the observability inequality in H®, when —% <
s < %, with s # %, is still an open problem.
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Appendix A. Initial boundary value problem: half-line cases
A.1. Boundary forcing operator

Following the ideas in [28], we can derive a formula for the solution of the initial-
value problem (1.1). The local existence and uniqueness of solutions of the systems (3.1)
and (3.2) is established through Theorem 2.8. Consider a cut-off function 6(t) := 6,
0 € C§°(R). Denote 6(t) = 1 (&), for T > 0, such that

0<¢y<1, #=1 on]0,1],
=0 for |¢| > 2.

Let us now provide a summary of the Riemann-Liouville fractional integral operator; the
reader can refer to [14,28] for more details.
Define the function ¢, as follows

ty=t if t>0, t =0 if t<0.

a—1
2

e is defined as a locally integrable function for Re oo > 0

The tempered distribution
by

Z
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ti_l _ L r a—1
<r<a)’ / > = ey [ 0

0
It follows that
o=t patk—1
A [ — Al
o) t<r<a+k> | Ay
for all k € N. Expression (A.1) can be used to extend the definition of _ ytoalla e C

a—l

in the sense of distributions. A change of contour shows the Fourier transform of & m is
the following one

ti_l = e 2™ (1 — )"
(F(a)> (1) = =47 (r —i0) ", (A2)

where (7 —40)~* is the distributional limit. For o ¢ Z, let us rewrite (A.2) on the
following way

ta ! Qe —a 5 QT —o
( - ) (T) = e 2™ 7] 7 X 0,00) + €2 [T TN (L oo,0)- (A.3)

I(e)
Note that from (A.2) and (A.3), we have that
(1 —10)"% = |7|"*X(0,00) + eam\rrax(,m@y

For f € C§°(RY), define Z, f as

!
Tof = ——
so, for Re a > 0, follows that
Tof(t) = 1 / Yol f(s) (A4)
=T )
0
The following properties easily hold Zof = f, Z1 f(t) fo )ds, I_1f = [’ and

ZoZ3 = Io+p. Moreover, the lemmas below can be found in [28], and we will omit their
proofs.

Lemma A.1. /25, Lemma 2.1] If f € C°(R™), then Z,f € C(R™), for alla € C.



R. de A. Capistrano-Filho, F. Gallego / Bull. Sci. math. 214 (2027) 103909 47

Lemma A.2. /28, Lemma 5.3/ If 0 < Re a < oo and s € R, then |Z_oh|gs®r+) <
cllhll gs+o m+), where ¢ = c(a).

Lemma A.3. /28, Lemma 5.4/ If 0 < Re o < o0, s € R and p € C§°(R), then
|uZah |l g ey < C||h||HS—a(R+)7 where ¢ = ¢(p, av).

A.1.1. Oscillatory integral

In this subsection, we will define the oscillatory integral, which is the key to defining,
in the next section, the Duhamel boundary forcing operator. The Airy function is

Ax) = % /ei$fei53d§ (A.5)

3

From [28], the Airy function has the following properties:
i. A(x) is a smooth function with the asymptotic properties
A(z) ~ crg~Hiemeae®? (1 +0 (1:73/4>) as T — 400
and
A(=z) ~ cyz™* cos (621'3/2 — %) (1 +0 (ac_3/4>) as £ — 400,

where ¢q,co > 0.
ii. We can compute:

2m 3 3r(2)’
13 n
A'(0) = _/igezf dé = — 11 , and
3T (3)
13
+oo
1
/ Aly)dy = 3
0
On the other hand, consider the following group as
- 3 1 iz€ i 32
et () = o [ G e g, (4.6)

3

so that
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(O + 05 + 02) {e‘taiq’)} (x,t) =0, for (x,t) e R xR, (A7)

{e‘taiqb] (2,0) = ¢(z), for z € R. .
On the other hand, we define the Duhamel inhomogeneous solution operator Z as

¢
Dw(zx,t) = /e_(t_t/)(8“+ag)w(x,t’) dt’, (A.8)
0

so that

(0 + 0p 4+ 02) Qw(z,t) = w(x,t), for (z,t) ER xR (A.9)

Jw(z,0) =0, for z € R. '

We now introduce the Duhamel boundary forcing operator (see [14]). For f € C§° (R™T),
let

LOf(x,t) =3

g (A.10)
T o3f(t)
A x 230 ) gy
0/ ((t—t»“) -y
so that

(0r +03) LOF(x,t) = 360(x)L_oy3f(t), for (z,t) € R xR,
LOf(x,0) =0, for x € R.

We define the Duhamel boundary forcing operator class for —1 < A < 1,and f € C§° (R™)
as

A1
LA f(x,t) = [FJ(F/\) « L0 (T_5/5f) (—,t)] (2)
— ﬁ /(y — ) LTy ) (v, t)dy (A.11)
(A+3)—1 z -
_ 4 (y -zt
= 3%17%7%]5@) — / Wfo (at17%f> (y,t)dy

—00

xT

: _ inA(—z)Y T (N
and, with oy =€ (=) o define

R
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A—1

ffr\f(x,t) = [x

ey * LI 5/5f) (—775)] (z)

= ﬁ /(y — )L (T s ) (s t)dy

x

A+3)—1 y _
= 3%1_%_%f(t) + '™ / Wﬁo (8tI_%f) (y,t)dy.
- (A.12)
It is straightforward from these definitions, in the sense of distributions
A1 P
(0¢ + 05 + 02) L2 f(x,1) =3 F?A) Tz yf(t)+3(A+ Q)MIfgfgf(t)
and
A1 2L
(90 + 0+ 02) L2f (@) = 375 T3 -3 SO + 30+ D gy T-3-2 /).

A.1.2. Solution of the systems
To address the nonlinear problem (1.1) with given data f and ¢, take —1 < A < 1,
we set

u(z, t) = 0(t)e 100 g(g) — %G(t)gé)xzf(x,t) +0(t)L2h(, t),

where
h(t) = e | £(t) — 0(t)e 1O+ g T %9@)%113(0, . (A.13)
Then
1 et
(00 + 00 + 07) w(,t) = — S0’ (x, 1) + Sy Y T-3-2 /()
A+1
+3(A+ 2)me(t)z,%,%f(t).

Due to the support properties of z**! and (A.13), we have that u is the solution of (1.1).
Additionally, if we take —1 < A1, A2 < 1, A1 # Ao, and set

u(z,t) = H(t)e_t(a“”"’ag)qb(sc) - %H(t)gaxuz(x,t) + 0() L hy (2, 1) + 0(t) L ho(z, 1),

where
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a(t) — G(t)e_t(8w+5z)¢’ + 10(t)20,u2(0,1)
] =M =0 , (A14)
ha(t) 00V Ty s (52 — 0.~ 0D0| 1 309,90,02(0,) (1

=0
with
1 sin (ZXp — Z —sin (TN + Z
M= .(3 2 6) . (3 2 6) (A.15)
2v/3sin [Z (A2 — A1)] | —sin (FA\—%) sin(FM+3%),
We have that, in the sense of distribution, u satisfies
M1
(O 4 0p + ) u(z,t) = a u?(z, B +35 T, (1)
L(A) 75773
xj\rl+1
3(M+2)=——F+T hy(t
(a+ )P(A1+3) —goyh(®)
:Ej\?_l xf"’l
7 ha(t A +2)—— 7 do(t).
T3T0gy -3- 0 P 3R TR T g ()

Due to the support properties of a:’\il and (A.14), we have that u is the solution of (1.2).

A.1.3. Main estimates
The operator e~ +72) was defined above in (A.6) satisfying (A.7). Thus, the follow-
ing lemma holds.

Lemma A.4. [28, Lemma 5.5] Let s € R. Then:

< cldllms;

< C||¢||H3;

Spac traces) [[e=1O+ 0ot
(a) (Space traces) o(x .

(b) (Time traces) HH —H0:+03) () H

3
17t

Derivative & H e~ t(0+0%) H N\ <
(¢) (Derivative time traces) ||0(t)0ze o(x) C(]Rm;H§> < c9llu

(d) (Bourgain space estimate) If 0 <b <1 and 0 < a < 1, then

_ 3
|pwe o) < clbla ol

where ¢ is independent of 6.

In addition to the previous lemma, and taking into account that the operator Z was
defined above in (A.8), satisfying (A.9). Consider

v = | [0 (- )" late nPagar
&7

1/2

[y,
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Thus, the next result is as follows.
Lemma A.5. [28, Lemma 5.6] Let s € R. Then:
(a) (Space traces) If 0 <b < i, then
[0(t)Zw(z, )|lc®,;ms) < cllwllx,

(b) (Time traces) If 0 < b < 1, then

||0(t)9w(x,t)||c< .

- {c|w|xs,_b, if—1<s<3,
R.;H, 3 ) -

c(lwlx, -, +lwly, ), for any s.

If s < I, then ||0(t) 2w (x,t)||

s+1 has the same bound.
C(RI;HOS <Rr>)

(c) (Derivative time traces) If 0 < b < %, then

Xs,—vr Zf0§3§%7

¢ljwl
()0, Pw(x,t s\ <
16(t) ( )HC<RI;HE> {C (lwlx, ., + lwlly, ), for anys.

If s < 2, then ||0(t)3w9w(x,t)||c< has the same bound.

R,:HS (R?))

(d) (Bourgain space estimate) If 0 < b < 1 and o <1—b, then

16(t) Pw(z,t)]

X. Do < Cllwllx, -
Finally, the operators .#7 defined in (A.11) and (A.12) have the following properties.
Lemma A.6. /28, Lemma 5.8] Let s € R. Then:

(a) (Space traces) If s — 2 <A <s+3, A<43, andsupp f C[0,1], then

H"g:i\f(x’t)HC’(Rt;Hg) < c”fHH*‘gl (R+)'

o]

(b) (Time traces) If —2 < A < 1, then

A
||9<t>fif<x,t>||C<RMH:g1 wn) S Mt

(¢) (Derivative time traces) If —1 < A < 2, then

A
He(t)a”’gif(x’t)Hc(Rw;Ha% (Ri)) = c||f|\H:§1 (R)
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(d) (Bourgain space estimate) If s —1 <A < s+ 3, A< 1,a < #, and 0 < b < 1,
then

10)Z2f ()] ., p, < el =y (ur)-
0
Data availability

It does not apply to this article as no new data were created or analyzed in this study.
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