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Abstract. It is well known that the controllability property of partial differential equations
(PDEs) is closely linked to the proof of an observability inequality for the adjoint system, which,
sometimes, involves analyzing a spectral problem associated with the PDE under consideration.
In this work, we study a series of spectral issues that ensure the controllability of the renowned
Korteweg-de Vries equation on star-graph. This investigation reduces to determining when certain
functions, associated with this spectral problem, are entire. The novelty here lies in presenting this
detailed analysis in the context of a star graph structure.
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1. Introduction. In mathematics and physics, a quantum graph is a network
structure consisting of vertices connected by edges, where each edge hosts a differential
or pseudo-differential equation. When each edge is equipped with a natural metric,
the graph is called a metric graph. A typical example is a power network, where
power lines (edges) connect transformer stations (vertices); in this case, the differential
equations could represent the voltage along each line, with boundary conditions at
the vertices ensuring that the sum of currents across all edges at each vertex is zero.

Linus Pauling initially studied quantum graphs in the 1930s as models of free elec-
trons in organic molecules. They also appear in various mathematical contexts, such
as quantum chaos, waveguide studies, photonic crystals, and Anderson localization—
the phenomenon where wave diffusion is absent in a disordered medium. Quantum
graphs are also used as a limiting model for shrinking thin wires. They have become
significant in mesoscopic physics as theoretical tools for understanding nanotechnol-
ogy. Another simplified version of quantum graphs was introduced by Freedman et al.
in [28].

Beyond solving the differential equations for specific applications, typical ques-
tions in quantum graph theory include well-posedness, controllability, and identifia-
bility. For instance, controllability might involve determining the necessary inputs to
bring a system to a desired state, such as ensuring sufficient power supply throughout
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a network. Identifiability could involve selecting measurement points, like pressure
gauges in a water pipe network, to detect issues such as leaks.

1.1. Dispersive systems on graph structure. In recent years, the study of
nonlinear dispersive models on metric graphs has gained significant attention from
mathematicians, physicists, chemists, and engineers (see [10, 11, 14, 33, 36] for details
and further references). A primary framework for modeling these phenomena is the
star graph G, a metric graph with N half-lines of the form (0,+o0) that connect at
a common vertex v = (0. On each edge, a nonlinear equation, such as the nonlinear
Schrodinger equation, is defined (see works by Adami et al. [1, 2] and Angulo and
Goloshchapova [5, 6]). Introducing nonlinearities in dispersive models of such net-
works creates a rich field for exploring soliton propagation and nonlinear dynamics.
A key challenge in this analysis is the vertex, where the star graph may exhibit bifur-
cation or multi-bifurcation behavior, especially in more complex graph structures.

Other nonlinear dispersive systems on graphs also yield interesting results. For
instance, regarding the well-posedness theory, Cavalvante [20] studied the local well-
posedness for the Cauchy problem of the Korteweg-de Vries equation on a metric
star graph with a negative half-line and two positive half-lines meeting at a common
vertex v = 0 (the so-called Y-junction). Another example is the Benjamin-Bona-
Mahony (BBM) equation. Bona and Cascavel [12] established local well-posedness
in the Sobolev space H!, while Mugnolo and Rault [38] demonstrated the existence
of traveling waves for the BBM equation on graphs. Using an alternative approach,
Ammari and Crépeau [4] derived results for well-posedness and stabilization of the
BBM equation in a star-shaped network with bounded edges. It is important to point
out that Mugnolo et al. [37] obtained a characterization of all boundary conditions
under which the Airy-type evolution equation u; = atgz, + Bu,, for a € R\{0} and
B € R on star graphs, generates contraction semigroups.

Notably, notable contributions have been made in the areas of control theory
and inverse problems. Ignat et al. [31] investigated the inverse problem for the heat
and Schrodinger equations on a tree structure. Later, Baudouin and Yamamoto [9]
introduced a unified and simplified approach to the inverse problem of coefficient
determination. Additionally, Ammari and Crépeau [3], Cerpa et al. [24, 25], and
Parada et al. [40, 41] proved results on stabilization and boundary controllability for
the KdV equation on star-shaped graphs.

1.2. Background of control theory. Research on the control and stabilization
of the KdV equation originated with the work of Russell and Zhang [44, 45, 46, 48],
who examined internal control of the KAV equation under periodic boundary condi-
tions. Since then, extensive studies have focused on the control and stabilization of
the KdV equation (see [22, 27, 29, 42, 43, 49] and references therein).

Considering a bounded domain, the control problem was presented in a pioneering
work of Rosier [42] that studied the following system

Opu + Opu 4+ udpu + O2u =0 in (0,L) x (0,T),
(1'1) u(0,t) =0, u(L,t) =0, d,u(L,t)=g(t) in (0,T),
u(x,0) = up(x) in (0,L),

where the boundary value function g(t) is considered as a control input. The author
answered the following problem for the system (1.1).

Exact controllability problem: Given T >0 and ug,ur € L?(0,L), can one find an
appropriate control input g(t) € L*(0,T) such that the corresponding solution u(x,t)
of (1.1) satisfies
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(1.2) u(z,0) =uo(xz) and u(z,T)=ur(r)?

Rosier [42] investigated boundary control of the KdV equation on the finite do-
main (0, L) with Dirichlet boundary conditions (1.1). He first analyzed the associated
linear system:

Opu~+ Opu+ 03u=0, in (0,L) x (0,7),
(1.3) u(0,t) =0, u(L,t)=0, d,u(L,t)=g(t), in (0,T),
U($,O) = UO(x)a in (OaL)v

and discovered the critical length phenomenon, where the exact controllability of
system (1.3) depends on the domain length L. Specifically, exact controllability in
L?(0, L) is achieved if and only if L does not belong to the set

(1.4) N::{\Q/%\/kQ—kkl—H?:k,leN*}.

Using a fixed-point argument, Rosier extended this controllability result from the
linear to the nonlinear system for cases where L ¢ .

In the case where L € N, Rosier demonstrated in [42] that the associated linear
system (1.3) is not controllable. Specifically, there exists a finite-dimensional subspace
of L?(0,L), denoted as M = M(L), that cannot be reached from 0 by the linear
system. More precisely, for any nonzero state ¢ € M, if g € L?(0,T) and u €
C([0,T); L3(0, L))NL?(0,T; H'(0, L)) satisfies (1.3) with the initial condition u(-,0) =
0, then u(-,T) # 1. A spatial domain (0, L) is termed critical for system (1.3) if its
length L belongs to N.

When the spatial domain (0,L) is critical, one usually would not expect the
corresponding nonlinear system (1.1) to be exactly controllable, as the linear system
(1.3) is not. It thus came as a surprise when Coron and Crépeau showed in [27] that
the nonlinear system (1.1) is still locally exactly controllable even though its spatial
domain is critical with its length L =2k7 and k € N* satisfying

A(m,n) € N* x N* with m? + mn + n? = 3k? and m # n.

For those values of L, the unreachable space M of the associated linear system is a
one-dimensional linear space generated by the function 1 — cos(z). As for the other
types of critical domains, the nonlinear system (1.1) was shown later by Cerpa [21],
and Cerpa and Crépeau in [23] to be local, large time exactly controllable.

It is important to point out that if we change the control of position in the
boundary condition of (1.3), for example

u(0,t) = h(t), u(L,t) =0, Oyu(L,t)=0 in (0,T)
or
(1.5) u(0,t) =0, u(L,t) = f(t), d,u(L,t)=0 in (0,7),

then we can not explicitly characterize the critical sets for the KdV equation. However,
for the boundary conditions in (1.5), it was established in [29] the existence of a
countable set of critical lengths N* C (0, +00) which can be described as follows

? @ —peb = — ~(a+b)
(1.6) N*:{L€R+\ (0); I(a,b) € C* such that ae® =be (a+be }

and L? = — (a? —|—ab+b2)

For more details, we mention [22, 29].
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After 97’, some authors tried to prove the critical set phenomenon for the KdV
equation with some boundary condition, and we can cite, for example, [29, 26], and
the references therein. However, for this set considered in these works, the authors
were not allowed to explicitly characterize the set. Twenty years later, in [15], another
boundary condition was considered. The authors introduced the KdV equation with
Neumann conditions. Capistrano-Filho et al. investigated the following boundary
control system

Opu + Opu + udpu + O3u =0 in (0,L) x (0,T),
(1.7) 02u(0,t) =0, O?u(L,t) =0, d,u(L,t)=h(t) in (0,7T),

u(z,0) =up(x) in (0,L).
First, the authors studied the following linearized system associated with (1.7),

Ou+ (14 B)0,u+ du=0 in (0,L) x (0,T),
(1.8) 02u(0,t) =0, 0?u(L,t) =0, d,u(L,t)=h(t) in (0,7T),

u(z,0) =up(x) in (0,L),

where 3 is a given real constant. For any 3 # —1, considering the following set

2 km

= /K2 2k, * { : *}
R3 {\/m K2+ Ekl+12:k1eN" U mkeN
The authors showed the following results:

(i) If B # —1, the linear system (1.8) is exactly controllable in the space L2(0, L)
if and only if the length L of the spatial domain (0, L) does not belong to the
set Rg.

(ii) If B = —1, then the system (1.8) is not exactly controllable in the space
L?(0,L) for any L > 0.

As done in [42], the controllability of the nonlinear system (1.7) holds using a
fixed point argument. Moreover, the set R is completely characterized. Note that,
when =0, N (see (1.4)) is a proper subset of Rg. The linear system (1.8) has more
critical length domains than that of the linear system (1.3). In the case of 8 = —1,
every L >0 is critical for the system (1.8). By contrast, removing the term 9d,u from
the equation in (1.3), every L > 0 is not critical for the system (1.3).

To conclude this section, we also define the following set

3(a,b) € C* such that ae® =b%e’ = (a + b)2e— (@10
- \ {0};
(1.9) M _{LER \ {0k andL2:—(a2+ab+b2)

As we will prove in the Appendix C, the set AT is a countable, non-empty new critical
set in the literature of controllability of KdV equations.

1.3. Setting of problem and functional framework. This work focuses on
investigating the exact controllability of the linear KdV equation on a star-shaped
network. The equation governing the dynamics is given by

Ouj(t,z) + Opuj(t, @) + Ouy(t,x) =0, te(0,T), z€(0,l;), j=1,...,N,
u;(t,0) =u1(t,0), te(0,T), Vj=2,...,N,

N

Z@iuj (t,0) = —auq(t,0) + go(t), te (0,7),

j=1

uj(t’lj):07 8zuj(t7lj):gj(t)7 tE(O,T), j=1,...,N,
uj(O,x):u(;(z), z € (0,15),
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where o > % The conditions at the central node are motivated by previous studies
(3, 20, 40, 41]. Following [41], u; represents the dimensionless, scaled deflection from
the rest position, and v; denotes the velocity along a branch j of long water waves.
Thus, we have:

Btuj+awuj+8§uj+uj8$uj:0, xE(O,lj), tE(O,T), j=1,...,N,

Uj:Uj — 6U?+262U], T e (O,lj), tE (O,T), ]:1,,N

(1.10)
Assuming the water level at the central node is constant, and the net flux is zero, the
following natural conditions arise

uj(t,O):ul(t,O), tE(O,T),jZQ,...,N,

and
N
> u(t,0)v;(t,0) =0, te(0,T).
j=1

Linearizing (1.10) around zero yields the following boundary conditions
uj(t70):u1(ta0)a tE(O7T)vj:27~'-aNa

and
N ) N
> 02u(t,0) = —5u(t,0), te(0,7).
j=1

With this context, given N > 2, consider a star-shaped network 7 with N edges
described by intervals I; = (0,1;), I; > 0 for j = 1,...,N. Denoting by e1,...,en
the edges of T one have T = U§V21 ej. To be precise, in this work, we will study
the control properties for NV linear KdV equations posed on 7 with the following
boundary conditions

at”u]‘ +8zuj +8_‘2uj :07 te (O,T), x € (O,Zj), ]: 1,...,N,
u;(t,0) =u1(t,0), te(0,7), j=2,...,N,
N

(1.11) { > 02u;(t,0) = —aus (t,0), te(0,7)
j=1
uj(t7lj):pj(t)v 6xuj(t7l]):g](t)a tE(O,T), .j:la'“aNa
uj(O,:v):u?(x), ze(0,l;), j=1,....N,

where u = (u1,...,un) stands the state of the system, p; and g; are the controls

inputs and a > % This system was studied in [39], where the null controllability was
obtained using 2N — 2 controls.

Our goal in this article is to prove the controllability of (1.11) using a reduced
number of boundary controls. In most of our results, we assume [; = L > 0 for all
j=1,...,N and we are interested in answering the following question:

New boundary conditions: Are there other boundary conditions such that the
controllability for the system (1.11) holds?

We will present here six new possibilities that ensure boundary controllability
properties for the system (1.11), and that exhibit a relation of the length I; with a
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e Ne O uncontrolled node
® Ne node with Neumann control
0 Di ® Di node with Dirichlet control
€2

Fic. 1. Network with 2 edges and mized controls.

O uncontrolled node
® Ne node with Neumann control
® Di node with Dirichlet control

Fic. 2. Network with N edges for m=1.

critical set, that is, in some appropriate set of boundary conditions, the controllability
holds if and only if the length I; avoids specific values or for all I; > 0. Given
0 <m < N, we put Neumann controls on the first m edges and Dirichlet controls on
the remaining N —m edges. With this in mind, we will analyze the problem under
the assumption o = N and [; = L for j = 1,..., N in six situations (with different
results). The first one considers N =2 and m =1 as it is illustrated in Figure 1. We
prove that the corresponding system (1.11) is exactly controllable for any L > 0.

The second situation considers N >3, m =1, and it is illustrated in Figure 2. In
this case, we can prove the exact controllability to the corresponding system (1.11)
when L ¢ N*, where N* is defined by (1.6).

In the third case, we consider N >3 and m = N — 1, as illustrated in Figure 3.
For this situation, the exact controllability to the corresponding system (1.11) holds
if and only if L ¢ N/, where N is defined by (1.4).

In the fourth case, we study the problem under the configuration N > 3 and
1 <m < N — 1. Figure 4 illustrates this situation for m = 2. In this case, we can
prove the exact controllability to the corresponding system (1.11) when L ¢ N UN™.

In the full Neumann case, namely, N > 2 and m = N, illustrated in Figure 5, we
can prove the controllability if L & N UN™.

Finally, in the full Dirichlet case, that is, N > 2 and m = 0, illustrated in Figure 6,
we can prove the controllability if L ¢ N* UNT, where N is defined by (1.9).

Before presenting our main results, we introduce some notations used throughout
this article. From now on, we will consider:

i. The vector w is given by

N
w=(uy,...,uy) EL*(T) = HLQ(Ovlj)
j=1

and final and initial data is

= (u,... u%) eL}(T) and o' =(ul,... ,uk) cL2(T).
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O uncontrolled node
® Ne node with Neumann control
® Di node with Dirichlet control

O uncontrolled node
® Ne node with Neumann control
® Di node with Dirichlet control

O uncontrolled node

® Ne node with Neumann control

O uncontrolled node

® Di node with Dirichlet control

F1G. 6. Network with N edges with control on Neumann condition.
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ii.

iii.

iv.

vi.

ROBERTO DE ALMEIDA CAPISTRANO-FILHO ET AL.

The inner product in L2(7) will be given by

N l;
(U’Z)U(T):Z/ ujzjdr, u,z€L*(T).
j=1"0

Moreover,

N
H*(T) =[] H*(0.;), s€R.
j=1

Define also the following spaces:

N
HG(T) = [ [ H5(0.1), keN

j=1
and
HE(0,1;) = {v € H(0,1;),00" V(1) =0, 1<i < k} , keN,

where v(™) = di“jn and the index r is related to the null right boundary

conditions. In addition,

N n
Hﬁ(T):HHf(OJj) and ||U||]%11;(T) :Z||“j||Hk(o,zj) keN.
j=1 j=1

Consider the following characterization:
H'(0,1) = (H(0,1))’

as the dual space of H,(0,l;) with respect to the pivot space, L?(0,1;) and
H,-! denotes the cartesian product of H, 1(0,1;).

. Let

HY(T) = {u=(u1,...,un) € H¥(T); u1(0) =u;(0), j=1,...,N}, keN,
and

B =C([0,T],L*(T)) N L*(0,T,H.(T)),
with the norm

ulle == llulleo,m L2y + llullL2o,7m (7))

T
= t,)||7 dt
e [l + ( JRRCCRTE )

Finally, we need to introduce spaces that are paramount for our main results.
For m=0,..., N, consider

N

m N N
(112) X, =[[2%0.0) x [] H3O0.L),  Xo=]]Hs0,5),
j=1 i=m+1 i=1

N
Xy =[]L%0,1),
j=1
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m N N
(1.13)  Yu=]]H'O,;)x [] H*O.L), Yo=]]H?(0L),
j =1

endowed with the usual Hilbertian norms.

1.4. Main result and heuristic. With these previous notations in hand, let us
now present our first main result. Given an integer number N >2 and m=0,..., N,
this work takes in consideration the following control configuration:

p;j=0,j=1,...,mand g; =0, j=m+1,...,N, ifl<m<N,
9;=0,7=1,...,N, if m=0,
p;=0,j=1,...,N, if m=N,

resulting in the following control system

Oyu; + Oyuj + O3u; =0, te(0,7), z€(0,l;), j=1,...,N,
uj(t,O):ul(t,O), tE(O,T), j=2,...,N,
N

(1.14) Z@iuj(t,O):fozul(t,O), te(0,7),
’U,j(t l)—O, 8Z’LLj(t7lj):gj(t), tE(O,T), j=1,...,m,
u;(t,l;) =p;(t), Opu;(t,1;) =0, te(0,7), j=m+1,...,N,
u](Ox)—u( ), z€(0,l), j=1,...,N.

For m = 0, we omit the fourth equation from the system above, whereas for m = N,
we omit the fifth equation. Note that the adjoint system associated with (1.14) is
given by

_6t<)0j_ 1‘)0]_ag<p]203 tE((),T), J?E(O,lj), j:17~'-aN7
<)0](t 0)7501(1f 0) tG(O,T),j:2,...,N,

(1.15) Z 20,(t,0) = (. — N)g1(t,0), te(0,T)
<p](t,l])_awgpj(t,o)=o, te(0,7), j=1,...,N,
QOJ(TVT):()O‘?’(J")? J)E(O,l]), ]:177N

Thus, as usual in the control theory (see, for instance, [34]), the controllability result
for the system (1.14) is equivalent to proving the following observability inequality

m
||<PT||§(m <C Z 10205(+, ||L2(0 )+ Z 10 ||L2 0,T) | Vol € X,
j=1 Jj=m+1

for the solution of the adjoint system (1.15). The first main result of this work is
given below and mixes the Neumann and Dirichlet boundary conditions (see Fig-
ures 1, 2, 3, 4, 5, and 6).
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TABLE 1
Relation between the placement of the controls and the critical lengths.

Neumann | Dirichlet | Critical lengths
N= 1 1 0
N> 1 N-1 N*
N> N -1 1 N
N > m N—-m N*UN
N>2 | N 0 N*UN
N>2 |0 N N*UNT

THEOREM 1.1. Let T > 0 and v°,u” € L2(T). Consider « = N, m =0,...,N
andlj =1L forj=1,...,N.

1. If N = 2, then for any L > 0, there exist controls (g1,0) € [L?(0,T)]* and
(0,p2) € [L?(0,T)]? such that the unique solution u of (1.14) satisfies (1.2).

2. If N >3 and m =1 then, there exist controls (g1,0,...,0) € [L?>(0,T)]" and
(0,p2,...,pn) € [L2(0,T)]N such that the unique solution u of (1.14) satisfies
(1.2), if and only if L ¢ N'*.

3. If N >3 and m = N—1 then, there exist controls (g1,...,9n_1,0) € [L?(0,T)]N
and (0,...,0,pn) € [L2(0,T)]N such that the unique solution u of (1.14) sat-
isfies (1.2), if and only if L ¢ N.

4. If N >3 and 1 <m < N — 1 then, there exist controls (¢1,...,9m,0,...,0) €
[L2(0, )N and (0,...,0,pms1,---,pn) € [L20,T)]N such that the unique
solution u of (1.14) satisfies (1.2), if and only if L ¢ N UN*.

5. If, N > 2, then there ezist controls (g1,...,gn) € [L?(0,T)] such that the
unique solution u of (1.14) satisfies (1.2), if and only if L ¢ N UN*.

6. If, N > 2, then there exist controls (p1,...,pn) € [L?(0,T)]V such that the
unique solution u of (1.14) satisfies (1.2), if and only if L ¢ N* UNT.

For a better description, we can summarize our results in the following table.

We will provide a brief overview of our approach. To establish well-posedness, the
classical semigroup theory typically used for the KdV equation in networks, as seen
in various studies [3, 24, 40, 41], proves to be less effective for handling Dirichlet con-
trols. Instead, studies like [17, 19, 29, 30] mainly rely on “solutions by transposition”
combined with interpolation methods. However, these techniques are still underde-
veloped for the KdV equation on networks, where the network structure introduces
challenging trace terms in the computations. These terms are addressed in a recent
work by the second author [39] and in this article.

For the control problem, it is well known in the literature [34] that proving the
exact controllability of the system (1.1) is equivalent to establishing an inequality
of observability for the linearized system associated with (1.1). To achieve this, we
generally employ the multiplier method and compactness arguments, which reduce
the task to demonstrating a unique continuation property for the state operator.

In our context, proving this unique continuation property involves analyzing the
spectral problem associated with the relevant linear operator. Specifically, after ap-
plying the Fourier transform, the question becomes one of determining when a cer-
tain quotient of entire functions remains entire. We introduce a polynomial function
q:C— C and a family of functions

N, :Cx (0,00) = C,
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where o € C\ {0} and each restriction N, (-, L) is entire for any L > 0. We then define
a family of functions f, (-, L) by

fa(p, L) =

within its maximal domain. The problem then reduces to finding L > 0 such that
there exists « € C\ {0} for which f,(-, L) is entire. In some works, such as [15, 18, 42]
and references therein, this approach provides an explicit characterization of the set
of critical lengths when it exists. However, in many cases, this set cannot be explicitly
determined [7, 16, 17, 26].

In this context, this work makes two contributions. First, we examine the well-
posedness of system (1.14) under mixed boundary conditions, specifically focusing on
Dirichlet and Neumann conditions. Second, we provide, for the first time, a detailed
analysis of a star graph structure where the function f,, relevant to our scenarios, is
entire. This analysis leads to the characterization of critical sets N defined by (1.4),
N* defined by (1.6), and their union N'UN*, akin to those introduced by Rosier [42]
and Glass and Guerrero [29]. Additionally, we identify a new critical set, denoted as
N, Due to the increased complexity of the functions N, in our setting compared to
these earlier works, our approach involves a refined and meticulous adaptation of the
analysis of these functions.

1.5. Outline. Our work is organized as follows: In section 2, we conduct a de-
tailed analysis of the well-posedness of problem (1.11), incorporating relevant results
from the single KdV equation. Building on this, the objective of section 3 is to es-
tablish the observability inequality for system (1.14) with boundary controls acting
under mixed boundary conditions, specifically Dirichlet and Neumann conditions, as
well as under full Neumann boundary conditions and full Dirichlet boundary condi-
tions. Here, we carefully examine the function f, associated with our setting, leading
to Theorem 1.1. Finally, Appendix A provides a review of trace estimates for the
single KdV equation, while Appendix B demonstrates how the observability inequal-
ity ensures controllability, and Appendix C explores various properties of the set AT,

2. Well-posedness analysis. In this section, we examine the well-posedness of
problem (1.11), as established in [39], along with its corresponding adjoint problem.
To achieve this, we verify the Kato smoothing property for the solution traces, which
is essential for deriving an observability inequality that characterizes critical lengths.
Additionally, we investigate the regularity of solutions to the adjoint system when the
data belong to regular spaces. Note that the positive constants C' introduced here
may vary from line to line.

2.1. Weak solutions. The next proposition was proved in [39], and it gives the
well-posedness to the problem

*atvj *azvj 7631)]' :fj, te (O,T), T e (O,Zj), j=1,...,N,
v;(t,0) = v1(t,0), te(0,T), j=2,...,N,
N

(2.1) > 02vi(t,0) = (a— N)vy (£,0), t€(0,T),
j=1
vj(t,lj):ﬁxvj(t,O):O, tE(O,T), j=1,...,N,
v;(T,z)=0, z€(0,l;), j=1,...,N,
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for f = (fi,...,fn) € L?(0,T,L3(T)). This result is useful to establish a notion of
solution for (1.11).

PROPOSITION 2.1. If f € L?(0,T,1L2(T)) there exists a unique solution
veB; :=C([0,T),H(T))NL*(0,T,H*(T))
of (2.1). Moreover, there exists Cq >0 such that
[v]|z, +ZH32% Mlzz.m) +Z||3 vl oy < Cullfllzz,re2 7).
Assume uj,pj, g5, 5, f; € C°([0,T] x [0,1;]) and u € C[0,1;]. Suppose that
uw=(u1,...,uy) is a solution of (1.11) subject to the data p;, g;,u} and v = (vy,...,vN)

is a solution of (2.1) subject to f = (f1,..., fn). Multiplying (2.1) by u,, integrating
by parts and using the boundary conditions in (1.11) and (2.1) we obtain

Z/ z)v;(0,z) — Z/ pi(H)92v;(t,1;) +Z/ 95 (t)0,v;(t,15)

ZJX_;/O /Ojfjuj-

Identifying uf € C*([0,1;]) C L*(0,1;) with the functional (u$)* € H, '(0,1;) given by

lj
(u?)* (w) :/0 u?w, Yw € Hr_l(O,lj),
we can write

lJ
/Oug(x)vj(ow) <U97Uj(0a')>H:1(o,zj)xH,,1,(o,zj)-

Now identifying g; € C*°([0,T]) C L*(0,T') with the functional g% € H~ 3(0,T) given
by

T
g (h) =/ g;h, Whe H3(0,T),
0

we can write

T
| 85000, = (030000004 b oy

Therefore we have
N T rly N
Z/o /o ijj=Z< U]( )> 1(0,1;) x HL(0,15) Z/ p;(t avjtl)
j=1 4
N
z:lg]’avj H 3(OT)><H3(0T)
=

This motivates the next definition, giving us a weak solution for the system (1.11).
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DEFINITION 2.1. Given T >0, ug = (uf,ud,--- ,u%) € H1(T), p € (L*(0, T))N
and g€ (H=5(0,T))N a solution by transposition of (1. 11) is a function u € L*(0,T,
L2(T)) satisfying

N T pl N

Z/ ijFZ(uO 5(0,)) &1 Hy 1 (0,0;)x HL(0,15) Z/ p;(t 8%”)
j=170 j=1
N
+Zlgﬂ’avj H 5(0,T)xH3 (0,T)’
J=

for all f € L*(0,T,L%(T)), where v is the solution of (2.1) corresponding to f.
The next result provides the well-posedness of (1.11), proved in [39].

THEOREM 2.1. Let T > 0 be given. For all u® € H(T), p € (LQ(O,T))N and
g€ (H3(0,T))N, there exists a unique solution by transposition for (1.11).

2.2. The adjoint system. The adjoint system associated with (1.11) is given
by (1.15). The next result ensures that the system (1.15) admits a unique solution.

PROPOSITION 2.2. For any ot € L2(T) the system (1.15) admits a unique solu-
tion @ € B which satisfies

(2.2) lelle < Clle™ Iz,
for C >0, and
(2.3) ZII&% MLz < N7 M1z (7

for all T € L2(T).
Proof. Define the operator Au= —d,u — d2u with domain

D(A) = { ue B (T) NHL(T 262% )=—aui(0) ¢,

where
Ou= (0ku,...,00un).

Observe that A is the operator associated with (1.11) when p; = g; =0. The adjoint
operator of A is given by A*v = 0,v + 92v with domain

D(A*) = {v e H3(T)NHL(T); 9,v;(0)=0, j=1,...,N,

Za%j )vl(O)}

A* is the operator associated with (1.15). According to [3], A is closed, A and A*
are dissipative, so A* generates a strongly semigroup of contractions on I.?(7") which
will be denoted by {S(t)}:+>0. From the semigroup theory it follows that, for any
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©T € L2(T) the problem (1.15) has a unique (mild) solution ¢ = S(T — -)pT €
C([0,7],L2(T)). Note that

lelleqomizamy) = 15T = e  leqom iz < e’ e, Yoo € L3 (T).

To see that ¢ € L2(0,7,HL(T)) and to obtain the estimates (2.2) and (2.3), first
suppose ! € D(A*). In this case, from semigroup theory, we have

0 € CH([0,T),L*(T)) N C(]0,T), D(A")).

Assume g; € C*([0,T7] x [0,1;]) with ¢;(¢,0) = ¢1(¢,0). Multiplying the first equation
of (1.15) by ¢;, integrating by parts, and using the boundary conditions, we obtain

N T

Thus,

N
Z 10205 (i) 20.7) < N7 1227
j=1

that is, the map

§:D(A*): — L*0,7)
e = Bpe(-l )

is continuous. Now, choosing ¢; = x it follows that

T
T+2M

where M = max;<;<n ;. Then, (2.2) holds for every p? € D(A*) and consequently
the map

I*: (DA, | - ll2¢ry) — (B, ]|
el = Trel =p=5(T—-")¢"

is continuous. By an argument of density we extend the maps I'* and & to (L?(T), | -
lL2(7)). For each ¢” € L2(T) we refer to 6(p”) when write d,¢(t,1;) and, in this
sense, (2.3) holds for every ¢ € L?(T). Moreover, since

DT =S(T = )" Vo' € D(A")
by density and continuity, it follows that

LT =S(T —)p", Vo' eLX(T)

and thus (2.2) was verified. d

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



KDV EQUATION: A STUDY ON STAR-GRAPH 2081

2.3. Trace estimates. Now, we proceed to prove that the solutions of (1.15)
possess the sharp Kato smoothing property, namely

ok, e L (o,lj;H%(o,T)), k=0,1,2, j=1,...,N.

The first result ensures the hidden regularity.
PROPOSITION 2.3. For T > 0 and every ¢ € L2(T), the solution ¢ of (1.15)
posses the hidden regularity
Ok, € L (o,zj;H%(o,T))  k=0,1,2, j=1,...,N.

Moreover, there exists C' >0 such that

2

k T .
sup [|97¢;(-,x 1k <Cll¢ 2y, j=1,...,N.
kZ:OIE(O,L)H j( )”H 5 (0,T) ” ”]L (T)

Proof. Our proof will be split into two cases. We divide it into two cases.
Case 1: NeNand l; =L, for every j=1,...,N.
For each j=1,..., N define {; = ¢1 — ¢;. Note that

&€ Zr=C([0,T); L*(0,L)) N L*(0,T; H' (0, L))

and its solves

Oh&j+ 0,8 + 03¢, =0, te(0,T), x€(0,L),
fj(t,O):fj(t,L):ag;gj(t,O):O, tE(O,T),
SJ(T71‘):<)O,{('T)_@?($)) .TZE(O,L)

Thanks to Corollary A.1 we get 05¢; € LgO(O,L;HIQJ(O,T)), for k=0,1,2, and
(2.4)

2
1€ 20 +D sup (19565 (@)l

(0,L <C(H901T*‘PJTHL2(0,L)) SCH‘PTHM(T)
k=07€(0;

1—k
H 3 (0,T) —

where C' > 0 is a constant.
Now, since ¢ € L?(0,T;HL(T)) and H'(0,L) < C([0, L])

T
/0 1 (1, 0)/2dt < ell Pl 0.7 )
for some ¢ > 0. From Proposition 2.2 It follows that
T
2 ~ T2
/0 o1 (8, 0)Pdt < ClloT o,

for C > 0. Then ¢ (-,0) € L2(0,T) < H~3(0,T) (this embedding is an isometry) and
by the last inequality

(2.5) ler (0l -3 0.y = 2 (5 0l z20,m) < ClieT Lz ¢r)-
Defining ¢ = Zjvzl ¢; we conclude that

Y€ Zp=C([0,T];L*(0,L)) N L*(0,T; H'(0, L))
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and it solves the system

O + 0pth + p = 0, t€(0,T), z€(0,L),
111(75, L) = 3##(12 0) =0, 8%1&(@ 0) = (a - N)@l(t’0)7 te (O’T)a
N
:Z@f(m), ze(0,L).
j=1

Then, the Proposition A.6 gives us 0¥y € L>°(0, L; HS (O T)) for k=0,1,2 and

2
1llzr + sup [[05(, )l

1—Fk
i—o=€(0.L) s en

N
<O Y lef Iz + o= Nlllor 0l -3 o | -
j=1

for some positive constant C. Using (2.5) we get another constant, still denoted by
C > 0 such that

2
(2.6) [llzr + sup [105%(,2)]

b—0%€(0,L)

st oz < Clla= NI .

Observe that

N N N
DG+ =) (pr1—9)+ > 9 =Ne,
j=1 j=1 j=1

that is,

N
> &+
j=1

But we know that ¢,&; € L3°(0, L; HS" (0 T)) for j=1,...,N, so we conclude that
Ok e L(0, Ly H = (0,T)),

for k=0,1,2. Moreover,

2
Y s |32l o

kfox€(0,L) H™3 (0,T)
<7 sup 110; 3 + sup |0k _
lekzoza? 19565 ) 25 Zoze(o?)” UG

Due to the inequalities (2.4) and (2.6) it follows that
2

2.7 sup |05 (-, 1ok < Clle* ||L2
(27) > st 10kl i oy Sl ot
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where C'=C(a, N) > 0. Now, since ; is the solution of

Orpj + Oppj +03p; =0, te(0,7), x€(0,L),
(p](t,O) :901(t70)a @](taL) :8£§0](t70)20v te (OvT)7
0;(T ) = ] (v), z€(0,L),

as ¢1(t,0) € H3(0,T), Corollary A.1 ensures that Ok, € L0, L; H5 (0 T)) for
k=0,1,2 and using (2.7) we get

];)mesup 0% )HH*(OT Clle" 2y,

for C > 0 showing this case.
Case 2: N €N and arbitrary lengths I; >0, j=1,...,N.
Define L = max;j—1,... n!; and

T () = {safm, € (0,1y),
"o, z € (0,L)\(0,1;).

Denote by ¢ € (0,77, ]L2(7~’)~) 2(0,T,H(T)) the solution of (1.14) associated to
data @7 = (pT,..., %) € L2(T) = (L*(0, L))N From the previous case, we have

2

Y sup (1055 (. o)l

<Cllg"|l
0 €(0,L) L3(7)

HY5(0,1) =

It follows from the definition that ”‘;’T”L?(f) = ||<PT||]L2(T). Also from the definition
we have @1 =T in (0,1;) so ¢; and @; solve the system

5}(,0]- + 63990] + 83@] = O, te (O,T), T e (O,lj),
©j (t, 0) = ng(t,O) =@j (t, l]) = 8:,3%- (t,O) = 0, te (O,T),
0;i(T,2) = o] (2), z € (0,15).

Then by uniqueness of solution we obtain ¢; = ¢; in (0,T") x (0,1;). Consequently,
forj=1,...,N,

2 2

sup (|05, (@)l ok < sup (055 (- @)l|
Speely T H O kzo%(o n T

—k
3 (O,T)
<17 a7 = Clle I,
which concludes case 2 and, consequently, the proof of Proposition 2.3. 0

To finish this subsection, we establish that the traces 92¢;(+,0),9%¢;(-,1;) belong
to L2(0,T) and depend continuously on the initial data.

PROPOSITION 2.4. Given T € L%(T), we have that 02p;(-,x) € L?(0,T), for any
€1[0,1;]. Moreover, the following inequality holds

T
2
/0 (020, ()2 dt < ClloT |20y, ¥ 9T €LA(T),

for some positive constant C.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



2084 ROBERTO DE ALMEIDA CAPISTRANO-FILHO ET AL.

Proof. Consider the operator
P;: H*(0,1;) — L*(0,1;)
defined by Pjw = d,w + d2w. The graph norm in H>(0,l;) associated to P; is
lwllp, = llwllz20.,) + [1Pjwllz20,1,)-
From [35, Lemma A.2] there exists a constant d; > 0 such that
(2.8) lwllsos,) < dilwllp,, Yw € H3(0,1;), j=1,....N.

On the other hand, given v = (v1,...,vn) € D(A*) we have

1
2

N
[vllpasy = l0llL2 () + 1050 + 830llLa(ry > Ivllaer = | D IvillZa 0.,
j=1

> lvjllz2(0,1)

as well as

N

N
[Wlipasy > 10av + Ovlliory = | D 1000+ 0205ll72¢0,y | = 1020; + 0305l L2(0,1,)-
j=1

Therefore, this yields
(2.9) loille, < 2lellogary, =1, V.

Let us first assume that ¢! € D(A*).
Claim: We claim that 92, € C([0,T] x [0,1;]).

Indeed, since ¢ € C([0,T],D(A*)) we have 92p;(t,-) € H'(0,1;) — C([0,1;]).
Hence, fixed x € [0,1;], for some constant z >0 we get

|02 (t ) = BZep; (to, )| < | OFep; () — DZepj(to, ) 2 0.1
<da|p;(t,) —@;to, )lms .,
for any ¢ty € [0,T]. Using (2.8) and (2.9) we obtain

0205 (t,x) — 870 (to,2)] < Cllg;(t,-) — @5(to, ) Ip(asy,

for C >0 and from where we conclude that 82¢;(-,z) € C([0,T]) and, consequently,
02¢;(-,x) € L*(0,T), showing the claim.

Using Proposition 2.3 and the fact that L2(0,T) < H~3(0,T) is an isometry we
obtain, for each x € [0,/;], that

T
2
/O (O2pi(t.2))" dt = 1070 (-, @)lI22(0.r) = 10705 (@) < Cllej Iz (r-

12 5 <
H™3(0,T)

Finally, with an argument of density and continuity, we extend the result for every
@] €L*(T). The result is thus achieved. 0

2.4. Regularity. With the spaces (1.12) and (1.13) in hand, we have the fol-
lowing proposition.
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PROPOSITION 2.5. If the final data T € X,,, then the corresponding solution ¢
of the system (1.15) has the additional regularity o € L*(0,T;Y,,) with

el L2 0,7;v,) < Cle™lIx

m*

for some positive constant C. Furthermore, the estimate

LD EL L D

> 3" \I%I\L2(m)+2/ L)+ S / P23 (11),

Jj=m+1 j=m+1

is verified for every @1 € X,,, where o :=minj<j<y ;.

Proof. Once we have that

el = [ ZII% Wiranytt+ [ 3 Toslt Mo

j=m+1
<oy + 3 / 05 Mg o,
j=m+1

from the first part of Proposition 2.2, it is sufficient to show that ¢; € L?(0,T; H*(0,1;))
for j=m+1,..., N with

N

(2.10) Z ||<Pj||%2(0,T;H2(O,l7))70”90 ||X
j=m+1

for some constant C' > 0.

To do this, first assume p? € D(A*)NX,,, the result for all pT € X,, follows by an
argument of density. In this case, it is clear that ¢;(¢,-) € H(0,1;). Multiplying the
adjoint system (1.15) by (I; — )3x<pj, integrating by parts, and using the boundary
conditions, we get

;/Olj(lj )83;% (0,z) / /
—/T(azsojam% / / 0wl

f/ 205(t,0) + ;/0 (Ij — 2)8,5 (T, ).

By Young’s inequality and Propositions 2.2 and 2.4, we conclude that there exists
C > 0 such that

r 2 1 T 2 1 4 2 2 T2
| oeiezeni<g [ o)+ [ e <ot

Defining M = maxi<;j<n;, for j=m+1,...,N, and, again, using Propositions 2.2
and 2.4, it follows that exists another constant, still denote by C > 0, such that

/0 / 322 < Cllo" %,
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Combining this with the Proposition 2.2 we obtain, ¢; € L?(0,T; H?(0,1;) and
llejllze o1 E2(0,05)) < C*le" x,ns V @7 €D(A*) N X,

where C* > 0 is a constant and j=m +1,...,N. Since D(A*) N X,,, is dense in X,,,
the map

D(A*)NX,, — L*0,T;H2(0,1,))
2 A
extends continuously to the entire X, with
lesllz0,mm200,) < C* @ lIx, s Vo € X

and therefore (2.10) holds with C' = (N —m)(C*)2.
For the second part, multiplying the adjoint system (1.15) by t92¢;, integrating
by parts, we get

1T, ; 1
1 2 2
—5/0 t07p4(t,0) + /BxcpJTx

where it follows that
(2.11)

. 1 Tl T T

On the other hand, by multiplying the adjoint system (1.15) by zy;, integrating by
parts, and using the boundary conditions, we get

f/ 0o 2 (t,1;) + //% /wf(O,u’C)
:5/0 xp3 (T, x) + //8z‘pj

which implies, in particular, that

T
(2.12) /Oawgo?(t,lj)g/o 03 (T,z) + //&C%,J—l N

Now, multiplying the adjoint system (1.15) by ¢¢p;, integrating by parts, and using
the boundary conditions, we also have that

(2.13)

N 1 N Tl N T N .7
Shellon<gy [ [ @2(a-F) [ deorX [ aden.
= =iJo Jo 0 oo

for j=1,...,N. Using (2.11) and (2.13) we get that

N Tl T N T
16715, <=3 Zr2(a-X) [ 2eo+Y [ avil)
Xm T = 0 o J 92 o 1\ = 0 g\ by
+— Z / / 0o 02 + Z / B3 (t,1;) + /

j =m-+1 Jj=m+1 Jj=m+1
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Observe that from (2.12), the following holds

22/8zg0jtl <22 / cpJTx

j=m+1 Jj=m+1 Jj= m+1 j

o [
and consequently

|¢T|§(M<;§:/T/ljgo§+( )] mﬂ/ / ach]+2<a——)/ 3 (t,0)

m

> u%nmwwz/ bt + S / P23 (L1,),

j=m+1 j=m+1
giving the result. O

3. A study of entire functions. From this point, our analysis focuses on es-
tablishing the observability inequality. Let us first discuss the observability inequality.

3.1. Observability inequality. We are here interested in proving the following
observability inequality, that is, the existence of a constant C' > 0 such that

(3.1)
le™lIE2ry < C Z”ar% Iizom + Z 10205 (12 0.1y |+ Vo €LA(T).
Jj=1 j=m-+1
Observe that to check (3.1) it is sufficient to check
(3.2)
||$0T||§(m <C ZHaz%' ||L2(0 )+ Z = ||L2 0,7) | » Vol € X,
j=1 Jj=m+1

for some positive constant C.

Indeed, given o7 € L3(T), since Xm is dense in L2(7) there exists a sequence
(1) nen C Xy such that 7" — o7 in L2(T). From Propositions 2.2 and 2.4 it
follows that 9,07 (-,1;) = up; (-, 1) and 9297 (-, 1;) = 2¢;(-,1;) in L*(0,T). Further-
more, using the Pomcare 1nequahty7 we get, for some ¢ >0,

le™ " lezer) < cle™ ...

If (3.2) holds, then

m
le™ " 1E2¢r) < *C  D_ 119265 (2 1)1 Z20,m) + Z 10505 . 1)llz2(o.m)
j=1 j=m-+1

and passing to the limit, it follows that

m N
e 1207y < D N10205 I 20y + D 103051720,
j=1 j=m+1

0 (3.1) holds with C' = ¢*C > 0.
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Remark 3.1. The advantage of working with data in X, for the adjoint system
is that, in addition to the additional regularity for the solution, the estimate given
in the Proposition 2.5 carries information related to the two types of controls used,
while the corresponding estimate for data in L?(7) carries only information related
to the Neumann controls types.

From now on, we will focus our efforts on describing the lengths I; = L > 0 for
which the observability (3.2) holds. We strictly follow the argument used in [42].

LEMMA 3.1. Let T > 0 be given. If the observability inequality (3.2) does not

occur, then there ezists T € X,, with ||pT|x, = 1 for which the corresponding
solution ¢ of (1.15) satisfies
(3.3) 0r0i(,1;) =0, j=1,....,m and 92p;(-,l;)=0, j=m+1,...,N.

Proof. Suppose that (3.2) is false. Then given n € N there exists 7" € X,,,\{0}
such that

m

n - 1
(3.4) Z‘|aw@j<'7lj)||2L2(o,T)+ Z 10207 (U122 01 <. Vn eN.

Jj=1 Jj=m+1

First note that thanks to Proposition 2.5 we have for j=1,...,N

108 L20,7, 11 (0,1,)) < @™ 2207502 (7)) S 1™ 1L2(0,7:%3m) < Colle™ ™[I x,, = Co,
that is, (97 )nen is bounded in L*(0,T; H'(0,1;)). On the other hand, using Lemma A.1

060 (t, M -2(0,1,) = || = B} (£,-) = D37 (t, W rr—2(01,) < N5 (s M a1 0

from where do we obtain

Haﬂp?HLZ(O,T;H*Z(O,ZJ-)) < ||90;LHL2(0,T;H1(0J_7')) <C.

Thus (9,0} )nen is bounded in L*(0,T; H~%(0,1;)). Since the first embedding in
H'(0,1;) = L*(0,1;) — H~2(0,1;) is compact, from Aubin-Lions Lemma (see [8, 47])
it follows that (¢} )nen is relatively compact in L*(0,T;L?(0,1;)) and therefore it
admits a convergent subsequence in L?(0,7; L*(0,1;)).

Analogously, the Proposition 2.5 gives us for j=m+1,...,N

||90§L||L2(0,T;H2(0,l_7-)) < ||<Pn||L2(0,T;Ym) < C'||90T’n | X s

that is, (¢})nen is bounded in L*(0,T;H?(0,1;)). As (;¢})nen is bounded in
L?(0,T; H=2(0,1;)) and the first embedding in H?(0,1;) < H'(0,1;) — H~2(0,1;) is
compact, from Aubin-Lions Lemma (see [8, 47]) we have (¢} )nen relatively compact
in L?(0,T; H'(0,1;)), that is, it has a convergent subsequence in L?(0,T; H*(0,1;)).
Now, due to Proposition 2.3, the sequence (¢} (+,0))nen is bounded in H%(O,T)
and thanks to compact embedding H#(0,T) < L2(0,T) we can extract from it a
convergent subsequence in L?(0,7). In the same way, ((pf’")neN has a convergent
subsequence in L?(0,1;) due to compact embedding H§ (0,1;) < L?(0,;). In summary,
there exists a subsequence (7" )y of (97" ,en satisfying the following items:

1
sﬁjr’nk)keN converges in L?(0,1;), j=m+1,...,N.

(@?k)keN converges in L2(0,T;L*(0,1;)), j=1,...,N,
(3.5) (¢} )ken converges in L*(0,T;H'(0,1;)), j=m+1,...,N,
| (7% (-,0))ken converges in L(0,T),
(
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Now, let (7" )ren the subsequence of (p7""),cy satisfying (3.5). From Propo-
sition 2.5 we have

™™ — ™ 1%,
N 16 N
TZ —SD?T||2LZ(0,T;L2(0,1J)+ <T+E) Z H@;k —QD?T”QLZ(O,T;Hl(o,zj)
j=1 j=m+1
N ny, Tnp n |2
+2(a= ) 16l (.0 = o1 O +2 S ™ = B
j=m+1

+Z||8x90;k(':l' x‘PJ "1 )HLQ(OT)"' Z H(ﬁ‘ﬂ?k ‘)—8290;”(' lj)H2L2(0,T)7

Jj=m+1

which gives (o7 )en is a Cauchy sequence in X,, so, there exists ¢ € X,, such

that 7" — T in X,,. Consider ¢ = S(T —-)p?. Since X,, < L2(T) continuously,
from Propositions 2.2 and 2.4 ensures that

8&8@?k(7l]) —>8a’:<pj(7l]) in LQ(OaT)7 .]: 13'-~7ma
ag(p?k(alj) 4)(93(,0](,[]) in LQ(OaT)a j=m+1,...,N.

From (3.4) we get

Ozpi(,1;)=0, j=1,...,m and 8%90]-(.,12):0, j=m+1,...,N.

Since ||o1"||x,, = 1 for every n € N, we also have, in the limit, that ||¢T||x,, = 1. So,

Lemma 3.1 holds.
From now on, we deal with the case a = N.

LEMMA 3.2. Let T > 0 and denote by Nr the space of data ¢! € X, whose
respective solutions ¢ = S(T — )T of (1.15) satisfy (3.3). If Ny # {0} then there
exists A € C and o € H3(T)\{0} such that

Apj+ ¢+ =0, x€(0,l), j=1,...,N,
@](0):@1(0), j:17...,N,
N

(3.6) ; 5 (0) =

@i(l;) =¢5(0)=0, j=1,...,N,

@;(l]):07 j:17"'7m7
@7 (1) =0, j=m+1,...,N.

Proof. Using the arguments as those given in [42, Lemma 3.4], follows that if
Nr #0, the map @7 € Ny — A (N7) C CNp (where CNr denote the complexification
of N7 ) has (at least) one eigenvalue; hence, there exists A € C and 7 € Np\{0} C
D(A*) C H3(T) such that (3.6) holds, which give us the lemma. O

3.2. Entire function related to each condition. Each observability is linked
to a corresponding entire function, which plays a crucial role in the analysis. From
this point forward, we will organize our analysis into the following six cases:
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e N=2and m=1;

e N>3and m=1;

e N>3and m=N —1;

e N>3and 1<m<N —1;

e N >2 and m =N (Full Neumann);
e N>2and m=0 (Full Dirichlet),

remembering that /; = L, for all j.

(3.7)

3.2.1. Case N =2 and m = 1. In this case, we consider a slightly more general
problem, namely

Apj + ¢ + ¢ =0, z€(0,l;), j=1,2,
902(0) =<P1(0)7

(3.8) sne! (0) + <pih (0) =0,
v;(l;) =¢5(0)=0, i=12,

@1 (l) = ¢5(l2) =0,
where ¢ne, sp; > 0. Problem (3.6) corresponds to the case ¢y, = ¢p; = 1. We can
prove that the observability inequality (3.2) holds for any L > 0. This is a consequence
of the following lemma.

LEMMA 3.3. Let L > 0 and suppose l; =1ls = L. For any A € C, does not exist
e € H3(T)\{0} satisfying (3.8).

Proof. For ¢ € L?(T), we introduce the notation

L ,
;(€) 2/0 ¥i(x)e” " da.

Consider A € C and suppose that ¢ € H?(T) satisfies (3.8). We will show that the
unique solution for (3.8) is the trivial one, that is, ¢ =0.
Multiplying the system (3.8) by e~  integrating by parts in (0,/;) and using
the boundary conditions we get, for every £ € C,
[(1€)% +i6 + A = [(1 — €%)p;(0) —ige™ 38! (1;) — e 80 (1;) + ¢/ (0)], j=1,2.
Writing A = ip with p € C and multiplying this equation by ¢ yields
(& —¢—-p) @i
=i [(1—=€)p;(0) —ige™ ™59 (1)) — 4] (1) + £ (0)], G=1,2
Setting
k=p1(0)=9;(0), & =—¢;ly), v=-¥jly), Bj=¢;(0)
one can write
(€ —€-p) () =i[(1 - ) +idice i +ye "5+ 5], j=1,2,
Since 61 =v2 =0 and I; =ls = L we have 4
(3.9) (€ —€-p) @O =i[1 =) +mne ™+ 5], VEEC,
(3.10) (€ —€—p)pa() =i [(1 - E)r +idote ™ + 53], VEEC.

Now, defining f =y — @2 and 8= 1 — B2, from the above identities, we obtain
(3.11) (€ —&—p) f(O) =i[(m —idag)e ™™ + 8], V¢eC.
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CrLAmM 3.1. If y1 =0 or =0 then ¢ =0.
Proof. If 1 =0 then ¢ solves the problem

Ap1+ @) + 91" =0,

e1(L) =1 (L) =¢{(L) =0,
so 1 = 0. Consequently,ps satisfies

Ap2 + @5 + ¢4’ =0,

©2(0) = 5(0) =¢3(0) =0,

then 9 =0 and therefore ¢ = 0.
Now, if § =0 then B; = B2 so 1 and @4 are solutions to the problem

Apit+ i+ =0, i=1,2
ei(0)=r, ¢i(0)=0, ¢/(0)=p1.

By uniqueness of solution, it follows that ¢ = ¢, which implies f =0. Hence f =0
and since =0, (3.11) becomes

(71 —i028)e 8 =0, Ve eC.

Evaluating this equality at £ =0, we obtain v, =0, and, as seen before, this leads us
to ¢ =0, showing Claim 3.1. 0

Assuming

(3.12) v1#0 and 5 #£0,

with the following claim in hand, the Lemma 3.3 holds for the case A =0.

CrAaM 3.2. If A\ = 0 then does not exist p = (p1,92) € H*(T)\{0} satisfying
(3.8).

Proof. We will show that for A =0, then we necessarily have ¢ = 0. To do this,
let us multiply (3.9) and (3.10) by —i to get

(3.13) —i (-8 p1()=1-)r+me ™ +8, VEEC,
(3.14) —i (83— &) @2(6) = (1 — )k +idale ™ + By, V EeEC.

Evaluating (3.13) at £ =1 and £ = —1 we obtain, respectively,
yie”" =—pB; and 't = -,
from where we have v~ % = y1e*l and, since v; # 0, it follows that
(3.15) e b =¢'l,
On the other hand, evaluating (3.14) at { =1 and £ = —1 we obtain, respectively,
idre " = —By and — idse™t = —f3,

which gives us

7;526711/ = 77;5261L.
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If 05 # 0, then the above equality provides
(3.16) el = ¢l
Adding (3.15) and (3.16) we get 2¢~*% = 0, which is not possible. Therefore, 53 = 0
S0 9 solves the problem
A2+ + @5 =0,
p2(L) =5(L) =¢5(L) =0,
and consequently ¢ = 0. Thanks to this fact and using the boundary conditions of
(3.8), 1 is the solution of the following system
Apr 41 + @1 =0,
¢1(0) = 1 (0) =¢1(0) =0,
which tells us that ¢1 =0 and, consequently ¢ =0, which give the Claim 3.2. 0

Define Py (u) = p®+ p+ A. Before studying the case A # 0, we need to establish an
important relationship between the multiplicity of the roots of Py and the solutions
of (3.8).

Cra 3.3. If P\ admits multiples roots, then @ =0.
Proof. Let uo, 1 and ps the roots of Py. By Girard’s relations, we have

(3.17) po + 1 + p2 =0,
(3.18) Hop1 + piipz + pope =1,
(3.19) fofi1piz = — .

If Py has a triple root thus, by (3.17), we have

Ho = p1 = p2 =0.

So, from (3.19) it follows that A =0. With this, the Claim 3.2 ensures that ¢ = 0.
Now, suppose that Py has a double root, let us say p; = pus = o. Relation (3.17)
gives p19 = —20 and substituting it in (3.18) leads us to

(3.20) o=t

By the theory of ordinary differential equations, the set
{e—2agc’ ecmc’ xeaac}
is a generator of the solutions of the following ordinary differential equation
)\y+y/ +y/// :O
Note that ¢s solution of

A2 + @b + 5’ =0,
pa(L) = ¢5(0) = p5(L) =0,

ensures the existence of dy,d,ds € C such that

wa(x) = doe™ 2" 4+ d1e°" + doze®®.
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Consequently
(3.21) ©h(x) = do(—20)e 27" 4+ dyoe”™ 4 da (e 4 z0e™),
and
3.22 "(2) =do(—20)%e7 2% + d152e® + dy(ce” + g€’ + xo2e’®).
Y2

Observe that the boundary condition p2(L) =0 gives us
di + Ldy = —doe™*7".

On the other hand, the condition ¢4 (L) = 0 provides, due the relation given by (3.22),
that

dyo +day(2+ Lo) = —4dgoe 3L,

Thus, we have the system

di + Lds = —doeisaL
dio + ds (2 + LO’) = —4d00’6730’L

Below, we solve this system for d; and ds using Gauss-Jordan elimination (we denote
by rj the k-th row of a matrix):

|: 1 L _doe—BnL :| [ 1 0 _d06—3(7L_|_ 3dg<TL2673‘7L ‘|

o 2+ Lo —4dyoe 3L 0 1 _ 3dgoe 7"

2
Therefore

~30L | 3dgo Le 3L and dy— _3doae_3"L .

2 =—
(3 3) d1 doe B 9

Using this values in (3.21) yields,

P20 () = do(—20)e 27" + (_doe—SaL +

( 3dgoe 3L
_|_ -
2

SdoaLe_?"’L) o
A

) (7% + xoe™).

Since 9, (0) =0 we get that

3doo?Le 3L 3dgoe 3L
2 2

Multiplying the previous equality by 2/, we have

—30L + =0.

—2dgo — dgoe

do (—4 —2e39L L 35300 _ 36_30L> =0.
If dy # 0, then it follows that
—4—2e737L 4 35Le™37 — 3739 =0 = (=5 +30L)e 3 =4,

Due to (3.20) this equality becomes

(—5 + M) V5 =4,
V3
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Taking the absolute value in the previous equality, we see that

3L
‘ 5iz— —4 — 25432 =16 — 3L2 <0,

a contradiction. Therefore dy =0 and from (3.23) it follows that d; = dy = 0, which
results in w3 = 0. Hence, using the boundary conditions of (3.8), ¢ solves the problem

©1(0) = ¢1(0) = ¢7(0) =0,

that is, 1 =0 and therefore ¢ =0, giving the Claim 3.3. O

{Asol + @1+ i =0,

According to claims 3.2 and 3.3, it remains to study the case where A € C\{0}
and the roots of Py are all simple. In this case, defining P(£) = &3 — ¢ — p, due to
identity

P/\(Zé-) = —ZP(&), Vf € (Ca

we have that the roots of P are all simple, too. Moreover, as A = ip we must have

peC\{0}.
With this in mind, the next claim completes the proof of Lemma 3.3.
CrLam 3.4. If A€ C\{0} and the roots of Py are all simple then 62 =0.
Proof. Suppose, by contradiction, that do # 0. Let &y, &1,&2 the roots of P. As
p# 0 we have £ #0 for s =0,1,2. The relation (3.9) ensures that
(1= E&)r+me " 4 5y =
Multiplying this equation by 1/ yields

(3.24) (1752) +e*1L§s +@:0, 5=0,1,2.

§a!

Now, from (3.10), note that
(1= &)k +ids€se™ + =0

Multiplying this equation by 1/id2€s, we obtain

1 )
(3.25) (1-€&)k e + e e 4 zéigs

Taking the difference between (3.25) and (3.24) and multiplying the result by v1id2&s
yields that

=0, s=0,1,2.

—Ki02€2 + k1 €2 + (Kid2 + B1i62)Es — (k1 + Bay1) =0, s=0,1,2.

Since &p,&1,&2 are all distinct, we conclude that £ is a simple root of the polynomial
P defined by

P(€) = —ki62€® + k71 €% + (Kids + B1i02)€ — (k71 + Bam1),
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for s =0,1,2. Thus, there exist ¢ € C\{0} such that
P(&)=cP(¢), V¢ eC.
Hence, the corresponding coefficients of P and ¢P must be equal. In particular,
—ckido =1 and ckvy; =0.

The first equality tells us that x # 0, since in our hypothesis d2 # 0. Thus, using this
fact in the second equality, we obtain 73 = 0, which is a contradiction with (3.12);
consequently, Claim 3.4 is complete. ]

So, the previous claims ensure the Lemma 3.3. 0

3.2.2. Case N >3 and m = 1. In this case the problem (3.6) becomes

)\goj—ﬁ—go;—i—go;”:(), (EG(O,lj),jzl,...,N,
©;(0) =1(0), j=1,...,N,
N
(3.26) > @ (0)=0,
j=1
p;(l;) =¢(0) =0, j=1,...,N,
@1 (1) =0, ¢j(l;)=0, j=2,...,N,

and we have the following result.

LEMMA 3.4. Let L > 0 and assume l; = L, for any j = 1,...,N. There exist
A€ C and ¢ e H3(T)\{0} satisfying (3.26) if and only if L € N'*.

Proof. If L € N** then, from [29, Propositions 1 and 2], there exist A € C and
z€ H3(0,L)\{0} such that

{Az—kz’ +2"" =0,
2(0)=2(L)=2'(0)=2"(L) =0.

Defining ¢1 =0, w2 =2, p3=—2, p; =0for j=4,...,N and ¢ = (¢1,92,...,¢N)
then ¢ € H3(T)\{0} and (), ) satisfies (3.26).

Now, assuming that there exist A € C and ¢ € H3(7)\{0} satisfying (3.26), we
will show by contradiction that this leads to L € N*. Suppose that this does not
occur, that is, L ¢ N*. Define the following functions

N
v=3p; and ¥ =4 — (N —1)g;, j=2,...,N.
=2

Note that, for each j € {2,..., N}, ¢; solves the problem

1;(0) =1 (L) =(0) =4}/ (L) =0.

Since L ¢ N'*, from [29, Propositions 1 and 2] it follows that

1
’l)[}j:(),forj:?,...,N, — ¢]:ﬁ¢,f0r]:2,7]\7
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Consequently,
pj =g, for j=2,...,N.
This implies that, ¢ and ¢ satisfy the spectral problem
Apj + @) + ¢ =0, z€(0,l;), j=1,N,
o (0) = ¢1(0),
©1(0) + ( — 1) (0) =0,
%(L) Z%( )=0,
p1(L) = ¢ (L) =0,
which corresponds to (3.8) in the case ¢y. =1 and ¢p; = N — 1. Therefore, the unique
solution is ¢y =N =0. Finally, as 0=¢pn =¢; for j=2,..., N, we obtain ¢ =0. O
3.2.3. Case N >3 and m = N — 1. In this case, the problem (3.6) becomes

J=LN,

Apj+ @+ =0, 2€(0,l), j=1,...,N,
©;(0) = 1(0), j=1,...,N,
N
/!
(0) =
(3.28) 2,¢10)
Jj=1
0i(l;)=¢;(0)=0, j=1,...,N,
©5(1;) =0, j=1,...,N—1
eN(In) =0,

and we have the following result.
LEMMA 3.5. Let L > 0 and assume lj = L, for j=1,...,N. There exist A € C
and ¢ € H3(T)\{0} satisfying (3.28) if and only if L€ N .

Proof. If L € N the result follows direct by [42, Lemma 3.5] there exist A € C and
z € H3(0,L)\{0} such that

{)\z +2 +2"=0,
2(0)=2(L) =2'(0)=2'(L)=0.

Defining ¢1 = 2z, g2 = —2, ¢; = 0for j = 3,...,N and ¢ = (¢1,92,...,¢n) then
e € H3(T)\{0} with (), ¢) satisfying (3.28).

Conversely, assume that there exist A € C and ¢ € H?(7)\{0} satisfying (3.28).
We will show that L € N. Suppose, by contradiction, that L ¢ N and define

b= ¢; and ;=9 —(N-1)p;, j=1,...,N-1.

j=1
For each j € {1,...,N — 1}, 1, solves the problem
{ij + 4y =
¥;(0) =v;(L) =5(0) =vj(L) =

Since L ¢ NV, from [42, Lemma 3.5] it follows that

1
=0,j=1,....N—1= p;j=——1, j=1,....,N — 1.
Y;=0,j=1,..., vi=y v I=L
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Consequently,
QDj:gol, ]:1,,N71
This implies that, ¢ and ¢ satisfy the spectral problem

)‘SDJ+§0;+SD;N:07 xe(ovlj)vj:]-?Nv

on(0) = 1(0),

(N = 1)¢7(0) + 19 (0) =0,

p; (L) =¢;(0) =0, j=LN,

@1 (L) = (L) =0,
which corresponds to (3.8) in the case sye = N —1 and ¢p; = 1. Therefore, the unique
solution is ¢1 = ¢n = 0. Finally, as 0 = ¢1 = ¢; for j = 1,...,N — 1, we obtain
p=0. 0

3.2.4. Case N >3 and 1 <m < N — 1. We recall the problem (3.6) given by

Apj+ ¢ +¢ =0, xe€(0,l;), j=1,...,N,
@16(0):@1(0), j=1,...,N,
1
(3.29) ;%ﬁ’j (0)=0,
@i(lj) =¢7(0)=0, j=1,...,N,
©5(15) =0, j=1,....m,
(1) =0, j=m+1,...,N.

For this case, we have the following result.

LEMMA 3.6. Let L >0 and assume l; =L for j=1,...,N. There exist A € C and
e € H3(T)\{0} satisfying (3.29) if and only if L€ N UN*.

Proof. If L € N UN™* the result is a direct consequence of [42, Lemma 3.5] and
[29, Propositions 1 and 2] (see Lemmas 3.5 and 3.3). Conversely, suppose there exist
A€ C and p € H3(T) \ {0} satisfying (3.29). We will demonstrate, by contradiction,
that this implies L € NUN™*. Assume, for the sake of contradiction, that L ¢ N UN™,
and define

Y=Y ¢; and ¢;=¢ —mg;, j=1,...,m.

j=1

For each j € {1,...,m}, v, solves the problem

{wj )+ =0,
(0 = (L) = ¥ (0) = v} (L) = 0.

Since L ¢ N, from [42, Lemma 3.5] it follows that

. 1 .
Y; =0, j=1,....m = cpjzadz, j=1,....,m.
Consequently,

i =¥1, ]:177m
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Now define
N
0= > @ and 0;=0—(N—m)p;, j=m+1,...,N.
j=m+1

Note that, for each j € {m+1,...,N}, 0; solves the problem

N+ 0+ 07 =0,
6,(0) = 6;(L) = 0(0) = 6/(L) = .

Additionally, L ¢ N*, from [29, Propositions 1 and 2] it follows that

0,=0, j=m+1,...,N

so that
1 .
gp]: N_m97 j:m+1,...,N.
Consequently,
(3.30) pj=¢n, j=m+1,...,N.

This implies that, ¢ and ¢ satisfy the spectral problem

Apj + ¢ + ¢ =0, z€(0,l;), 5=1,N,
on(0) = 91(0),
mey(0) + (N —m)py (0) =0,

@i (L) = ¢}(0) =0, j=1,N,
@1 (L) =% (L) =0,

which corresponds to (3.8) in the case sy, =m and ¢p, = N—m. Therefore, the unique
solution is p1 = pn =0. Finally, as 0= =, for j=1,...,m and 0=y = ¢; for
j=m+1,...,N, we obtain ¢ =0. 0

To conclude this part, we analyze the case of a full Neumann or Dirichlet bound-
ary, i.e., we consider system (1.14) with either N Neumann or N Dirichlet controls.

3.2.5. Full Neumann. We start by analyzing the associate spectral problem
arising for N Neumann controls

Xoj+ @5+ 9" =0, z€(0,l), j=1,...,N,
©;(0) =¢1(0), j=1,...,N,
N
(3.31) > @) =0,
j=1
p;i(l)) =¢5(0)=0, j=1,....N,
©5(lj) =0, j=1,...,N

For this case, we have the following result.

LEMMA 3.7. Let L >0 and assume l; =L for j=1,...,N. There exist A € C and
e € M3 (T)\{0} satisfying (3.31) if and only if L€ N UN*.
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Proof. Consider the function ¢ = Zjvzl ;. We will see that if the length is not
critical, it is enough to analyze the spectral problem satisfied by the sum function.

CramM 3.5. If L¢ N, then ¢ =0 if and only if p; =0 for all j=1,...,N.
Proof. One direction is direct. In the other hand, if ¥ =0, we have 0 = ¢(0) =
N;(0), thus ¢; solves
Apj + 5+ @5 =0,
{@j(o) =;(L) =;(0) =¢;(L) =0.
Since L ¢ N, from [42, Lemma 3.5] it follows that ¢; =0. o

The condition L ¢ N is necessary. In fact, if not, we can not control ¢; = ¢; — %w.
By the previous claim, it is enough to study when we have a non-trivial function .
We can immediately see that i solves

/\1/)+1/)/+¢W=0,
Y(L) =4 (0) =/ (L) =" (0) =0.

Considering 0(z) =¢(L — z) and A= —)\, we get

N +0 +0"=0
(3.32) { o ’

0(0)=0'(L)=0'(0)=0"(L)=0.
Define P5(p) = p® + p+ A
CrAmM 3.6. If P5 admits multiples roots, then 6 =0.

Proof. We follow the proof of Claim 3.3. Multiplying the system (3.32) by =%,
integrating by parts in (0,L) and using the boundary conditions we get, for every

£eC
(€ —€=p)0(E) =in(1 - e + 5,
where p = i\, k = —0(L) and B = 6”(0). If P5 has a triple root, then by Girard’s
relations A =0, thus p=0 and 6 satisfies
(€ -90©) =in(1-&)e ™ +5,  vEeC.

Evaluating in £ = 1, we get 68”(0) = 5 = 0. Therefore, 0 satisfies 0(0) = ¢'(0) =6"(0) =
0, which implies 6 = 0. If P5 has a double root p1 = p2 = o, by Girard’s relations
o= :I:% and the solution 6 of (3.32) can be written as

0(x) = doe 27" + d1e7" 4 dyxe’”.

The boundary condition #(0) = 0 gives us do + d; = 0. While, 6’(0) = 0'(L) give us
respectively

—20dy+dio+da =0 and —20doe 2" +dioe” + da (et + Loe”) =0.
Using dy = —d;, we get

30d; +dy=0
odi(2e73°L + 1)+ da(1+0L)=0.
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The previous system has a non-trivial solution if and only if oL = 20e~3°%. In that
case dy = —30d; On the other hand, the condition (L) =0 provides that

dio +da(2+ Lo) = —4dgoe 3L,
Using dy = —dy, oL = 20e 3L and dy = —30d; we obtain —4 = 50 L, which is not
possible since L >0 and o € iR, and Claim 3.6 follows. 0

By the previous claim, 6(z) = doe/°” + d1ef1* + dae!?®, where pg, 1 and po are
the simple roots of the characteristic polynomial u + p + A = 0. By imposing the
boundary conditions, we deduce the following overdetermined system

do+dy+da=0

todo + pridy + pady =0

podoerol + pydiett + podset2l =0
pddoerol + p3dietr Ll + p3dyer2t = 0.

By calling a = oL, b= p1L and ¢ = ps L, we obtain the following matrix system

1 1 1 0
ae®  be®  cec Gy 0
Cay| =
a b c C 0
a’e® bPeb  cPec 3 0
By Gauss-Jordan elimination
1 1 1 1 1 1
ae®  be®  ce° ae®  beb ce® _ Aapc
a b c 0 b—a c—a 0 0 Babel|”
ale® bleb  c2ec 0 0 (c—a)(ce® —beb)

We have a non-trivial function 6 if and only if
e The rank of A, is one.
e The rank of A, . is two and By . =0.
Easy computations give us
o rank(Agp.c) =1, if and only if a = b= c. This case is not possible, because
the roots are simple.
o rank(Agp.c) =2
1. a=b#c, be® = ce®. Not possible.
2. a=b, be? # ce®. Not possible.
3. ae® #be®, cef(a —b) +beb(c —a) + ae?(b—c) = 0.
4. a#b, ae® = beb = ce®.
On the other hand, again the roots are simple B, . = 0 if and only if be® = ce.
Using this in the third case, we get

0=ce(a—b)+be’(c — a) + ae’ (b —c) = (b — c)(ae® — ce°),

which implies ae® = ce® = be®, that contradicts the third case. Finally, in the fourth
case, we have a non-trivial solution if ae® = be? = ce®. Recall that Girard’s relations
a+b+c=0and L? = —(a? + ab + b?), which correspond to the expression (1.6) of
the critical lengths N°*. 0

Remark 3.2. In the previous analysis, we have shown that different spectral
problems could have the same set of critical lengths. A* is the set of critical lengths
of the spectral problem (3.32) which is a different one than (3.27) studied in [29].
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3.2.6. Full Dirichlet. We pass now to the full Dirichlet. By Lemma 3.2, it is
enough to focus on the spectral problem (3.6).

Apj+ @i+ ¢ =0, xe(0,l), j=1,...,N,
©;(0) =¢1(0), j=1,...,N,
N
(3.33) > @(0)=0,
j=1
@i(l) =¢5(0)=0, j=1,...,N,
¢ (l;) =0, j=1,...,N.

For this case, we have the following result.

LEMMA 3.8. Let L >0 and assume lj =L for j=1,...,N. There exist A € C and
@ € M3 (T)\{0} satisfying (3.33) if and only if L€ N* UNT.

As in the full Neumann case, it is enough to analyze the spectral problem associated
with the sum function ¢ = Z;V:l ;.

Cram 3.7. If LEN*, then ¢ =0 if and only if ¢; =0 for all j=1,...,N.
Proof. One direction is direct. In the other hand, if ) =0, we have 0 =(0) =
Ny;(0), thus ¢; solves
Apj + ¢+ ¢ =0,
0i(0) =p;(L) =¢;(0) = ¢}(L) =0.
Since L ¢ N'**, from [29, Proposition 1 and 2] it follows that ¢; =0. O
We can immediately see that i solves
NG+ 7 =0,
P(L) =4'(0) =¢" (L) =4"(0)=0.

Considering 0(z) = ¢(L — z) and A= —\, we get

N +0 +0"=0
(3.34) { =0

0(0)=0'(L)=0"(0)=06"(L)=0.
Define P5(u) = p® + pu+ .
CrAmM 3.8. If P5 admits multiples roots, then 6 = 0.

Proof. We follow the proof of Claim 3.3. Multiplying the system (3.34) by e~*¢,
integrating by parts in (0,L) and using the boundary conditions we get, for every

£eC
(& —E—p)(&) =in(1 — )e "+ g,

where p = i\, k = —0(L) and ¢ =160'(0). If P5 has a triple root, then by Girard’s
relations A =0, thus p=0 and 6 satisfies

(€ - 98¢ =in(1—E¥e e 4 1g,  VEeC.

Evaluating in £ = 1, we get '(0) = ¢ = 0. Therefore, 0 satisfies 6(0) = 6’'(0) =6"(0) =0,
which implies 6 = 0.
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i

If P5 has a double root p; = up = o, by Girard’s relations o = iﬁ and the solution
0 of (3.34) can be written as

O(x) = doe 27" 4+ dye®® + dyze’®.
The boundary conditions 6(0) =6'(L) =0 gives us respectively
do+d; =0, and —20dy+dio+ds=0,

from where we get dg = —d; and do = —30d;. On the other hand, the boundary
condition 6”(0) gives

4dyo? + dyo? + 2dso = 0.

Replacing dg = —d; and dy = —30d; in the above expression we get d; =0, and finally
0 =0, showing the Claim 3.8. ]

By the previous claim, 6(z) = dpe’°* + dijet*® + dyet2®, where g, p1 and po
are the simple roots of the characteristic polynomial u® 4 p + A=0. By imposing
the boundary conditions and calling a = poL, b = p1 L and ¢ = ps L, we obtain the
following matrix system

1 1 1 0
ae®  be®  cef - 0
a? b? c? Caf = 0
a’e® bPeb  Pec Cs 0
By Gauss-Jordan elimination, ¢ # 0
111 L bl \ v
a b c ae e ce 1
ae be ce | 0 B a2 2 g2 _ Aape R
a b (C _ CL) 0 0 Ba,b c
ae® bleb c2ec 0 0 2T (c2et — b2eb)
c

Easy computations give us

o rank(Agp.c) =1, if and only if
ce® —ae® =0, a> — 2 =0,ce® —be® =0, b2 — 2 =0.

Not possible.
o rank(Agp.c) =2
1. ce® —ae® =0, a®> —b> =0, ce® — be® =0, b> — ¢ # 0. Not possible.
2. beb —ae® =0, a®> — b*> =0, ce® — be® #0.
3. ce—ae® =0, a®—b>#0, ce® —be’ = 0. Not possible, because L ¢ N*.
4. a%e?(b— c) +b%e’(c — a) + c2e¢(a — b) = 0.
On the other hand, by symmetry

By (c—a)(c%ef — b2eb)

I

=0, = c?e®=0b%"=qa%e".

Cc

Then we have a non-trivial solution if c2e¢ = b2eb = a2e®. Recall that Girard’s

relations a + b+ c=0 and L? = —(a? + ab+ b?), which corresponds to the expression
(1.9) of the critical lengths N/T.
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3.3. Proof of Theorem 1.1. The main result in this work, Theorem 1.1, is a
consequence of Lemmas 3.1 and 3.2, combined with the results obtained in the study
of each case in (3.7), through Lemmas 3.3, 3.4, 3.5, 3.6, 3.7 and 3.8.

Appendix A. A review of trace estimates. Let us review some results for the
single KdV equation to see it. Precisely, the first result is given by [13, Propositions
2.7-2.9] and [15, Proposition 2.2].

. PROPOSITION A.1. Let L,T > 0 be given. For any (h1,ha,h3) € H%(O,T) X
H3(0,T) x L*(0,T) there exists a unique solution v € Zp = C([0,T]; L*(0,L)) N
L?(0,L; H(0, L)) to the problem

v + 0,0 + 030 =0, te(0,T), z€(0,L),
(A1) Lo(t,0)=hi(8), v(t,L)=ha(t), duv(t,L)=ha(t), te(0,T),
v(0,2) =0, x€(0,L)

which possesses the sharp Kato smoothing property

k

okve L (07L;H%(0,T))  k=0,1,2.

Furthermore, there exists C >0 such that

2
lollzr + ) sup (1950 (-,a)]|

kZOzE(O,L
<C (I10ll3 0. + 12l 3 gy + Il 20,1
Henceforth we denote by Wy (t)h the solution of (A.1) corresponding to h =

(h1,hg,h3). Considering this, [13, Proposition 2.1] gives us the following proposi-
tion.

1—k
H 3 (0,T)

PROPOSITION A.2. Let L,T > 0 be given. For any vy € L?(0,L) there exists a
unique solution v € Zp for the problem

Opv + 0pv + 030 =0, te(0,7), x€(0,L),
(A.2) v(t,0)=0, v(t,L)=0, 0.v(t,L)=0, te(0,T),
v(0,2) = vo(z), x€(0,L),

which is given by v =W (-)vg where {W(t)}i>0 is the Cy-semigroup of contractions
generated in L?(0,L) by the operator Apv = —0,v — O3v with domain

D(Ap) ={we H*(0,L); v(0) =v(L) = dv(L) =0}.
Moreover, there exists a constant C >0 such that
[vlze <Cllvollzzo,y and [|0zv(-,0)|[z2(0,7) < CllvollL2(0,1)-

We will show that the solution v = W (-)vg of (A.2) possesses the Kato smoothing
property. According to [32], the linear KdV equation

Oz +0,2+032=0, teRy, xR
Z(O,l‘) = 20(33)
has a unique solution, given by

2(t,3) = (Wazo)(z) = c /R 805 (€ dg

where ¢ € R and Z; denotes the Fourier transform of zy. The result can be read below.
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PROPOSITION A.3 ([32, Lemma 2.9]). There ezists a constant C > 0 such that,
for every zy € L?(R),

2
> _sup 10z We(Jvo(@)ll 1 < Cllvollregey.

k=0$ER t s (R)

Additionally, [13] showed the following:

PrOPOSITION A.4 ([13, Proposition 2.13]). Let L,T > 0 be given. There exists
a constant C > 0 such that, for every vo € L?(0,L), the solution v= W (-)vy of (A.2)
satisfies

2

su LT ST L <Cllv .
kzzoxe(o?L)H r ( )HH%(QT)— ” 0||L2(0,L)

Combining the previous propositions, precisely, Propositions A.1 and A.4, and
[15, Proposition 2.6], the next results are verified.

PROPOSITION A.5. Consider L,T > 0. For every vo € L?(0,L) and (hy,ha,h3) €
Hr = H3(0,T) x H3(0,T) x L2(0,T) there exists a unique solution v € Zp =
C([0,T]; L*(0, L)) N L3(0,L; H'(0,L)) to the problem

Ov + 0pv + 030 =0, te(0,7), x€(0,L),
v(t,0)=hy(t), v(t,L)=ha(t), Ov(t,L)=hs(t), te(0,T),
’U(O,Z‘):’Uo(x), JZ‘E(O,L),

which possesses the sharp Kato smoothing property
k

okve L (07L;H%(0,T)) , k=0,1,2.

Furthermore, there exists C >0 such that

2
lollze + > sup [[950(-,a)]

<C (llvoll 2o,y + 10l er) -
L—0%€(0,L)

1—k
H 3 (0,T) —

COROLLARY A.1. Let T,L >0 be given. Given vT € L2(0,L) and h € H3(0,T)
there exists a unique solution v € Zp for the problem

0w + Opv + 020 =0, te(0,7), z€(0,L),
v(t,0) =h(t), v(t,L)=0,v(¢,0)=0, te(0,T),
o(T,z) =vT (), xe(0,L)

which satisfies
Oky e L (o,L; o= (o,T)) , k=0,1,2.

and

2

lollzr + sup [|95o(-,2)]

<O (I l2o.) + 12
L—0*€(0,L)

1—k 1 ) )
H™3 (0,T) H3(0,T)

for some constant C > 0.
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PROPOSITION A.6. Given T,L >0, vT € L2(0,L) and h € H=5(0,T) there exists
a unique solution v € Zp of the problem

0w+ 0pv + 30 =0, te(0,7), x€(0,L),
v(t,L) = 0,v(t,0)=0, 0%v(t,0)=h(t), te(0,T),
v(T,z) =0T (x), x€(0,L)

which satisfies
dkv e L (o,L; fin (o,T)) , k=0,1,2.

and

2
k T
ol - +k§0r€s& 10502}l 15 o 7 SC (07 ez, + 18] 3 .p))

for some positive constant C.
We finish this appendix with an auxiliary result about the KdV operator.
LEMMA A.1. For any L>0, ify€ H*(0,L) then —0,y — 02y € H~2(0, L) with

I =0y = Oyl a—20.) < Iyl (0.1
Proof. We know that H~2(0, L) has the following characterization:
H™%(0,L)={T €D'(0,L); T=go+ Oug1 + 9292, 9go.91,92 € L*(0,L)}

where the derivatives are taken in the distributional sense. Moreover,

1

2 3
1T er-2(0,2) = inf{ (Z 9i||%2(o,L)> ; 90,91, 92 € L*(0,L) and
=1
T'=go+0xgn +3392}-

Suppose that y € H'(0,L). Defining go = 0, g1 = —y and g2 = —d,y we have
90, 91,92 € L?(0, L) and

—0py — 83y = go + Dug1 + 0392
so =0,y — 03y € H2(0, L). Furthermore,
2 2
I = 0wy — 02yl 20,0y < | D lgillF2 0.1
j=1
1
= (I1%20.0) + 1929 320.0y)* = I8l 0,00,

giving the result. 0
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Appendix B. Controllability of Neumann and Dirichlet conditions.
From now on, « = N. Fixed m = 0,...,N, we will consider Neumann boundary
controls on the first m edges and Dirichlet boundary controls on the remaining ones.
We only analyze the reachable states from the origin, that is, we will consider ug =0
(the case where ug € L?(7)) is arbitrary, and ug =0 is done similarly and leads to the
same observability inequality). In these terms, we have the following characterization
of the controllability.

LEMMA B.1. ForT >0, the controls g; € L?(0,T), j=1,...,m and p; € L*(0,T),
j=m+1,....N, drive u?:O to ul € L2(T) if and only if

N

(B.1) Z/ uT T = Z/ Dot )i — 3 / 02451, (1),

j=m+1

for any T = (¢T,...,0%) € L2(T) and ¢ solution of the system (1.15) associated to
T

Proof. Let u be the solution of (1.14) corresponding to uf. Given @' € L*(T),
multiplying the first equation in (1.14) by the solution ¢ of (1.15), integrating by
parts, and using the boundary conditions, we obtain

I RICEEESS / u2(@)p,(0.2)
j=170 j=1"0
m T
:Z/ Owtpj(t,15)g;(t Z / aa:‘%’]tl )p;(t)
j=1"0 j=m+1

so, for u? =0 we have that

(B.2) Z/ uijcpJ Z/ Oz0;(t,15)g;(t)

Z / 20 (t,1;)pi (t), YT € LA(T).

j=m+1

If w(T,-) =uT then (B.1) immediately follows from (B.2). Conversely, if (B.1) holds,
thanks to (B.2) holds that

(W(T,-), 0" )z = (W', 2y, Vol €L*(T),

and consequently u(T),-) =u”, showing the lemma. d

Consider the bilinear map B :L?(T) x L2(7T) — R given by

N T
=§:j / wi (T, 27 (2),

with w= (u1,...,uy) being the solution of the system (1.14) with boundary controls
p; = —02¢,(-,1;) and g; = 0.¢;(-,1;), where p(t,-) = S(T — t)¢T. Let us prove some
properties of the bilinear map B.
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(i) B is continuous.
Using the multiplier method, we obtain

7¢T Z/ u]sz/;T Z/ Bmgojtl wﬂ(tl)
+ Z / 8m<p]tl JWjaa(t, )

j=m+1
From the Propositions 2.2 and 2.4, we have that B is continuous, giving (i).
(ii) If B is coercive, the exact controllability holds, that is, u(T,-) = uT.
Indeed, assume for a moment that B is coercive, i.e., the observability inequality
(3.2) holds.> Then given v € L2(T), from the Lax-Milgram theorem, there exists
T € L*(T) such that

N l;
Z/O uj ] =B(e", "), vyl e L*(T).
7j=1

Thus, for p(t,-) =S(T —t)e’, pj =—0%p;(-,1;) and g; = d,p;(-,1;) the solution u of
(1.14) satisfies

Z/“w Z/ 9 (e (t,15)

for every 97 € L?(T), which implies, by Lemma B.1, that u(T,-) = u’, which ensures
(ii).

Appendix C. The set N'T is non empty and countable. In this part, we
prove that the new set of critical length, defined in (1.9), is non-empty and countable.
Recall that L € N'T if it can be written as L? = — (w} + wyws + w3) where

Z/p] Vjea(t,15),

Jj=m+1

(C.1) (w1, ws) € C2, such that w?e® = w2e™? = (wy + wy)2e (Witw2),

In particular, we show a direct relation between this set and N'*, defined in (1.6). Let
(w1, ws) satisfying (C.1), take ¢ = w?e™i = (w; +wq)?e™(W1Hw2) j =12 then we have
that z; = %t is solution of z;e* = £(£)/2. Similarly, (2 + 22)%e~2(*1+%2) = £ which
implies (21 4 2zp)e~(*1722) = :t(%)l/z. Then, by symmetry, we have either one of the
following cases

o 217 = zpe® = — (21 + zp)e” (F1H22)

o z1e% = —zpe® = (21 + zp)e~ (1 F22),

o 216 = zpe® = (21 4 zp)e” (1 t22),

The first case is the equation related to the critical set N'*; therefore, it has a
countable number of solutions. For the second and third cases, we can follow [29,
Proposition 3 and 4] to ensure that it has a countable number of solutions.

Finally, observe that if L € N*, then 2L € N'f. If L € N'*, then L? = — (2} +
2129 + 23), for some(wy, ws) € C? such that

z16% = 29€%2 = —(21 4 25)e” (F1172),
Tt is easy to see that w; = 2z;, for i =1,2, satisfy (C.1). Moreover
— (w} +wiws + w3) = —4 (2] + 2120 + 23) = (20)*.

1For a detailed discussion on the equivalence between coercivity and the observability inequality,
we recommend consulting [34].
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