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Abstract. We study the existence and numerical computation of traveling
wave solutions for a family of nonlinear higher-order Boussinesq evolution sys-

tems with a Hamiltonian structure. This general Boussinesq evolution system
includes a broad class of homogeneous and non-homogeneous nonlinearities.

We establish the existence of traveling wave solutions using the variational

structure of the system and the concentration-compactness principle by P.-L.
Lions, even though the nonlinearity could be non-homogeneous. For the ho-

mogeneous case, the traveling wave equations of the Boussinesq system are

approximated using a spectral approach based on a Fourier basis, along with
an iterative method that includes appropriate stabilizing factors to ensure con-

vergence. In the non-homogeneous case, we apply a collocation Fourier method

supplemented by Newton’s iteration. Additionally, we present numerical exper-
iments that explore cases in which the wave velocity falls outside the theoretical

range of existence.

1. Introduction. J. Bona, M. Chen, and J-C. Saut, in [3] and [4], derived some
classical Boussinesq systems corresponding to the first- and second-order approxi-
mations to the full two-dimensional Euler equations to describe the motion of short
waves of small amplitude on the surface of an ideal fluid under gravity force. In
particular, the authors derived a four-parameter family of Boussinesq systems from
the two-dimensional Euler equations, known as the abcd Boussinesq system,{ (

I − b∂2x
)
∂tη + ∂xu+ a∂3xu = −∂x (ηu) ,(

I − d∂2x
)
∂tu+ ∂xη + c∂3xη = 1

2∂x
(
u2
)
,

(1)

with a+b+c+d = 1
3 −σ (σ ≥ 0 is the surface tension). It is known that system (1)

admits (big) solitary-wave solutions in certain regimes of the parameters involved
in the system (for instance, see [1] and the references therein for details). Moreover,
when b = d > 0, it was also shown in [3] that the system (1) is Hamiltonian and
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∗Corresponding author: Juan Carlos Muñoz: juan.munoz@correounivalle.edu.co.

1

http://dx.doi.org/10.3934/eect.2026018
mailto:roberto.capistranofilho@ufpe.br
mailto:juan.munoz@correounivalle.edu.co
mailto:jose.quintero@correounivalle.edu.co


2 R. CAPISTRANO–FILHO, J. C. MUÑOZ AND J. R. QUINTERO

globally well posed in the energy space H1(R)×H1(R), at least for small data, due
to the conservation of energy.

It is important to mention that in the same articles [3, 4] the authors introduced
an eight-parameter family of Boussinesq systems, namely{ (

I − d∂2x + d2∂
4
x

)
∂tu+ ∂xη + c∂3xη + c2∂

5
xη = ∂x

(
H1(η, ∂xη, ∂

2
xη, u, ∂xu, ∂

2
xu)
)
,(

I − b∂2x + b2∂
4
x

)
∂tη + ∂xu+ a∂3xu+ a2∂

5
xu = ∂x

(
H2(η, ∂xη, ∂

2
xη, u, ∂xu, ∂

2
xu)
)
,

(2)
where Hi for i = 1, 2 are given by

H1(η, ∂xη, ∂
2
xη, u, ∂xu, ∂

2
xu) =

1

2
u2 − c∂x(u∂xu)− η∂2xη −

1

2
∂x(u

2) + (c+ d)u∂2xu,

and

H2(η, ∂xη, ∂
2
xη, u, ∂xu, ∂

2
xu) = −ηu+ b∂2x(ηu)−

(
a+ b− 1

3

)
η∂2xu,

with the constants a, a2, b, b2, c2, d, and d2 satisfying the following condition:

a+ b+ c+ d =
1

3
− σ,

and also that

a2− b2 = −1

2
(θ2− 1

3
)b+

5

24
(θ2− 1

5
)2, c2−d2 = −1

2
(1− θ2)c+ 5

24
(1− θ2)(θ2− 1

5
).

Here, θ ∈ [0, 1] is a fixed modeling parameter, which does not possess a direct
physical interpretation, as mentioned in [3, 4].

In the present work, we study the existence of traveling waves of finite energy
for the one-dimensional higher-order Boussinesq evolution system derived from (2),
namely{ (

I − d∂2x + d2∂
4
x

)
∂tu+ ∂xη + c∂3xη + c2∂

5
xη = ∂x

(
H1(η, ∂xη, ∂

2
xη, u, ∂xu, ∂

2
xu)
)
,(

I − b∂2x + b2∂
4
x

)
∂tη + ∂xu+ a∂3xu+ a2∂

5
xu = ∂x

(
H2(η, ∂xη, ∂

2
xη, u, ∂xu, ∂

2
xu)
)
,

(3)
where η = η(x, t) and u = u(x, t) are real-valued functions, and the nonlinearity
H = (H1, H2)

t has the variational structure

H1(q, r, z, s, t, w) =Fq(q, r, s, t)− rFqr(q, r, s, t)− zFrr(q, r, s, t)− tFsr(q, r, s, t)

− wFtr(q, r, s, t),

and

H2(q, r, z, s, t, w) =Fs(q, r, s, t)− rFqt(q, r, s, t)− zFrt(q, r, s, t)− tFst(q, r, s, t)

− wFtt(q, r, s, t),

where the function F has some properties to include the homogeneous case and
the non homogeneous case, but close to the p + 2-homogeneous (see Section 2 for
examples). Let us briefly outline some aspects of the system considered in this
work.
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1.1. Background. It is important to highlight that, similar to the case of the
abcd-Boussinesq system and the KdV equation at the traveling wave level (see, for
example, [7]), the higher-order Boussinesq system (3) at the traveling wave level is,
depending on the nonlinearity, related to traveling wave solutions of the fifth-order
KdV equation:

∂tu+ α∂3xu+ β∂5xu = ∂x(f(u, ∂xu, ∂
2
xu)), (4)

where the nonlinearity takes the variational form

f(q, r, s) = Fq(q, r)− rFqr(q, r)− sFrr(q, r),

for some C2 function F , which is not necessarily homogeneous, as discussed by A.
Esfahani and S. Levandosky in [12]. We mention that the model (4) has applications
in various physical phenomena, as we see in different works. See, for instance,
[9, 15, 17, 25, 27] and therein.

Numerical methods for approximating the solutions of initial-boundary-value
problems associated with Boussinesq-type systems have been extensively investi-
gated. For example, in [6], the standard Galerkin finite element method was used for
spatial discretization, combined with a fourth-order explicit Runge-Kutta scheme
for time integration. In [16], soliton propagation and interactions were studied us-
ing two finite difference schemes and two finite element methods with second and
third-order time discretizations. In [11], a collocation method based on exponential
cubic B-spline functions was proposed to solve one-dimensional Boussinesq systems
and simulate the motion of traveling waves. Furthermore, in [10], a Fourier collo-
cation method was applied to study the dynamics of solitary-wave solutions under
periodic boundary conditions.

In addition to these numerical approaches, we also highlight the recent works
of Klein and Saut [19, 20], which provide detailed numerical investigations of the
Amick-Schonbek and Kaup-Broer-Kupershmidt systems. These studies survey and
numerically analyze notable members of the so-called (abcd) family of Boussinesq
systems.

Finally, for a more general perspective on higher-order Boussinesq systems, we
refer the reader to the works of Benney [2], Craig and Groves [9], Hunter and
Scheurle [15], Kichenassamy and Olver [18], Olver [25], Ponce [26], Bona, Chen,
and Saut [3, 4], as well as Chen, Nguyen, and Sun [8], and Bona, Colin, and Lannes
[5].

We mention that this is only a brief overview of the state of the art. Therefore,
we encourage the reader to refer to the references cited in the mentioned works for
further details.

1.2. Notations and main results. With this overview of the state of the art, we
now present the primary objective of this work: proving the existence of traveling-
wave solutions for the generalized Boussinesq system (3). To the best of our knowl-
edge, this is the first result addressing this topic for higher-order Boussinesq systems.
Specifically, our objective is to show the existence of traveling-wave solutions for
the system (3). In other words, we seek solutions (η, u) of the form:

η(t, x) = ψ (x− ωt) , u(t, x) = v (x− ωt) .

In this case, we find that the traveling wave profile (ψ, v) should satisfy the system{
−ω

(
v − dv′′ + d2v

(iv)
)
+ ψ + cψ′′ + c2ψ

(iv) −H1(ψ,ψ
′, ψ′′, v, v′, v′′) = 0,

−ω
(
ψ − bψ′′ + b2ψ

(iv)
)
+ v + av′′ + a2v

(iv) −H2(ψ,ψ
′, ψ′′, v, v′, v′′) = 0,

(5)
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where we are assuming that H1(0, 0, 0, 0, 0, 0) = H2(0, 0, 0, 0, 0, 0) = 0, b = d > 0,
b2 = d2 > 0, a, c < 0 and that a2, c2 > 0. Furthermore, we point out that, since
solitary waves decay to zero at infinity, the constant terms that would arise in
system (5) as a result of integrating equations (3) must necessarily vanish.

We note that the existence of solitons, traveling waves with finite energy, for
the higher-order Boussinesq system (3) follows from a variational approach using
a minimax-type result. Specifically, solutions (ψ, v) of the system (5) are critical
points of the functional Jω given by

Jω(ψ, v) =
1

2
Iω(ψ, v)−K(ψ, v), (6)

where the functionals Iω and K are defined on the space X = H2(R)×H2(R) by

Iω(ψ, v) = I1(ψ, v) + I2,ω(ψ, v), (7)

and

K(ψ, v) =

∫
R
F (ψ,ψ′, v, v′) dx, (8)

with

I1(ψ, v) =

∫
R

[
ψ2 − c(ψ′)2 + c2(ψ

′′)2 + v2 − a(v′)2 + a2(v
′′)2
]
dx, (9)

and

I2(ψ, v) =

∫
R

(
ψ − bψ′′ + b2ψ

(iv)
)
v dx =

∫
R
(ψv + bψ′v′ + b2v

′′ψ′′) dx, (10)

where I2,ω = −2ωI2. Before we go further, from the assumptions we observe

K ′(ψ, v) = (H1(ψ,ψ
′, ψ′′, v, v′, v′′), H2(ψ,ψ

′, ψ′′, v, v′, v′′))t.

In the following, we will say that weak solutions for (5) are critical points of the
functional Jω. Now, we set up

Pω(ψ, v) = ⟨J ′
ω(ψ, v), (ψ, v)⟩ = Iω(ψ, v)−N(ψ, v), (11)

and

N(ψ, v) = ⟨K ′(ψ, v), (ψ, v)⟩ =
∫
R
(u, ux, v, vx) · ∇F (u, ux, v, vx) dx. (12)

We remark that the quantity (11) is important for the analysis of the orbital stability
of ground-state solutions as proposed in [13, Theorems 2 and 3]. See, for instance [7,
14], and the references therein for more details on the orbital and spectral stability
problem related to the system (1).

From this, we consider the manifold Mω ⊂ H2(R)×H2(R) given by

Mω = {(ψ, v) ∈ H2(R)×H2(R) : Pω(ψ, v) = 0}, (13)

and define the number

S(ω) = inf{Jω(ψ, v) : (ψ, v) ∈ Mω}. (14)

Note that Mω is just the “artificial constraint” for minimizing the functional Iω on
X.

Now, we state the assumptions on the nonlinear part F in terms of the function

G(w) = w · ∇F (w), for w ∈ R4.

As done by Esfahani-Levandosky in [12], taking F a C2 function satisfying F (0, 0) =
0, and we will consider:
(a) There exists p > 0 such that w · ∇G(w) ≥ (p+ 2)G(w) for w ∈ R4.
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(b) There exist 0 < q1 ≤ q2 <∞ and C > 0 such that for w ∈ R4,

|D2F (w)| ≤ C(|w|q1 + |w|q2).

(c) There exist u, v ∈ H2(R) such that∫
R
F (u, ∂xu, v, ∂xv) dx > 0.

We point out that condition (c) ensures that the functionals K and N are positive
somewhere, which is crucial for the minimization problem (14) to make sense.

With these previous notations in hand, traveling-wave solutions are established
using the concentration-compactness principle by P.-L. Lions [22, 23]. So, the main
result of our work can be read as follows.

Theorem 1.1. (Existence of traveling waves). Let 0 < |ω|< min
{
1, −ab ,

−c
b ,

a2
b2
, c2b2

}
and the function F satisfying items (a), (b) and (c). Given a minimizing sequence
(ψn, vn)n of S(ω), there exist a subsequence (ψnk

, vnk
)k, a sequence of points yk ∈ R

and (ψ0, v0) ∈ Mω \ {0} such that

(ψnk
(.+ yk), vnk

(.+ yk)) → (ψ0, v0) in X, as k → ∞,

and Jω(ψ0, v0) = S(ω). In other words, (ψ0, v0), weak solution of (5), is a mini-
mizer of Jω.

The second part of this work investigates the numerical analysis of traveling-wave
solutions for the generalized Boussinesq system (3), a topic not previously addressed
in the literature. Spectral numerical solvers are introduced to approximate these
steady solutions for a given wave velocity and model parameters, considering both
homogeneous and non-homogeneous nonlinearities H1 and H2. In doing so, we
validate the theoretical results and successfully compute some of these solutions
within the parameter regimes and velocity ranges predicted by the theory developed
in this paper. Furthermore, we present some numerical experiments that go beyond
the theoretical framework, investigating cases where the wave velocity falls outside
the predicted range of existence. Our findings suggest that the existence of traveling-
wave solutions to the system (3) is influenced by additional parameters, such as the
power of the nonlinearities.

1.3. Outline. This paper is organized as follows. In Section 2, we present the
preliminaries concerning the existence of solitons (traveling wave solutions of finite
energy) for the higher-order Boussinesq system, employing the existence of a com-
pact local embedding, together with the concentration-compactness result principle,
which fully characterizes the convergence of bounded sequences of positive measures.
In Section 3, we introduce iterative numerical schemes called Fourier series-based
method to approximate the solitons of the Boussinesq system (3), giving a numerical
verification of our main result.

2. Existence of solitary waves for b = d and b2 = d2. In this section, we prove
the existence of traveling waves for the generalized Boussinesq system (3). Based
on the assumptions of A. Esfahani and S. Levandosky [12, Lemmas 2.5 and 2.6], we
can directly extend these lemmas as follows:

Lemma 2.1. Under the assumptions on F , for w, w̃ ∈ R2 we have,
i) G(w, w̃) ≥ (p+ 2)F (w, w̃).
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ii) R(α(w, w̃)) ≥ αp+2R(w, w̃) with α ≥ 1 and R(α(w, w̃)) ≤ αp+2R(w, w̃) with
0 < α ≤ 1 for R = G or R = F .
iii) |F (w, w̃)|+ |G(w, w̃)|+ | ⟨(w, w̃), G(w, w̃)⟩ | ≤ C(|(w, w̃)|q1+2 + |(w, w̃)|q2+2).
iv) N(αw) ≥ αp+2N(w) with α ≥ 1 and N(αw) ≤ αp+2N(w) with 0 < α ≤ 1.
v) N(w) ≥ (p+ 2)K(w).
vi) ⟨N ′(w), w⟩ ≥ (p+ 2)N(w).

vii) |N(w)|+ |K(w)|+ | ⟨N ′(w), w⟩ | ≤ C
(
||w||q1+2

H2 + ||w||q2+2
H2

)
, for w ∈ H2(R)×

H2(R).

We note that under the assumption of (p + 2)-homogeneity on F , we already
have that

G(q, r, s, t) = qFq(q, r, s, t) + rFq(q, r, s, t) + sFs(q, r, s, t) + tFt(q, r, s, t)

= (p+ 2)F (q, r, s, t).

Also, taking into account Esfahani-Levandosky’s work, we have the following exam-
ples of functional F : R4 → R that satisfy the previous assumptions, namely

a) F (u, v) = F1(u) + F1(v), where

F1(u) =
|u|q+2

q + 2
+

|u|p+2

p+ 2
,

with 0 < p < q;
b) F (u, v) = F1(u) + F1(v), where F1 is defined as

F1(u) =

m∑
j

aj |u|qj+2 −
n∑
k

bk|u|pk+2,

with aj , bk > 0 and 0 < pk < qj for all j, k ∈ N;
c) F (u, ∂xu, v, ∂xv) = F1(u, ∂xu)+F1(v, ∂xv), where F1 = F2+F3 with F2 being

a (p+1)-homogeneous function and F3 being a (q+1)-homogeneous function
for 0 < p < q.

The next remark will be useful for the proof of the next lemma.

Remark 2.2. For 0 < |ω| < min
{
1, −ab ,

−c
b ,

a2
b2
, c2b2

}
, we note that,

Iω(ψ, v) =

∫
R

(ψ − ωv)2 +

(√
|c|ψ′ − bω√

|c|
v′

)2

+
(
1− |ω|2

)
v2

+

(
|a| − b2ω2

|c|

)
(v′)

2
+ c2

(
ψ′′ − ωb2

c2
v′′
)2

+

(
a2 −

ω2b22
c2

)
(v′′)2

]
dx

≥0

and

Iω(ψ, v) =

∫
R

(v − ωψ)2 +

(√
|c|v′ − bω√

|c|
ψ′

)2

+
(
1− |ω|2

)
ψ2

+

(
|a| − b2ω2

|c|

)
(ψ′)

2
+ a2

(
v′′ − ωb2

a2
ψ′′
)2

+

(
c2 −

ω2b22
a2

)
(ψ′′)2

]
dx

≥0,
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where we are using that |ω| <
√
ac
b and |ω| <

√
a2c2
b2

.

With this in hand, our first lemma ensures that
√
Iω(ψ, v) ∼ ∥(ψ, v)∥H2×H2 ,

where Iω is defined in (7).

Lemma 2.3. For 0 < |ω| < min
{
1, −ab ,

−c
b ,

a2
b2
, c2b2

}
, we have that

i) the functional Iω is nonnegative and there are positive constants

M1(ω, a, a2, b, b2, c, c2) and M2(ω, a, a2, b, b2, c, c2),

such that
M1∥(ψ, v)∥2X ≤ Iω(ψ, v) ≤M2∥(ψ, v)∥2X . (15)

ii) S(ω) exists, is positive, and

S(ω) = inf {Jω,p(Ψ) ; Ψ ̸= 0, Pω(Ψ) ≤ 0} , (16)

where Jω,p is defined by

Jω,p(Ψ) = Jω(Ψ)− 1

p+ 2
Pω(Ψ).

Here Jω is defined by (6) and Pω is given by (11) and Ψ = (ψ, v).

Proof. i) Using the definition of Iω given by (7), we directly see that

Iω(ψ, v) ≤
∫
R

[
(1 + |ω|)ψ2 + (|c|+ b|ω|) (ψ′)2 + (1 + |ω|)v2 + (|a|+ b|ω|) (v′)2

+(c2 + b2|ω|) (ψ′′)2 + (a2 + b2|ω|) (v′′)2
]
dx

≤max (1 + |ω|, |c|+ b|ω|, |a|+ b|ω|, a2 + b2|ω|, c2 + b2|ω|)) ∥(ψ, v)∥2X .
On the other hand, by Young’s inequality, we also have

Iω(ψ, v) ≥
∫
R

[
(1− |ω|)ψ2 + (−c− b|ω|) (ψ′)2 + (1− |ω|)v2 + (−a− b|ω|) (v′)2

+(c2 − b2|ω|) (ψ′′)2 + (a2 − b2|ω|) (v′′)2
]
dx

≥min (1− |ω|,−c− b|ω|,−a− b|ω|, a2 − b2|ω|, c2 − b2|ω|)) ∥(ψ, v)∥2X ,
showing that the inequality (15) holds.
ii) The proof of this item is analogous to the proof of [12, Lemma 2.8].

Remark 2.4. Characterization of S(ω) in the homogeneous case is given by

S(ω) = inf {Jω(Ψ) ; Ψ ̸= 0, Pω(Ψ) ≤ 0} ,
since we have

N(Ψ) = (p+ 2)K(Ψ),

which implies that

Jω(Ψ) =
p

2(p+ 2)
Iω(Ψ).

In this case, we already have that

S(ω) = inf

{
p

2(p+ 2)
Iω(Ψ);Ψ ̸= 0, Pω(Ψ) ≤ 0

}
.

In the next result, we establish that the minimizers for S(ω) correspond to weak
solutions for the higher-order Boussinesq system.

Theorem 2.5. Let (ψ0, v0) ∈ X be such that Pω(ψ0, v0) = 0 and Jω(ψ0, v0) = S(ω).
Then (ψ0, v0) is a weak solution of (5).
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Proof. From the Lagrange multiplier theorem, there exists λ ∈ R such that

J ′
ω(ψ0, v0) = λP ′

ω(ψ0, v0).

On the other hand,

⟨P ′
ω(ψ0, v0), (ψ0, v0)⟩ = ⟨I ′ω(ψ0, v0), (ψ0, v0)⟩ − ⟨N ′(ψ0, v0), (ψ0, v0)⟩

= 2Iω(ψ0, v0)− ⟨N ′(ψ0, v0), (ψ0, v0)⟩ ,
≤ 2Iω(ψ0, v0)− (p+ 2)N(ψ0, v0),

≤ −pIω(ψ0, v0)

< 0,

where in the first inequality we have used Lemma 2.1 item (vi) and in the third in-
equality that Iω(ψ0, v0) = N(ψ0, v0). Thus, we must have λ = 0, since Pω(ψ0, v0) =
⟨J ′
ω(ψ0, v0), (ψ0, v0)⟩ = 0, completing the proof.

Before going further, let us give an important property of the minimizing se-
quences for S(ω).

Lemma 2.6. If ((ψn, vn))n is any minimizing sequences for S(ω), then (Iω(ψn,
vn))n is a bounded sequence. Moreover, there is L > 0 such that Iω(ψn, vn) → L,
as n→ ∞, up to a subsequence.

Proof. Let (ψn, vn) ∈ X be such that Iω(ψn, vn)≤N(ψn, vn) and that Jω(ψn, vn) =
S(ω) + o(1), as n→ ∞. Now, we note that

1

2
Iω(ψn, vn) = Jω(ψn, vn) +K(ψn, vn)

≤ Jω(ψn, vn) +
1

p+ 2
N(ψn, vn)

≤ S(ω) +
1

p+ 2
Iω(ψn, vn) + o(1),

which implies that ||(ψn, vn)||X is bounded, since(
p

2(p+ 2)

)
Iω(ψn, vn) ≤ S(ω) + o(1).

So, consequently, we may assume that the sequence (or a subsequence of) {Iω(ψn,
vn)}n converges to some positive number L, showing the lemma.

Classically, to establish the existence of traveling-wave solutions, we will use the
Lion’s concentration-compactness principle [22, 23]. We will apply this principle to
the measure defined by the density ρ given by

ρ(ψ, v) = ψ2−c(ψ′)2+c2(ψ
′′)2+v2−a(v′)2+a2(v′′)2−2ω (ψv + bψ′v′ + b2v

′′ψ′′) .
(17)

We note from the proof of inequality (15) that

M1σ(ψ, v) ≤ ρ(ψ, v) ≤M2σ(ψ, v), (18)

where σ is given by

σ(ψ, v) = ψ2 + v2 + (ψ′)2 + (v′)2 + (ψ′′)2 + (v′′)2.
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If we had a minimizing sequence (ψn, vn)n ⊂ X for S(ω), meaning that P (ψn, vn) =
0 and Jω(ψn, vn) → S(ω), we consider the sequence of measures {νn}n given by

νn(A) =

∫
A

ρ(ψn, vn) dx,

which is such that νn(R) → L, according to the Lemma 2.6. Now, from Lion’s
concentration-compactness principle, there exists a subsequence of {νn}n (which
will be denoted with the same index) such that one of the following three conditions
holds:
(1) Compactness: There exists a sequence {xn}n ⊂ R such that for any γ > 0
there exists a radius R > 0 such that∫

BR(xn)

dνn ≥ L− γ,

for all n.
(2)Vanishing: For all R > 0, it holds:

lim
n→∞

(
sup
y∈R

∫
|x−y|≤R

dνn

)
= 0.

(3) Dichotomy: There exists θ ∈ (0, L) such that for any γ > 0, there exist a
positive number R and a sequence {xn}n ⊂ R with the following property: Given
R′ > R, there are nonnegative measures νn,1 and νn,2 such that:

a) 0 ≤ νn,1 + νn,2 ≤ νn;
b) supp(νn,1) ⊂ BR(xn) and supp(νn,2) ⊂ R \BR′(xn);
c) lim sup

n→∞

(∣∣θ − ∫R dνn,1∣∣+ ∣∣(L− θ)−
∫
R dνn,2

∣∣) ≤ γ.

The first step is to rule out vanishing.

Lemma 2.7. Vanishing is impossible.

Proof. We argue by contradiction. Assuming that vanishing is true, so for R = 1,
we have that,

lim
n→∞

sup
y∈R

∫
B1(y)

ρ(ψn, vn) dx = 0.

Thus, given ϵ > 0, there is n0 ∈ N such that for n ≥ n0 we have that

sup
y∈R

∫
B1(y)

ρ(ψn, vn) dx < ϵ.

Now, we recall that H1(R) ↪→ Cb(R), so, we have that∫
B1(y)

|ψn|p+2
dx ≤

(∫
B1(y)

|ψn|2 dx

) 1
2
(∫

B1(y)

|ψn|2(p+1)
dx

) 1
2

.

We can cover R with intervals of the form [k, k+1], where k is an integer, ensuring
that any point in R is contained in at most two intervals. By summing over these
intervals and applying the inequality above, we obtain the following inequality:∫

R
(|ψn|p+2

+ |vn|p+2
) dx

≤ 2 sup
y∈R

(∫
B1(y)

ρ(ψn, vn) dx

) 1
2 (

∥ψn∥p+1
L2(p+1)(R) + ∥vn∥p+1

L2(p+1)(R)

)
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≤ 2C sup
y∈R

(∫
B1(y)

ρ(ψn, vn) dx

) 1
2 (

∥ψn∥p+1
H1(R) + ∥vn∥p+1

H1(R)

)
. (19)

A similar argument gives us∫
R
(|∂xψn|p+2

+ |∂xvn|p+2
) dx

≤ 2C sup
y∈R

(∫
B1(y)

ρ(ψn, vn) dx

) 1
2 (

∥∂xψn∥p+1
H1(R) + ∥∂xvn∥p+1

H1(R)

)
.

(20)

In other words, due to (19) and (20), we have ψn, vn, (ψn)x, (vn)x, (ψn)xx and (vn)xx
going to 0 in Lq(R), for q > 2. From this fact, we conclude that

lim
n→∞

K(ψn, vn) = lim
n→∞

N(ψn, vn) = 0.

In fact, from Lemma 2.1 (vii), we have

|K(ψn, vn)|+ |N(ψn, vn)| ≤ 2C sup
y∈R

(∫
B1(y)

ρ(ψn, vn) dx

) 1
2

×
(
∥ψn∥q1+1

H2(R)+ ∥vn∥q1+1
H2(R)+ ∥ψn∥q2+1

H2(R)+ ∥vn∥q2+1
H2(R)

)
,

where we are replacing p with qj in previous inequality. In other words, we have
shown that limn→∞ Iω(ψn, vn) = 0 due to the fact that P (ψn, vn) = 0. Moreover,
we also have

S(ω) = lim
n→∞

Jω(ψn, vn) = 0,

which is a contradiction. So, we see that vanishing is ruled out, and the Lemma 2.7
is shown.

Now, we are interested in ruling out dichotomy. In this case, we can choose a
sequence γn → 0 and the corresponding sequence Rn → ∞, such that, passing to a
subsequence with the same index, we can assume

supp(νn,1) ⊂ BRn
(xn), supp(νn,2) ⊂ R \B2Rn

(xn) (21)

and

lim sup
n→∞

(∣∣∣∣θ − ∫
R
dνn,1

∣∣∣∣+ ∣∣∣∣(L− θ)−
∫
R
dνn,2

∣∣∣∣) = 0. (22)

Next, we establish a splitting result,

Lemma 2.8. (Splitting of a minimizing sequence) Fix ϕ ∈ C∞
0 (R,R+) such that

supp(ϕ) ⊂ (−2, 2) and ϕ ≡ 1 on (−1, 1) and define

ψn,1 = ψnϕn, ψn,2 = ψn(1− ϕn), vn,1 = vnϕn, vn,2 = vn(1− ϕn),

where ϕn is given by

ϕn(x) = ϕ

(
x− xn
Rn

)
.

Then, as n→ ∞, we have the following splitting

Iω(ψn, vn) = Iω(ψn,1, vn,1) + Iω(ψn,2, vn,2) + o(1),

K(ψn, vn) = K(ψn,1, vn,1) +K(ψn,2, vn,2) + o(1),

Jω(ψn, vn) = Jω(ψn,1, vn,1) + Jω(ψn,2, vn,2) + o(1),

Pω(ψn, vn) = Pω(ψn,1, vn,1) + Pω(ψn,2, vn,2) + o(1),
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N(ψn, vn) = N(ψn,1, vn,1) +N(ψn,2, vn,2) + o(1).

Proof. Let A(n) be the annulus A(n) = B2Rn
(xn) \BRn

(xn). Then, we have,∫
A(n)

ρ(ψn, vn) dx

=

{∫
R
−
∫
BRn (xn)

−
∫
R\B2Rn (xn)

}
ρ(ψn, vn) dx

=

∫
R
ρ(ψn, vn) dx− L+ θ −

∫
BRn (xn)

ρ(ψn, vn) dx+ (L− θ)

−
∫
R\B2Rn (xn)

ρ(ψn, vn) dx

≤
∫
R
ρ(ψn, vn) dx− L+ θ −

∫
supp(νn,1)

dνn,1 + (L− θ)−
∫
supp(νn,2)

dνn,2

≤
(∫

R
ρ(ψn, vn) dx− L

)
+

∣∣∣∣θ − ∫
R
dνn,1

∣∣∣∣+ ∣∣∣∣(L− θ)−
∫
R
dνn,2

∣∣∣∣ .
So, from Lemma 2.6 we have

lim
n→∞

∫
R
ρ(ψn, vn) dx→ L.

This convergence, together with conditions (21) and (22), gives that

lim sup
n→∞

(∫
A(n)

ρ(ψn, vn) dx

)
= 0. (23)

Using the previous fact, we conclude that

|Iω(ψn, vn)− Iω(ψn,1, vn,1)− Iω(ψn,2, vn,2)| =
∫
A(n)

ρ(ψn, vn) dx = o(1).

On the other hand, we also have that

|K(ψn, vn)−K(ψn,1, vn,1)−K(ψn,2, vn,2)|

≤ C

∫
A(n)

(|(ψn, ∂xψn, vn, ∂xvn)|q1+2 + |(ψn, ∂xψn, vn, ∂xvn)|q2+2)

= o(1),

where we are using the estimate (23) and Lemma 2.1 (iii). Other estimates follow
from a similar argument.

With this in hand, we will prove that the dichotomy does not hold.

Lemma 2.9. Dichotomy is not possible.

Proof. First, we need to note that

lim
n→∞

Iω(ψn,1, vn,1) = L1 ≥ 0 and lim
n→∞

Iω(ψn,2, vn,2) = L− L1 = L2 ≥ 0.

From condition (c) in Dichotomy, we have that L1, L2 > 0. In fact,

0 < θ = lim
n→∞

∫
R
dνn,1 ≤ lim

n→∞

∫
BR(xn)

ρ(ψn,1, vn,1)dx = L1.

From the fact that the sequence (ψn,1, vn,1)n is bounded in H2(R), we have that the
sequence λj = Pω(ψn,j , vn,j)n for j = 1, 2 is bounded. So, using a subsequence if
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necessary, we are allowed to define, λn,1 = Pω(ψn,1, vn,1) and λn,2 = Pω(ψn,2, vn,2),
and the limits

λ1 = lim
n→∞

λn,1 and λ2 = lim
n→∞

λn,2.

Thus, we have that

lim
n→∞

N(ψn,1, vn,1) = lim
n→∞

Iω(ψn,1, vn,1)− lim
n→∞

Pω(ψn,1, vn,1) = L1 − λ1,

and
lim
n→∞

N(ψn,2, vn,2) = L2 − λ2.

We first consider the case λ1 = 0 and λ2 = 0. Suppose that for some subsequence
of {(ψn,1, vn,1)}, still denoted by the same index, we had that Pω(ψn,1, vn,1) > 0,
then from Lemma 2.1, we have that

Pω(α(ψn,1, vn,1)) ≤ α2N(ψn,1, vn,1)

(
Iω(ψn,1, vn,1)

N(ψn,1, vn,1)
− αp

)
≤ α2N(ψn,1, vn,1) (1 + o(1)− αp)

< 0,

for α > 1. Thus, there is (αn)n with αn → 1+ such that Pω(αn(ψn,1, vn,1)) = 0.
Now, from the splitting result, we have that

Jω(ψn, vn)

=
1

2
Iω(ψn,1, vn,1)−K(ψn,1, vn,1) + Jω(ψn,2, vn,2) + o(1),

=
1

α2
n

(
1

2
Iω(αn(ψn,1, vn,1))−K(αn(ψn,1, vn,1))

)
+

(
1

α2
n

K(αn(ψn,1, vn,1))−K(ψn,1, vn,1)

)
+ Jω(ψn,2, vn,2) + o(1),

≥ 1

α2
n

S(ω) +
1

α2
n

(K(αn(ψn,1, vn,1))−K(ψn,1, vn,1)) + Jω(ψn,2, vn,2) + o(1).

Using that Jω(ψn, vn) = Jω,p(ψn, vn), taking limit as n→ ∞, and since

lim
n→∞

( 1

α2
n

K(αn(ψn,1, vn,1))−K(ψn,1, vn,1)
)
= 0,

we conclude that

0 = lim
n→∞

(
Jω(ψn, vn)−

1

α2
n

S(ω)
)

≥ lim
n→∞

Jω(ψn,2, vn,2)

≥ lim
n→∞

(
1

2
Iω(ψn,2, vn,2)−

1

p+ 2
N(ψn,2, vn,2)

)
=

(
p

2(p+ 2)

)
L2,

which is a contradiction since L2 > 0. So, we already have that Pω(ψn,i, vn,i) ≤ 0 for
i = 1, 2. On the other hand, Lemma 2.3 item ii) gives that Jω,p(ψn,i, nvn,i) ≥ S(ω),
for i = 1, 2, which ensures us a contradiction S(ω) ≤ 0 due to the splitting result.

Finally, we assume that λ1 > 0 and λ2 < 0. So, for n ∈ N large enough, we have
Pω(ψn,1, vn,1) > 0 and Pω(ψn,2, vn,2) < 0. Then, we see that

Jω(ψn, vn) = Jω,p(ψn,1, vn,1) + Jω,p(ψn,2, vn,2) + o(1)
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≥ Jω,p(ψn,1, vn,1) + S(ω) + o(1),

which implies that

0 = lim
n→∞

(Jω(ψn, vn)− S(ω))

≥ lim
n→∞

Jω,p(ψn,1, vn,1)

= lim
n→∞

(
1

2
Iω(ψn,1, vn,1)−K(ψn,1, vn,1)−

1

p+ 2
Pω(ψn,1, vn,1)

)
= lim
n→∞

(
p

2(p+ 2)
Iω(ψn,1, vn,1)−K(ψn,1, vn,1) +

1

p+ 2
N(ψn,1, vn,1)

)
≥ lim
n→∞

p

2(p+ 2)
Iω(ψn,1, vn,1)

=

(
p

2(p+ 2)

)
L1,

which is a contradiction with L1 > 0. From the previous analysis, we conclude that
λ1 > 0 and λ2 > 0. In other words, we have ruled out Dichotomy, and Lemma 2.9
is proven.

Now, we use the compactness property to determine the existence of non-trivial
traveling waves for the generalized Boussinesq system in the cases b = d and b2 = d2,
that is, we are in a position to prove the main result of the work.

Proof of Theorem 1.1. From Lion’s concentration-compactness principle, after hav-
ing ruled out dichotomy and vanishing, we have compactness property which gives
the existence of a sequence {yn}n ⊂ R such that, for all ϵ > 0 there exists R(ϵ) > 0
satisfying ∫

|x−yn|<R(ϵ)

ρ(ψn, vn) dx ≥
∫
R
ρ(ψn, vn) dx− ϵ.

The previous inequality is equivalent to the following one∫
|x|<R(ϵ)

ρ(ψ̃n, ṽn) dx ≥
∫
R
ρ(ψ̃n, ṽn) dx− ϵ,

when translated to origin, where η̃ means η̃(x) = η(x + yn). In other words, we
have that ∫

|x|≥R(ϵ)

ρ(ψ̃n, ṽn) dx ≤ ϵ.

From the definition of ρ in (17) and inequality (18), we get that

M1

∫
|x|≥R(ϵ)

((
∂ixψ̃n

)2
+
(
∂ixṽn

)2)
dx ≤

∫
|x|≥R(ϵ)

ρ(ψ̃n, ṽn) dx ≤ ϵ,

for i = 0, 1, 2. From this fact, we conclude that∫
R

(
∂ixψ̃n

)2
dx ≤

∫
|x|≤R(ϵ)

(
∂ixψ̃n

)2
dx+

ϵ

M1
, (24)

and ∫
R

(
∂ixṽn

)2
dx ≤

∫
|x|≤R(ϵ)

(
∂ixṽn

)2
dx+

ϵ

M1
, (25)

for i = 0, 1, 2.



14 R. CAPISTRANO–FILHO, J. C. MUÑOZ AND J. R. QUINTERO

Now, we will establish that

∂ixψ̃n → ∂ixψ0, ∂ixṽn → ∂ixv0 in L2 (R), for i = 0, 1, 2.

Observe that for any bounded open interval I, and any r > 1, we have that the
embedding W 1,r(I) ↪→ Cα(Ī) is compact for α ∈

[
0, 1− n

r

)
, and so the embedding

W k,r(I) ↪→ Lq(I), for q ≥ 1, is valid, since Cα(I) ↪→ Lq(I) for q ≥ 1 and for k ≥ 1
the operatorsW k,r(I) ↪→W 1,r(I) are bounded. In particular, we have for 0 ≤ i ≤ 2
that

∂ixψ̃n ⇀ ∂ixψ0, in H2−i(R), (26)

and

∂ixṽn ⇀ ∂ixv0, in H1−i
loc (R). (27)

From the convergence (26), using Fatou’s Theorem and thanks the inequality (24),
we ensure that∥∥∂ixψ0

∥∥2
L2(R) ≤ lim inf

n→∞

∥∥∥∂ixψ̃n∥∥∥2
L2(R)

≤ lim inf
n→∞

(∫
|x|≤R(ϵ)

(
∂ixψ̃n

)2
dx

)
+

ϵ

M1

≤
∫
|x|≤R(ϵ)

(
∂ixψ0

)2
dx+

ϵ

M1

≤
∥∥∂ixψ0

∥∥2
L2(R) +

ϵ

M1
,

for 0 ≤ i ≤ 2. Thus,

lim inf
n→∞

∥∥∥∂ixψ̃n∥∥∥2
L2(R)

=
∥∥∂ixψ0

∥∥2
L2(R) .

Analogously, using the convergence (27), once again, Fatou’s Theorem and now the
inequality (25), we get∥∥∂ixv0∥∥2L2(R) ≤ lim inf

n→∞

∥∥∂ixṽn∥∥2L2(R) ≤
∥∥∂ixv0∥∥2L2(R) +

ϵ

M1
,

that is,

lim inf
n→∞

∥∥∂ixṽn∥∥2L2(R) =
∥∥∂ixv0∥∥2L2(R) .

Thanks to both inequalities, we have shown that∥∥∥∂ixψ̃n∥∥∥
L2(R)

→
∥∥∂ixψ0

∥∥
L2(R) ,

and ∥∥∂ixṽn∥∥L2(R) →
∥∥∂ixv0∥∥L2(R) ,

for 0 ≤ i ≤ 2.
On the other hand, we also have that ∂ixψ̃n ⇀ ∂ixψ̃0 and ∂ixṽn ⇀ ∂ixv0 weakly in

L2(R) for 0 ≤ i ≤ 2. Thus, using these facts, we conclude that

∂ixψ̃n → ∂ixψ0 ∂ixṽn → ∂ixv0 in L2(R),

for 0 ≤ i ≤ 2. Moreover, we also have that 0 = Pω(ψn, vn) = Pω(ψ̃n, ṽn) →
Pω(ψ0, v0) = 0, since we have strong convergence and that Pω is Lipschitz (continu-

ous). We also have that S(ω) ≤ Jω(ψ0, v0). Thus, the weak convergence of (ψ̃n, ṽn)
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to (ψ0, v0) in X and the weak lower semi-continuity of functional Jω, yields that

Jω(ψ0, v0) ≤ lim inf Jω(ψ̃n, ṽn) = lim inf Jω(ψn, vn) = S(ω),

meaning that Jω(ψ0, v0) = S(ω). In other words, (ψ0, v0) is in fact a minimizer for

S(ω) and (ψ̃n, ṽn) → (ψ0, v0) in X, as claimed.

Now, we define the set of ground states as

Gω = {(ψ, v) ∈ X \ {0} : Jω(ψ, v) = S(ω), and Pω(ψ, v) = 0} . (28)

Lemma 2.10. Let 0 < |ω| < min
{
1, −ab ,

−c
b ,

a2
b2
, c2b2

}
and Gω defined by (28).

i) Then S(ω) is uniformly bounded.
ii) If 0 < ω1 < ω2 < 1 and (ψ, v) ∈ Gω, we find that I2,ω(ψ, v) is uniformly bounded
on [ω1, ω2].
iii) For (u, v) ∈ Gω, we have S′(ω) = −I2(u, v). Here, I2 is defined by (10).

Proof. Consider I1 and I2 defined by (9) and (10), respectively.
i) Note that Iω(ψ, v) = I1(ψ, 0)+ I1(0, v)−2ωI2(ψ, v). So, we choose ψ ∈ H2(R)

such that I1(ψ, 0) − N(ψ, 0) = 0. Thus, Pω(ψ, 0) = I1(ψ, 0) − N(ψ, 0) = 0. From
this and Lemma 2.1 (vii), we get that

S(ω) ≤ Jω(ψ, 0) ≤ I1(ψ, 0)−K(ψ, 0) ≤ ||ψ||2H2 + C
(
||ψ||q1+2

H2 + ||ψ||q2+2
H2

)
,

which implies that S(ω) ≤ C, where C > 0 is independent of 0 < ω < 1.
ii) For 0 < ω1 < ω < ω2 < 1 and (ψ, v) ∈ Gω, we have that

C ≥ S(ω) = Jω(ψ, v) ≥
1

2
Iω(ψ, v)−

1

p+ 2
N(ψ, v) ≥

(
p

2(p+ 2)

)
Iω(ψ, v),

which implies that

I2,ω(ψ, v) ≤ C|ω|||(ψ, v)||2X ≤M2(ω1, a, a2, b, b2, c, c2)|ω|Iω(ψ, v),

where M2(ω1, a, a2, b, b2, c, c2) =
1

M1(ω1,a,a2,b,b2,c,c2)
is defined in Lemma 2.3.

iii) Let ω1 < ω2 and (uωi , vωi) ∈ Gωi
. In the case Iω1

(uω2 , vω2) ≤ Iω2
(uω2 , vω2), we

havePω1
(uω2 , vω2) ≤ Pω2

(uω2 , vω2) = 0. This implies that

S(ω1) ≤ Jω1,p(u
ω2 , vω2),

≤ Jω2,p(u
ω2 , vω2) + (ω2 − ω1)I2(u

ω2 , vω2)− 1

p+ 2
Pω1(u

ω2 , vω2),

≤ S(ω2) + (ω2 − ω1)I2(u
ω2 , vω2) +O(|ω2 − ω1|),

(29)

since we have Pω1
(Ψ) = Pω2

(Ψ) + 2(ω2 − ω1)I2(Ψ). Now, we consider the case

Iω1(u
ω2 , vω2) > Iω2(u

ω2 , vω2). So, for α2 =
(
Iω1 (u

ω2 ,vω2 )

Iω2
(uω2 ,vω2 )

) 1
p

> 1, we have

Pω1
(α2(u

ω2 , vω2)) = α2
2Iω1

(uω2 , vω2)−N(α(uω2 , vω2)),

≤ α2
2Iω1(u

ω2 , vω2)− αp+2
2 N(uω2 , vω2),

≤ α2
2 (Iω1

(uω2 , vω2)− αp2Iω2
(uω2 , vω2))

≤ 0.

From this fact, we conclude that

S(ω1) ≤ Jω1,p(α2(u
ω2 , vω2))

≤ α2
2S(ω2) + α2

2(ω2 − ω1)I2(u
ω2 , vω2) + α2

2K(uω2 , vω2)−K(α2(u
ω2 , vω2))
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− 1

p+ 2
Pω1

(α2(u
ω2 , vω2)).

Now, pick g(α) = α2K(uω2 , vω2)−K(α(uω2 , vω2)). Then, we see that g(1) = 0 and
g′(1) = −2S(ω2). So, for ω1 − ω2 ∼ 0, we ensure that

g(α2) = α2
2K(uω2 , vω2)−K(α2(u

ω2 , vω2)) = −2S(ω2)(α2 − 1) +O((α2 − 1)2),

where we are using that

α2 − 1 =
2(ω2 − ω1)

p

I2(u
ω2 , vω2)

Iω2(u
ω2 , vω2)

+O((ω2 − ω1)
2).

On the other hand, we see for ω1 − ω2 ∼ 0 that Pω1
(α2(u

ω2 , vω2)) = O(|α2 − 1|)
since

lim
α2→1

Pω1(α2(u
ω2 , vω2)) = lim

α2→1

(
Pω2(α2(u

ω2 , vω2)) + 2(ω2 − ω1)α
2
2I2(u

ω2 , vω2)
)

= Pω2((u
ω2 , vω2))

= 0.

From these facts, we have

S(ω1) ≤S(ω2) + (α2
2 − 1)S(ω2) + α2

2(ω2 − ω1)I2(u
ω2 , vω2)

− 2S(ω2)(α2 − 1) +O(|α2 − 1|)

≤S(ω2) + (α2
2 − 1)S(ω2)

(
α2 − 1

α2 + 1

)
+ α2

2(ω2 − ω1)I2(u
ω2 , vω2) +O(|α2 − 1|).

(30)

Finally, from (29) and (30), we conclude that

(S′)−(w2) = lim
ω1→ω−

2

S(ω1)− S(ω2)

ω1 − ω2
≥ −I2(uω2 , vω2).

In a similar way, interchanging the role ω1 and ω2 in an appropriated way, we see
that

(S′)+(w1) = lim
ω2→ω+

1

S(ω2)− S(ω1)

ω2 − ω1
≤ −I2(uω1 , vω1).

Putting previous inequalities together, we conclude for any (ψ, v) ∈ Gω that

S′(ω) = −I2(ψ, v),

giving the result, and the Lemma 2.10 is achieved.

3. Numerical experiments. In this section, we introduce numerical solvers to
approximate the solutions of the solitary wave equations (5) and compute traveling
wave solutions for a given wave velocity ω, based on the parameter regime outlined
in the previous section. Additionally, some of our experiments investigate scenarios
where the wave velocity lies outside the previously established theoretical range.
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3.1. Homogeneous case. When the nonlinear functions H1 and H2 in the Boussi-
nesq system (3) are homogeneous, we adapt the numerical solver from [12], originally
developed for the fifth-order scalar KdV equation, to approximate the solutions of
the traveling-wave equations (5). This method uses a Fourier basis and incorporates
stabilizing factors for wave elevation η and fluid velocity u, ensuring the convergence
of the iterative scheme employed in the numerical experiments presented here.

Taking Fourier transform of equations (5), we obtain{
−ω(v̂k + dk2v̂k + d2k

4v̂k) + ψ̂k − ck2ψ̂k + c2k
4ψ̂k = Ĥ1,

−ω(ψ̂k + bk2ψ̂k + b2k
4ψ̂k) + v̂k − ak2v̂k + a2k

4v̂k = Ĥ2.

We recall that b = d > 0, b2 = d2 > 0, a, c < 0, a2, c2 > 0, and Ĥ1, Ĥ2 are
the Fourier transforms of the functions H1(ψ,ψ

′, ψ′′, v, v′, v′′) and H2(ψ,ψ
′, ψ′′, v,

v′, v′′), respectively.
Rewriting these equations, we get{

−ω(1 + dk2 + d2k
4)v̂k + (1− ck2 + c2k

4)ψ̂k = Ĥ1,

(1− ak2 + a2k
4)v̂k − ω(1 + bk2 + b2k

4)ψ̂k = Ĥ2,

and thus, we can write

v̂k =
Ĥ1D22 − Ĥ2D12

D11D22 −D21D12
, (31)

and

ψ̂k =
Ĥ2D11 − Ĥ1D21

D11D22 −D21D12
, (32)

where

D =

(
D11 D12

D21 D22

)
=

(
−ω(1 + dk2 + d2k

4) 1− ck2 + c2k
4

1− ak2 + a2k
4 −ω(1 + bk2 + b2k

4)

)
.

On the other hand, by multiplying equation (31) by v̂k and equation (32) by ψ̂k,
and then adding over k, we obtain

P1(v) :=

∑
k(D11D22 −D21D12)v̂

2
k∑

k(Ĥ1D22 − Ĥ2D12)v̂k
= 1,

and

P2(ψ) :=

∑
k(D11D22 −D21D12)ψ̂

2
k∑

k(Ĥ2D11 − Ĥ1D21)ψ̂k
= 1.

To compute approximate solutions to the traveling wave equations, we select the
initial values ψ0 and v0. Then, for s ≥ 0, we define the sequence

v̂s+1
k =

Ĥ1(ψ̃s, ψ̃s
′
, ψ̃s

′′
, ṽs, ṽs

′
, ṽs

′′
)D22 − Ĥ2(ψ̃s, ψ̃s

′
, ψ̃s

′′
, ṽs, ṽs

′
, ṽs

′′
)D12

D11D22 −D21D12
, (33)

and

ψ̂s+1
k =

Ĥ2(ψ̃s, ψ̃s
′
, ψ̃s

′′
, ṽs, ṽs

′
, ṽs

′′
)D11 − Ĥ1(ψ̃s, ψ̃s

′
, ψ̃s

′′
, ṽs, ṽs

′
, ṽs

′′
)D21

D11D22 −D21D12
, (34)
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where ṽs := αsv
s, ψ̃s := βsψ

s, and αs, βs ∈ R are solutions of the following
equations {

P1(αsv
s) = 1,

P2(βsψ
s) = 1.

(35)

We note that the quantities αs and βs are stabilizing factors introduced to ensure
the convergence of the iteration defined in (33) and (34).

Suppose that the functions H1, H2 are both homogeneous of order p+ 1. Then,
given that the parameters αs, βs are chosen at each iteration s such that P1(αsv

s) =
1 and P2(βsψ

s) = 1, we obtain that
∑

k(D11D22−D21D12)α
2
sv̂

2
k∑

k α
p+1
s (Ĥ1D22−Ĥ2D12)αsv̂k

= 1,

∑
k(D11D22−D21D12)β

2
s ψ̂

2
k∑

k β
p+1
s (Ĥ2D11−Ĥ1D21)βsψ̂k

= 1.
(36)

From equations (35) and (36), we obtain the explicit expressions for the parameters
αs, βs given by {

αs =M
1/p
s ,

βs = N
1/p
s ,

where

Ms :=

∑
k(D11D22 −D21D12)v̂

2
k∑

k(Ĥ1D22 − Ĥ2D12)v̂k
,

and

Ns :=

∑
k(D11D22 −D21D12)ψ̂

2
k∑

k(Ĥ2D11 − Ĥ1D21)ψ̂k
.

As a consequence, the iteration defined by equations (33) and (34), can be rewrit-
ten as follows:

v̂s+1
k =M

p+1
p

s
Ĥ1(ψ

s, ψs′, ψs′′, vs, vs′, vs′′)D22 − Ĥ2(ψ
s, ψs′, ψs′′, vs, vs′, vs′′)D12

D11D22 −D21D12
,

(37)

and

ψ̂s+1
k = N

p+1
p

s
Ĥ2(ψ

s, ψs′, ψs′′, vs, vs′, vs′′)D11 − Ĥ1(ψ
s, ψs′, ψs′′, vs, vs′, vs′′)D21

D11D22 −D21D12
.

(38)

Next, we compute some approximate solitary wave solutions to the Boussinesq
system (3) for different model parameters using the numerical scheme introduced,
with H1 = up+1 and H2 = ηp+1.

In Figure 1, we display the solitary wave solution (u, η) computed using the
iterative scheme (37)-(38), with initial values given by

v0(x) = ψ0(x) = e−0.5(x−a0)2 , (39)

with a0 = 100. We have used N = 212 spectral points in the spatial domain, with
the computational domain defined as the interval [0, L] = [0, 200]. We point out
that the non-monotonicity for x ≥ 0 of the solitary waves shown in Figure 1 arises
from an imbalance between the nonlinear and dispersive terms in the Boussinesq
system (3). Similar behavior has already been observed in other nonlinear dispersive
models, such as the modified Kawahara equation studied in [24].
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In Figure 2, we present the results obtained for different model parameters, using
the same initial values as given in (39). Additionally, Figure 3 considers a case
where the wave velocity is outside the theoretical interval of existence established
in the previous section. We take the wave velocity as ω = 0.4, which, for the
parameters chosen for the adopted model, is outside the interval of existence 0 <

|ω| < min
{
1, −ab ,

−c
b ,

a2
b2
, c2b2

}
= 0.25. The computational domain is [0, L] = 150,

and a0 = 75 in (39). All other parameters are the same as those in the previous
numerical experiments.
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Figure 1. Solitary wave of the Boussinesq system (3) computed
with b = d = 2, b2 = d2 = 5, a = −2, c = −2, a2 = 20, c2 = 20,
p = 8 and wave velocity ω = 0.8.
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Figure 2. Solitary wave of the Boussinesq system (3) computed
with b = d = 4, b2 = d2 = 2, a = −4, c = −4, a2 = 4, c2 = 4, p = 5
and wave velocity ω = 0.8.

Figure 4 presents another experiment of this type with different model param-
eters, where we compute a solitary wave with velocity ω = 0.4. In this case, the
theoretical existence interval for solitary wave velocities is

0 < |ω| < min

{
1,

−a
b
,
−c
b
,
a2
b2
,
c2
b2

}
= 0.33.

All numerical parameters are identical to those used in Figure 3.
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Figure 3. Solitary wave of the Boussinesq system (3) computed
with b = d = 4, b2 = d2 = 2, a = −4, c = −4, a2 = 0.5, c2 = 0.5,
p = 1 and wave velocity ω = 0.4.
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Figure 4. Solitary wave of the Boussinesq system (3) computed
with b = d = 4, b2 = d2 = 3, a = −4, c = −4, a2 = 1, c2 = 1, p = 2
and wave velocity ω = 0.4.

These numerical experiments indicate that solitary wave solutions of the Boussi-
nesq system (3) may exist beyond the previously established theoretical interval.
However, the exact velocity range for the existence of solitary waves seems to be
influenced by additional factors, such as the nonlinear exponent p.

3.1.1. Verifying the approximations of solitary wave solutions. We now aim to verify
the approximations of the solitary wave solutions presented in Figures 1 and 2. To
do this, we will compute the propagation of a solution in the one-dimensional fifth-
order Boussinesq system (3). First, we apply the Fourier transform with respect to
the spatial variable x in this system, resulting in{

(1 + dk2 + d2k
4)ût + ikη̂ + c(ik)3η̂ + c2(ik)

5η̂ = ikĤ1,

(1 + bk2 + b2k
4)η̂t + ikû+ a(ik)3û+ a2(ik)

5û = ikĤ2,

which can be rewritten as

ût =W1η̂ + L1, (40)
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and

η̂t =W2û+ L2, (41)

where

W1 =
−ik + cik3 − c2ik

5

1 + dk2 + d2k4
, W2 =

−ik + aik3 − a2ik
5

1 + bk2 + b2k4
,

L1 =
ikĤ1

1 + dk2 + d2k4
, and L2 =

ikĤ2

1 + bk2 + b2k4
.

To approximate the time evolution of solutions to the full Boussinesq system (40)-
(41) numerically, we utilize the following time-stepping scheme:

ûn+1 − ûn

∆t
=W1(θη̂

n+1 + (1− θ)η̂n) + Ln1 , (42)

and

η̂n+1 − η̂n

∆t
=W2(θû

n+1 + (1− θ)ûn) + Ln2 , (43)

where θ ∈ [0, 1] is a parameter. Now, by solving for ûn+1 from equation (42), and
substituting it into equation (43), we obtain the system

ûn+1 (44)

=
(1 + ∆t2W1W2θ(1− θ))ûn + (∆tW1(1− θ) + ∆tθW1)η̂

n +∆t2W1θLn2 +∆tLn1
1−∆t2W1W2θ2

,

and

η̂n+1 = η̂n +∆tθW2û
n+1 +∆t(1− θ)W2û

n +∆tLn2 . (45)

Here, the superscript n indicates that the corresponding quantity is evaluated at
time t = n∆t.

The quantities above allow us to assess the approximations of the solitary wave
solutions depicted in Figures 1 and 2. Specifically, Figures 5 and 6, using the nu-
merical scheme (44)-(45), confirm the approximations of the solitary wave solutions
shown in Figures 1 and 2, respectively. The numerical parameters used are N = 212

FFT points over the computational interval [0, L] = 200, ∆t = 10/10000 = 0.001 is
the time step size. Note that in both experiments, the profiles of u and η propagate
to the right with approximately constant shape and velocity ω = 0.8, as expected.
Neither dissipation nor dispersion is observed during wave propagation. These com-
puter simulations provide evidence that the solutions computed using the scheme
(37)-(38) behave as solitary wave solutions to the Boussinesq system (3), indicating
that the numerical method performs quite well.

3.2. Non-homogeneous case. In this set of computer simulations, we aim to
explore the case where the nonlinearities H1, H2 are non-homogeneous. Specifically,
we consider

F (η, ∂xη, u, ∂xu) =
1

4
u4 + u(∂xu)

2 +
1

4
η4 + η(∂xη)

2.

By substituting into the expressions for the functions H1, H2, we obtain

H1(η, ∂xη, ∂
2
xη, u, ∂xu, ∂

2
xu) = η3 − (∂xη)

2 − 2(∂2xη)η,

and

H2(η, ∂xη, ∂
2
xη, u, ∂xu, ∂

2
xu) = u3 − (∂xu)

2 − 2(∂2xu)u.
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Figure 5. Solitary wave solution (u, η) of the Boussinesq system
(3) computed at t = 10, with parameters b = d = 2, b2 = d2 = 5,
a = −2, c = −2, a2 = 20, c2 = 20, p = 8 and wave velocity ω =
0.8. Dotted line: numerical solution computed using the scheme in
(44)-(45), with the initial condition given in Figure 1. Solid line:
Approximate solitary wave shown in Figure 1, translated to the
right by ωt = 8.
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Figure 6. Solitary wave solution (u, η) of the Boussinesq system
(3) computed at t = 10, with parameters b = d = 2, b2 = d2 = 2,
a = −4, c = −4, a2 = 4, c2 = 4, p = 5 and wave velocity ω =
0.8. Dotted line: numerical solution computed using the scheme in
(44)-(45), with the initial condition given in Figure 2. Solid line:
Approximate solitary wave shown in Figure 2, translated to the
right by ωt = 8.

In this case, we use a different numerical scheme from the one applied in the homo-
geneous case, as the stabilizing factors cannot be directly computed.

To approximate the solitary wave equations (5), we expand the unknowns ψ(x)
and v(x) functions with period L = 2l (for sufficiently large l), using the following
cosine expansions: 

ψ(x) = ψ0 +

N/2∑
k=1

ψk cos
(kπx

l

)
,

v(x) = v0 +

N/2∑
k=1

vk cos
(kπx

l

)
.
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Substituting these expressions into the solitary wave equations (5), and evaluating
at the N/2 + 1 collocation points

xj =
2l(j − 1)

N
, j = 1, ..., N/2 + 1,

we obtain a system of N + 2 nonlinear equations of the form

F (ψ0, ψ1, ..., ψN/2, v0, v1, ..., vN/2) = 0,

where the unknowns are the coefficients ψk, vk. This nonlinear system is solved using
Newton’s iteration. The iteration process is stopped when the relative difference
between two successive approximations and the value of the field F : RN+2 → RN+2

is less than 10−12. The initial guess for the Newton iteration is taken as

v0(x) = ψ0(x) = e−0.05(x−a0)2 ,

with a0 = 50. The result of this numerical experiment is presented in Figure 7 using
N = 212 FFT points over the computational domain [0, 100].
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Figure 7. Solitary wave of the Boussinesq system (3) computed
with b = d = 2, b2 = d2 = 3, a = −2, c = −2, a2 = 3, c2 = 3, and
wave velocity ω = 0.6.

In Figure 8, we apply the numerical scheme defined by equations (44)-(45) to
validate the approximation of the solitary wave solution shown in Figure 7. The
numerical setup uses N = 212 FFT points over the computational domain [0, L] =
[0, 100], with a time step size of ∆t = 10/10000 = 0.001. As expected, the wave
profiles propagate to the right, preserving their shape and moving at approximately
the expected velocity.

In Figure 9, a solitary wave solution is presented, computed using a different set
of parameters satisfying a ̸= c, a2 ̸= c2. The numerical parameters remain the same
as in the previous experiment. Unlike earlier cases, the height and shape of the
component profiles u and η now differ noticeably.

Finally, in Figure 10, we present a solitary wave solution computed with param-
eters satisfying a ̸= c, a2 ̸= c2 and using the initial guesses

v0(x) = e−0.05(x−50)2 , ψ0(x) = 1.5e−0.1(x−50)2 .

Note that in this case, v0(x) ̸= ψ0(x), highlighting the flexibility of the iterative
solver in handling asymmetric initial data. Moreover, as previously observed, the
solution profiles of u and η remain asymmetric and display significantly different
dynamics.
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Figure 8. Solitary wave solution (u, η) of the Boussinesq system
(3) computed at t = 10, with parameters b = d = 2, b2 = d2 = 3,
a = −2, c = −2, a2 = 3, c2 = 3, and wave velocity ω = 0.6. Dotted
line: numerical solution computed using the scheme in (44)-(45).
Solid line: Approximate solitary wave shown in Figure 7.
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Figure 9. Solitary wave of the Boussinesq system (3) computed
with b = d = 2, b2 = d2 = 4, a = −1, c = −2, a2 = 2, c2 = 1, and
wave velocity ω = 0.2. Note that a ̸= c, a2 ̸= c2.

4. Conclusions. In this work, we have investigated the existence and numerical
computation of traveling wave solutions for a general class of nonlinear higher-order
Boussinesq evolution systems with a Hamiltonian structure. Using the system’s
variational formulation and applying the concentration-compactness principle of
P.-L. Lions, we established the existence of finite-energy traveling wave solutions,
even in the presence of non-homogeneous nonlinearities.

To complement the theoretical results, we developed and implemented spectral
numerical methods applicable to both homogeneous and non-homogeneous cases. In
the homogeneous setting, we employed a Fourier spectral method with an iterative
scheme enhanced by stabilizing factors to ensure convergence. For non-homogeneous
nonlinearities, we utilized a Fourier collocation method combined with Newton iter-
ation. The numerical simulations validated the theoretical predictions and further
provided insight into the behavior of the solution beyond the range covered by the
analytical results.
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Figure 10. Solitary wave of the Boussinesq system (3) computed
with parameters b = d = 2, b2 = d2 = 2, a = −1, c = −2, a2 = 1,
c2 = 3, and wave velocity ω = 0.2. Note that a ̸= c, a2 ̸= c2, and
the initial guess for the iterative solver satisfies v0 ̸= ψ0 in this
experiment.

Our findings highlight the influence of additional parameters, such as the specific
form and degree of the nonlinearities, on the existence and shape of solitary traveling
waves. In particular, we observed that non-monotonic and oscillatory wave profiles
may emerge under certain parameter regimes, a phenomenon consistent with similar
results reported in other nonlinear dispersive models.

Overall, this study contributes both theoretical and numerical tools for under-
standing solitary wave dynamics in higher-order Boussinesq systems and opens fur-
ther research into more complex wave interactions and stability properties in such
models.
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