Tunisian Journal of Mathematics

an international publication organized by the Tunisian Mathematical Society

Control of Kawahara equation using flat outputs

Roberto de A. Capistrano-Filho and Jandeilson Santos da Silva

2026 vol. 8 no. 2

:-msp



TUNISIAN JOURNAL OF MATHEMATICS
Vol. 8 (2026), No. 2, pp. 351-388

DOI: 10.2140/tunis.2026.8.351

Control of Kawahara equation using flat outputs

Roberto de A. Capistrano-Filho and Jandeilson Santos da Silva

We focus on the linear Kawahara equation in a bounded domain, employing two boundary controls. The
controllability of this system has been previously demonstrated over the past decade using the Hilbert
uniqueness method, which involves proving an observability inequality, in general, shown via Carleman
estimates. Here, we extend this understanding by achieving exact controllability within a space of analytic
functions, employing the flatness approach, which is a new approach for higher-order dispersive systems.
We also provide a class of reachable states (taking 0 as initial data) which are holomorphic in some disk
around 0.

1. Introduction

1.1. Background and literature review. Water wave models have been studied in diverse fields, including
hydraulic engineering, fluid mechanics, physics, and mathematics. These models are generally difficult
to derive and complex to analyze for qualitative information about wave dynamics, making their study
interesting and challenging. Researchers have used appropriate assumptions on amplitude, wavelength,
wave steepness, and other factors to investigate asymptotic models for water waves and gain insights
into the full water wave system. For rigorous justification of various asymptotic models for surface and
internal waves, see, for instance, [Alvarez-Samaniego and Lannes 2008; Bona et al. 2008; Lannes 2013].

In an appropriate nondimensional form, water waves can be modeled as a free boundary problem of the
incompressible, irrotational Euler equation. This involves two nondimensional parameters: 6 := //A and
¢ := a/ h, where the water depth, the wavelength, and the amplitude of the free surface are respectively
denoted by /, A and a. Additionally, the parameter 1, known as the Bond number, measures the relative
importance of gravitational forces compared to surface tension forces. Long waves, also known as shallow
water waves, are characterized by the condition § < 1. Various long-wave approximations depend on the
relationship between ¢ and §.

The discussion above suggests that, instead of relying on models with poor asymptotic properties,
one can rescale the mentioned parameters to find systems that reveal asymptotic models for surface
and internal waves, such as the Kawahara model. Specifically, by setting ¢ = §* < 1, u = % + ve%,
considering the critical Bond number pu = %, the Kawahara equation is derived. This equation, first
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introduced by Hasimoto [1970] and Kawahara [1972], takes the form

1
+2v; + 30Ux — VUxxx + 75 Uxxxxx = 0,
or, after rescaling,

v +avyx + ,Bvxxx — Uxxxxx +vVx = 0.

This equation is also known as the fifth-order Korteweg—de Vries (KdV) equation [Boyd 1991] or the
singularly perturbed KdV equation [Pomeau et al. 1988]. It describes a dispersive partial differential
equation that encompasses various wave phenomena, such as magnetoacoustic waves in a cold plasma
[Kakutani 1960], the propagation of long waves in a shallow liquid beneath an ice sheet [Iguchi 2007],
and gravity waves on the surface of a heavy liquid [Cui et al. 2006], among others.

Significant efforts in recent decades have aimed to understand this model within various research
frameworks. For instance, numerous studies have focused on analytical and numerical methods for solving
the equation. These methods include the tanh-function method [Berloff and Howard 1997], extended
tanh-function method [Biswas 2009], sine-cosine method [ Yusufoglu et al. 2008], Jacobi elliptic functions
method [Hunter and Scheurle 1988], direct algebraic method and numerical simulations [Polat et al.
2006], decomposition methods [Kaya and Al-Khaled 2007], as well as variational iteration and homotopy
perturbation methods [Jin 2009]. Another important research direction is the study of the Kawahara
equation from the perspective of control theory, specifically addressing the boundary controllability
problem [Glass and Guerrero 2009], which is our motivation.

In this context, we are interested in the boundary controllability issue of the Kawahara equation in a
bounded domain. Precisely, we investigate the linear control problem

U+ Ux + Uxxx —Uxxxxx =0, (x,8) € (—=1,0)x (0, T),
u(0,1) =ux(0,1) =uxx(0,£) =0, ¢€(0,7),
u(—=1,t) = h1(t), ux(—1,t) =hy(¢), t<(0,T),
u(x,0) =ug(x), x €(—1,0),

1-1)

where A1, h, are the controls input and u is the state function. This work addresses two main issues:

Problem A (null controllability). Given an initial data uq in a suitable space, is it possible to find control
Sfunctions hy, hy such that the state solution u(x, T') of the system (1-1) equals 0?

Problem B (reachable functions). Can we find a space R with the property that, if the final data u is
in R, then one can get control functions hy, hy such that the solution u of the system (1-1) with ug =0
satisfiesu(-,T) = u,?

It is important to highlight several results related to control problems associated with the system (1-1).
Regarding the analysis of the Kawahara equation in a bounded interval, pioneering work was done by
Vasconcellos and da Silva [2008]. They studied the stabilization of global solutions of the linear Kawahara
equation in a bounded interval under the influence of a localized damping mechanism. The second
contribution in this area was made by Araruna, Capistrano-Filho and Doronin [Araruna et al. 2012], who
considered a generalized Kawahara equation in a bounded domain.
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Glass and Guerrero [2009] considered the problem

Vitaysy = Yiogak(x DKy +h(x, 0. (x.0) € 0,1)x (0, 7),
y(0,2) =v1(2), y(L.1) =v2(0), yx(0.1) =v3(t), 1€(0,7), (12)
x(1,8) = v4(t), yxx(0,1) = vs5(2), 1€(0,7),
y(x,0) = yo, x €(0,1),
where o > 0 and yg, /1, vq, ..., vs5 are given functions. Using a Carleman estimate, they demonstrated that

the system (1-2) is null controllable in the energy space L2(0, 1) using only the controls on the right side
of the boundary, v, and v4, meaning v; = v3 = vs = 0. However, the authors noted that the controllability
properties might fail if the set of controls is altered. For example, if v; = v, = v3 = v4 = 0, meaning
only vs is used as a control input, controllability does not occur because the adjoint system associated
with (1-2) may have unobservable solutions.

The internal controllability problem for the Kawahara equation with homogeneous boundary conditions
has been addressed by Chen [2019]. Using Carleman estimates associated with the linear operator of
the Kawahara equation with internal observation, a null controllability result was demonstrated when
the internal control is effective in a subdomain w C (0, L). In [Capistrano-Filho and Gomes 2021], the
authors consider the Kawahara equation with an internal control f'(¢, x) and homogeneous boundary
conditions; the equation is shown to be exactly controllable in L2-weighted Sobolev spaces. Additionally,
it is shown to be controllable by regions in the Z2-Sobolev space.

1.2. Flatness approach and main results. The flatness approach [Fliess et al. 1995; Petit and Rouchon
2001; Fliess and Join 2013], also known as differential flatness, represents a powerful concept in control
theory and nonlinear system analysis. It characterizes certain dynamical systems where all states and
inputs can be described as algebraic functions of a finite set of independent variables, referred to as flat
outputs, and their derivatives. This approach simplifies the control and trajectory planning of complex
systems. It has found extensive application across various partial differential equations, including the heat
equation [Martin et al. 2014; 2016b; Chen and Rosier 2022], 1-dimensional parabolic equations [Martin
et al. 2016a], the 1-dimensional Schrodinger equation [Martin et al. 2018], the linear KdV equation
[Martin et al. 2019], and more recently, the linear Zakharov—Kuznetsov equation [Chen and Rosier 2020].
Here are the key aspects of the flatness approach:

(1) Flat outputs: In a flat system, outputs (flat outputs) describe the system’s entire state and input
trajectories using algebraic relationships involving a finite number of their derivatives.

(2) Simplified control design: By utilizing flat outputs, complex nonlinear control problems can be
transformed into simpler linear problems. This transformation simplifies the design of control laws
and facilitates the generation of desired trajectories.

(3) Trajectory planning: The flatness approach enables systematic trajectory planning. Desired trajecto-
ries for flat outputs can be planned first, and then corresponding state and input trajectories can be
computed using the flatness property.
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(4) Real-world applications: The flatness approach has been successfully applied across various fields,
including robotics, aerospace, process control, and automotive systems. For instance, in robotics, it
aids in trajectory design for manipulators and mobile robots.

It is crucial to recognize the advantages of the flatness approach. Typically, designing controls for
nonlinear systems is complex; however, this approach mitigates this complexity. Furthermore, flatness
offers a systematic approach to generate trajectories and control inputs and, as previously noted, is
applicable across a broad spectrum of dynamical systems.

Nevertheless, it is important to acknowledge the limitations and challenges associated with this method.
Identifying flat outputs for a specific system can be demanding and necessitates a profound understanding
of the system’s dynamics. Additionally, not all systems exhibit flatness, which restricts the universal
applicability of this approach. In summary, the flatness approach provides a robust framework for
controlling and analyzing nonlinear dynamical systems through the concept of flat outputs. It simplifies
the design of control laws and trajectory planning, making it a valuable tool across various engineering
applications.

The primary contribution of this paper is to advance the study of the control problem for the fifth-order
dispersive system (1-1). Unlike recent works that utilize boundary controls and use the Hilbert uniqueness
method, introduced by Lions [1988], to show control properties, this article solves Problems .4 and B
using two control inputs via the flatness approach. Let us now present the main results of this work.

Motivated by the smoothing effect exhibited by (1-1) with free evolution (h; = h, = 0), we explore
the reachable sets within smooth function spaces, specifically Gevrey spaces. First, let us introduce the
definition of these spaces.

Definition (Gevrey spaces). Given 51,5, > 0, a function u : [a, b] X [t1, 1] — R is said to be Gevrey of
order s; on [a, b] and s, on [t1, ;] if u € C*°([a, b] X [t1,;]) and there exist positive constants C, R;
and R such that

151 99152

0% 97 y(x,1)] < CR—',,
1

for all n,m > 0 and all (x,t) € [a, b] x[t1, t2].

m
2

The vector space of all functions on [a, b] X [t1, ;] which are Gevrey of order s; in x and s, in 7 is denoted
by G*1-%2([a, b] x [t1, 12]).

In this context, we investigate the null controllability problem associated with (1-1) using the flatness
approach to establish controllability properties. The goal is to identify a set of functions in a Gevrey space
that are null controllable and to demonstrate that, at some intermediate time © € (0, T'), the solutions to
the free evolution problem fall into this set. Specifically, the first main result of this work can be stated as
follows.

Theorem 1.1 (null controllability). Let s € [3,5) and T > 0 be given. For any ug € L*(—1,0),
there exist control inputs hy, hy € G*([0, T']) such that the solution of (1-1) belongs to the class u €
C([0,T], L*(—=1,0)) N G%s’s([—l, 0] x[e, T']) for all ¢ € (0, T), and satisfies u(-,T) = 0.
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This result confirms that two flat outputs can be used to achieve null controllability, thereby addressing
Problem A described at the beginning of this work. Now, to present our second main result, we need to
introduce some notations. Given zg € C and R > 0, we denote by D(zg, R) the open disk given by

D(zg, R) ={z €C; |z—2z¢| < R},

and we let H(D(zg, R)) denote the set of holomorphic functions on D(zg, R). Henceforth, we consider
the operators
Pu=du+diu—dju,

where P® =1Id and P” = P o P"~! when n > 1. In this way, the Kawahara equation can be expressed as
d;u+ Pu=0. (1-3)
Using induction and the fact that d; and P commute we see that, if u = u(x, ) satisfies (1-3), then

Mu+ (=) ' P"u=0. (1-4)
For every R > 1, we define the set

Rg:={uecC(-1,0]):
there exists z € H(D(0, R)) such that u = z|[_; o] and (BiP”u)(O) =0,j=0,1, 2}, (1-5)

from now on called a set of reachable states. The following result is the second main result in this paper,
answering Problem 5.

Theorem 1.2. Let T >0, Ry :=2- 1257669 S L and R > 2R be given. For every u; € RRp, there
exist control inputs hy, hy € G° ([0, T')) for which the solution u of (1-1) with ug = 0 satisfiesu(-, T) = u;
and u € G1>([—1,0] x [0, T)).

1.3. Further comments and outline. Observe that Theorem 1.2 ensures that for the linear Kawahara
equation, any reachable state can likely be extended as a holomorphic function on some open set in C.
The reachable states corresponding to controllability of the trajectories are in G? ([-1, 0]), allowing them
to be extended as functions in H(C). In contrast, the reachable functions in Theorem 1.2 do not need to
be holomorphic over the entire set C; they can have poles outside D(0, R).

Remark. (i) Our result is entirely linear and applies only to the linear system (1-1). Therefore, a natural
extension is to consider the nonlinear problem, which includes the term uu,. However, it is required to
modify the method used here. We believe that the strategy used in [Laurent and Rosier 2020] could be
adapted to our work, though this remains an open problem.

(i1) The set defined by (1-5) is an example of reachable functions, though they are not completely
understood. We believe there are other sets for which Theorem 1.2 remains valid. For instance, in [Chen
and Rosier 2020], the authors presented another example for an extension of the KdV equation in a
2-dimensional case. Thus, it remains an open question to verify other sets where Theorem 1.2 holds.
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(iii) As previously mentioned, several authors have applied the strategy of this article to different systems.
In our case, additional difficulties arise when dealing with a fifth-order operator in space, specifically
Pu=0,u+ B;u — Biu. Consequently, addressing the smoothing properties is challenging because we
are working with five sets of different regularities, and additional terms appear. Furthermore, the set (1-5),
and consequently, Theorem 1.2, can be obtained using the strategies outlined in [Martin et al. 2019].
However, the Gevrey space level needs to be adjusted, and the operator’s order must be carefully adapted
to our specific case.

(iv) Finally, observe that our results are verified by the Benney-Lin type equation
Ou + 0 u—+ 02u+ podiu—u =0, (x,1)€(=1,0)x(0,T),

with the same boundary conditions as in (1-1) and with o > 0. This equation describes the evolution of
1-dimensional small but finite amplitude long waves in various physical systems in fluid dynamics; see
[Benney 1966; Lin 1974]. The coefficient ©o > 0 introduces nonconservative dissipative effects to the
dispersive Kawahara equation (1-1) (where po = 0), and thus it is sometimes referred to as the strongly
dissipative Kawahara equation [Zhou 2019], the fifth-order Korteweg—de Vries equation [Zhao et al.
2018], or the generalized Kawahara equation [Chen et al. 2022]. For more details about the Benney-Lin
type equation, we encourage the reader to see [Coclite and di Ruvo 2022].

Let us conclude our introduction with an outline of our work. Section 2 addresses Problem .4 by
presenting the control result, which is a consequence of the flatness property and the smoothing effect of
the Kawahara equation. In Section 3, we provide an example of a set that can be reached from 0 by the
system (1-1). This result, stemming from the flatness property extended to the limit case s = 5, partially
answers Problem B.

2. Controllability result

We want to prove the null controllability property for the system (1-1). Our initial objective is to show
the flatness property. This property ensures that we can parametrize the solution of the system (1-1) using
the “flat outputs” 93u(0, ¢) and d5u(0,¢). To prove it, we will examine the ill-posed system
Up 4+ Oxu+02u—3u =0, (x,t) € (—1,0)x(0,T),
u(0,1) = 5u(0,7) = 2u(0,t) =0, t€(0,T), 2-1)
3u(0,1) = y(@t), 0tu(0,1)=z(t), t€(0,T).

Precisely, we will show that the solution of (2-1) belongs to G35 ([—1,0]x[e, T)) for all ¢ € (0, T') and
can be written in the form

. =3 HEYP0+ Y g0, (x.1) e[-1.0]x[e. T, (2-2)
Jj=0 j=0

where y, z € G5([0, T']) for some s > 0, with ) (T") = z()(T") = 0 for every j > 0. Here, Jj and g; are
called the generating functions and are constructed following the ideas introduced in [Martin et al. 2016a].
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The smoothing effect is responsible for ensuring that, from time ¢ onward, the solution of the free evolution
problem associated to (1-1) is Gevrey of order % in x and % in ¢. Finally, a result of unique continuation
is used to ensure that this solution coincides with the one associated with (2-1), described in (2-2).

2.1. Flatness property. We need to prove that there exists a one-to-one correspondence between solutions
of (2-1) and a certain space of smooth functions, which we will call the flatness property. We will often
use Stirling’s formula

n n
n! ~ (E) 2mn forall n,

and the inequality

(n+m)! < 2" Mpim!. (2-3)

ForneN, p €[l,o00] and f € WP (—1,0), we write

n
1Al =S er—1,0p and [ fllwp =D 0%/ llp-
i=0
We will find a solution # for (2-1) in the form

u(x.)=Y_ i)y +> gz (2-4)
jz0 j=0
Here, y, z, fj, g; satisfies the following conditions:
(1) y,ze G5(J0, T]) with s € (1, 5).
(2) fj.gj € L*([—1,0]) with polynomial growths in the form
x| +r

|f}(x)|§2jm and |gj(x)| <2/

|x|5j+r

m for all j > 0 and all x € [—1,0],
j+r)!

for some r € {0, 1,2, 3,4}.
(3) 33u(0,7) = y(¢) and I2u(0,1) = z(¢).

Considering u as in (2-4) and assuming that we can differentiate term by term, we get that

U, + 4 2u—0ju = ij(x)y(j+1)(f)+2(fjx+fj3x—fj5x)(x)y(j)(l)

j=0 j=0
+3 gz V0 + > (gjx + gj3x — 875 ()2 (1),
Jjz0 j=0

Considering a new index / = j + 1 gives us

YLV O =" /i)y P and Y g0z =) gm1 (0P ).

Jj=0 [>1 Jj=0 [>1
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Thus,
Uy + 0yt + 03u —d3u
=" fm1)yP O+ i+ fiax— fs0) @y 0) + (fox + fosx — fosx) )y ()

Jjz1 j=1
+ (8ox + go3x — os:) )z + Y _ g 1()zP M) + Y (gjx + gj3x — &isx) )z (0).
j=1 j=1
Hence, if we have
{ Jox + fo3x — fosx = &ox + &o3x — &osx =0,

Jix + fisx = Jfisx =—Jj—1, &jx +&j3x —&jsx = —gj—1 forall j >1,
then

Uy + 0y u+ 2u—0u = 0.

Furthermore, imposing the conditions

{fo(O) = fox(0) = fo2x(0) = f04x(0) =0, fo3x(0) =1,
fi(0) = fix(0) = fjax(0) = fj3x(0) = fj4x(0) =0  forall j >1,

{go(O) = 20x(0) = g02x(0) = g03x(0) =0, go4x(0) =1,
gj(0) = gjx(0) = gj2x(0) = gj3x(0) = gjux(0) =0  forall j > 1,

and

we obtain
u(0,2) = 0,u(0,1) = 32u(0,¢) =0, 2u(0,1) = y(t), du(0,¢) =z(t) forte (0,T).
This leads us to define inductively the functions { fj} >0 and {g;};>o as follows:

(1) fo is the solution of the IBVP
Jox + fosx — Josx =0, fo(0) = fox(0) = f02x(0) = f04x(0) =0,  fo3x(0) =1, (2-5)
and, for j > 1, f; is the solution to the IBVP
Jix+ Jisx = fisx =—fi-1, [j(0) = [jx(0) = fj2x(0) = fj3x(0) = fjax(0) =0. (2-6)
(2) go is the solution of the IBVP
gox + go3x —&osx =0, £0(0) = gox(0) = g02x(0) = g03x(0) =0, goax(0) =1, (2-7)
and, for j > 1, g; is the solution to the IVP
gix +8j3x —&jsx = —&j—1.  &j(0) = gjx(0) = gj2x(0) = g;3x(0) = gj4x(0) =0. (2-8)

We will prove that, given s € (1, 5), there exists a one-to-one correspondence between solutions of (2-1)
and pairs of functions (y, z) € G*([0, T']) x G*([0, T']); namely,

u> (939(0.-). 0%2(0,)).
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In the sense of this bijection, we shall say that the system (2-1) is flat. Observe that an expression in
terms of the families { fj}j>o and {g; };j>o for a solution u of (2-1) as in (2-4) must be unique, that is, if

u(e,) =Y i)y P+ gz and u(x.0)=> f)FP0)+) gix0)EV ),

jz0 j=z0 j=0 Jj=0
with y, y,2z,Z € G*([0, T]), then y = y and z = Z.
Remark. (1) Considering a toy model, that is,

—03u =0, (x,2) € (=1,0)x (0, T),
u(0,¢) = dxu(0,1) = 32(0,t) =0, t€(0,7),
u(—1,t) = hy(t), oxu(—=1,t) = hy(t), t€(0,7T),
u(x,0) = uo(x),
the first equation in the systems (2-5)—(2-7) do not have the first and third derivative terms. Then,
direct computation gives
x5i+3 x3i+4 _
m and gj(x) = m forall j >0, x €[—1,0].
(2) Returning to the full system, with terms of the first and third derivatives, we have that the solutions
fo and g of (2-5) and (2-7) are given by

Ji(x) =

1 o
Jo(x) = Ja@ih) s1nh Vax — WP sin v/bx (2-9)

and | 1
go(x):mcoshﬁx+b( > COS\/_X a(a+b) “hai D) (2-10)

respectively, where a = %(\/54_ 1) and b = %(\/g— 1).

To conclude that the system (2-1) is flat, it is enough to show that the solutions of (2-1) can be
expressed as in (2-4) with { fj};>0 and {g;};>0 given by (2-5)—(2-8). Precisely, we will see that given
v,z € G%([0, T]), then u given by (2-4) is well defined, belongs to G%S’s([—l, 0] x [0, T']), and it solves
the problem

u, + 0 u+33u—933u =0, (x,1) e (=1,0)x (0, T),
u(0,¢) = ,u(0,7) = 02u(0,t) =0, t€(0,T), (2-11)
Bu(0,t) = y(@), 02u(0,1)=z(t) t€(0,T).
To do this, first, we need to establish estimates for the norms || fj||zoo(—1,0) and [ gjlLoo(~1,0), as
suggested before. At this point, it is very useful to note that, for j > 1, f; (respectively g;) can be written
in terms of fo and fj_; (respectively go and gj_1).

Lemma 2.1. Forany j > 1 and x € [—1, 0], we have

L@ = [T [T Re- @ dsdy ad g = [ gox-Hgm@ds. @-12)
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Proof. Let x € [—1,0], y €[x,0] and & € [y, 0] be given. From (2-6), we have
Ji@) Joy —&) + [i36(€) Jo(y =) — fi5e(6) Jo(y =) = —fo(y — &) [i—1(6). (2-13)

Integrating with respect to &, we obtain

[T 5O Uos 0 =8+ fose(r =) = fose (v = 6D dE = fie (1) == [* foly =8) fj-1(6) d&.

and by (2-5), after some integration by parts, it follows that

50 = [ folr =8 fj-1(6) dt.

Integrating from 0 to x with respect to y, we get

X ry
Sy = [ [7 =01 dsdy forallx e [-1,0]
showing the left equality in (2-12). Similarly, the right equality in (2-12) is verified. O

The next lemma will ensure that the series in (2-4) are convergent.

Lemma 2.2. For every j > 0, we have

|x |51+1 i |x|5j+1
and (X)) <2)—
(57 + 1)! 18701 = 275

Proof. Let us prove the left inequality in (2-14) by induction on j. First, we must verify the case j = 0:

i) <2/ ——— forall j >0and x €[—1,0]. (2-14)

| fo(x)| <|x| forall xe[-1,0].
Note that fo(x) <0 in [—1,0]. Indeed, from (2-9), since cosh > 1 in R\{0} and cos <1 in R,
1 : h +/a Vbx > ! 0 forall x € (—00, 0) (2-15)
= cosh ax — 5 €08 bx = or all x € (—00,0). -
0 b a+ b a+b

This implies that f; is increasing, thus fo(x) < fo(0) = 0. Therefore, it is sufficient to show that

Jo(x)>x forall x €[-1,0]. (2-16)

Defining ¢(x) = fo(x) — x, we have go’(x) = f;(x) — 1. On the other hand, we have

1
COS\/—X> >0 forx € (—o0,0),
a—i—b ﬁ ( )

and so fy,, i8 increasing in (—oo, 0], implying that fo2x(x) < fo2x(0) =0 for x € (—o0, 0]. Consequently

Joax(x) = — bcosh«/_x+

Jfox 1s decreasing in (—oo, 0], which implies that
Jox(x) < fox(=1)=0.54 <1 forall x € (—1,0),

so ¢’ < 0in (—1,0). Hence ¢ is decreasing on [—1, 0] and therefore ¢(x) > ¢(0) = 0, for x € [-1, 0],
which implies (2-16).
For the next step, we need to verify the estimate

| foax(x)[ =2 (2-17)
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when x € [—1, 0]. Note that we have
2 2 2_p2
a b a®—>b
h — Vbx > =
a—l—bcoS Vax a—l—bcoS o a+b
Thus fp4x is increasing in (—oo, 0]; in particular, fo4x(x) < fo4x(0) = 0. Hence, fo3x is decreasing
in (—00, 0], and so 1 = fp3x(0) < fo3x(X) < fo3x(—1) & 1.59 < 2 for x € [-1, 0], yielding (2-17).
Now, suppose that for some j > 1,

Sosx(x) =

a—b=1 forx e (—o00,0).

|5(j—1)+1

ol =21

m for aHXE[—l,O].

By Lemma 2.1, we have

X y
fj(x)=/0 fo Foy—) fi—1(E)dEdy forall x €[~1,0].

Using integration by parts (with respect to &) together with the boundary conditions in (2-5), we obtain
y y d ¢ .
| ho-ona@ds= [ p-5 5 [ o1 doas
3 y y €
~[50-8 [ S do]o [ feado foety—e e
y &
— [ fuer=6 [ fardode.
0 0

Define F(§) = f§ Jj—1(o) do. Thus we can write

y y y 3
/0 Foly—8) fi—1(6) dE = /0 foe (v —E)F(E) dt = /0 forlr =8 4 [0 F(v) d dE.

Integration by parts, together with the boundary conditions given in (2-5), yields
y 3 y y ré
[ no-os©de=| -0 [ Forar| + [ [ Fodem-o
0
y 3
= [ fosetr=9 [ P arae.
Setting also G(§) = foé F(z)dt, we have

/yf( Yy (S)d§=/yf ( —S)G(é)dé=fyf ( —s>i/EG(>d d
o oly j—1 o 02y o 02y g |, p)yapag.

Using again integration by parts together with (2-5), it follows that
y 3 y y ré
[ no-0s5©de=| -0 [ 6@rap| + [ [ 60 dopatr-o ae
0

y 3
- / Fore(r—£) / G(p) dp dE.
0 0
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Therefore, the previous equality ensures that

y y &
/ Foy—E) fi—1 (8) dE = / Forg(r—£) / G(p) dpdt
0 0 0

- [ fb3g(y—5)/j/0pF(f)dfdpdE

- foss(y—é)/j/op/orfj—l(ff)dffdfdpd’?
:/Oy /05/0,,/; fore(y—8)fi-1(0) do de dp d.

x ry € pp gt
fj(x)=/0 /0/0/0/0f035(y—E)fj_l(o)dadrdpdéfdy for all x € [-1,0].

Then, by the induction hypothesis, we get that, for x € [—1, 0],

| fi ()] < /[[/[ 5'25:)?;] dodrdpd§dy

5j—4

SO

‘o]
o (/=4

//// 0 ((Sj)sl)jdadrdpdédy‘.

Pick r = —o, thus dr = —do, that is,

T (_O.)Sj—4 -7 rSj—4 |: rSj—S i|—t (_.E)Sj—S
o Gj—ar /0 Gi— Y T Gi—nGi -, (57 —3)!

P (—)%i3
//// Gj—3 dfdpdédy"
Now set r = —1 to get
p(_.c)Sj—S o 5j-3 [ p3i—2 ]—p (_p)Sj—Z
2 dr=— - dr=|- =7
/0 Gji—3 " /0 G- T GG -3, Gj—2)

and consequently,
S =pV
dpdé&dy|.
/// (5j-2)! péy‘

Proceeding with three more integrations, we obtain

dadrd,odédy’

_21

Thus,
| f5(x) <2/

/ol =27

Y sj—1 X (=) U (—x)Sit1

IfJ(X)|<2’/ / 7 dEdy| <2/ ( y,) dy| <2/ L for all x € [—1,0],
/-1 o G 5/ + D!

showing the left inequality in (2-14). The right inequality holds similarly. O

We are now in a position to solve the system (2-11).
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Proposition 2.3. Let s € (1,5), T > 0 and y,z € G*([0, T]) be given. The function u(x,t) defined
in (2-4) belongs to G55S ([-1,0] x [0, T']) and it solves (2-11). In particular, the corresponding controls
hi(t) :=u(=1,t) and h,(t) := dxu(—1,t) are Gevrey of order s on [0, T].

Proof. Let us briefly explain our strategy to prove this result. Consider 72,7 > 0 and (x, t) € [—1, 0] x[0, T
as given. Our task is first to differentiate the series in (2-4) as
oo ux.0) = Y 97 ()P 0) + X 8507 (g5 (0 (1)) (2-18)
j=0 j=0
With this, since m, n are arbitrary, we will prove that the series in (2-18) is uniformly convergent in
[—1, 0]x[0, T'], which will ensure that u € C°°(]—1, 0]x[0, T']). To conclude thatu € G 55.8 (-1, 0]x[0, T])
we must prove that

nI3s m!s
RY R
for some constants C, Ry, R, > 0.

Let us choose s € (1, 5) and y,z € G*([0, T']). Then there exists M, R > 0 such that
; jl$ ; jIs
|y0%ﬂ|5A4§7 and VUKQ|SA1§7 forall j > 0andall 7 €[0, T). (2-19)
For k > 0, since d; and P commute, we have that
o7 PE(f )y () = PE(f )y ™ (@),

From (2-5) and (2-6), it follows that Pfy =0 and Pf; = — f;_1, for j > 1. We will split, into two cases,
our analysis of P¥ (fj); namely, j —k >0 and j —k < 0. First, suppose j —k > 0. In this case,

P = D' PR (fm) = D PR (i) = = DT PR EID (),

or equivalently,

PR(fi) = DR P(fp) = CDF N fim) = (DX ik

Secondly, assuming j —k < 0, we have k — j > 0, so k — j > 1. Hence,

P = (=D)' PN (fim) = P PR (o) = - = (1) PR 0) =0,
Putting the last two computations together, we get that
(=D fj—x if j—k =0,
Pr( ) = J 2-20
) { 0 if j—k <0, ( )
and consequently,
; —DE fi g )Vt (@) if j—k >0,
P (f 0y D0y = {1 SRV L (2-21)
0 if j—k <0.

Assume j > k, thatis, j —k > 0. Then thanks to the relation (2-21) and Lemma 2.2, the estimate

5(—k)+1 ; 18 . i 1S
x| UMt Gamt
[5(j —k)+ 1] Ritm = Ritm  (5(j —k)+1)!

7 PR f5 () y D (1)) < 277K
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holds. Setting / = j — k, we can write the previous inequality as

+k+m)!S 1
RI+k+m (514 DI

10m PE(f; (x)y D (1)) < M2! ¢

Furthermore, writing N = k + m yields that

JAENE

37 PECL oy Dol = M2 s TE

Then, using the inequality (2-3), we obtain that
22NN 1 2NN IS NS ]
RIRN  (51+1) RIRN (51 4+ 1)

87 PRy D ()] < Mt (2-22)

Stirling’s formula gives that

n~efﬂmzm ww{%fJﬁﬁ

Observe that
51 l 5
(5?’) Nor=1 55’+%[(£) (VI | (VaRD) ™ ~ S (s
and, consequently, (5/)! ~ 55043 (v/21)~*1'%. Thus, from (2-22), we get
s N!*¥ 1
R-U+)RY 275 R)N (51 4 1)55!+5 (V2rl)—4115
for a suitable constant A/ > 0. Since 1/((5] + 1)551"'%) <1, for/ >0, it follows that

NS @nl)?
Q2—sR)N [2—(1+s) R]ll!s—s'

7 P (f5(0)y D () < M

87 PR (£ (x)y D)) < M

Using inequality (2-3), we get that
N!® k!’ m!®
<
QRN T (R/45K (R/45)™

and, consequently,

K 12

; ~ k'S m!
I PE(fiy D () ]loo < 4M 72 - :
J;k” t iy (oo = T @Rk @ Rym lg) Rlj5—s

for all m,k > 0 and R = 2=+ R. To finish this case, observe that the series 3", /2/(R/11575) is
convergent, so by the Weierstrass M-test, the series

> 1197 PE (3 )lloo
Jjzk
is uniformly convergent on [—1, 0] x [0, T'], for all m, k > 0. Furthermore,

S 10 PRy D () oo < M —
p =MGSRE @Ry

(2-23)

for m, k > 0, where M = 4M =2 2 150 12/(Ell!5_s).
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Analogously, it turns out that

(—D¥gjx if j—k=0,
P¥(g)) = ’ 224
(&) { 0 if j—k <0, (2-24)
and . o
j —Dfgix(x)zUT™ @) if j—k >0,
o pk(g. (1)) = ( J 295
¢ P (gj(x)z° (1)) 0 itk <0, (2-25)

so using inequalities (2-3), (2-19), Stirling’s formula and Lemma 2.1, we get
s m!s 2

(4= R* (4 Ry l;) RIS

> 197 P* (g2 (1)) loo < 4M 72
j=k

for all m,k > 0.

Consequently, the series ) |07’ Pk (gjz(j )(1))||loo is uniformly convergent in [—1,0] x [0, T] for all
m, k > 0, with
k!S m!$

@ RF G R

> N7 PR (giz D (1) oo < M (2-26)
j=k
Let K3 > 0 be as in Lemma 2.6 for p = co. From (2-21) and (2-23), we have

m!S

“ SR)k @R

N7 Sy @) lsie0 = K4 Z S0 PRSP 0)llo < K Z
j=0

k=0j>k k=0
Thus,

i

- m j iag:s 1 m!®
ZHat (ij(])(t))”ﬁ,oo = K3 Mi! (l;) (4_SR)k) (4—sRym’

j=0

Defining b = 1 + 1/(47° R) and noting that

i
bl—H 1 bl+l b .
Z = Z b= = b,
‘< (4” SR)k b—1 ~bh—1 b1
yields
S %) b i mbP
me .1, . i s i .
;na, Sy D Dllsico < KyMit' p—b' o,
Hence, defining M = Mb /(b —1), it follows that
.- W) y i m!®
(i vy oo <M - . - forallm,i >0, t €[0, T]. 2-27
Jg()” 7 iy (O)lsico (K;lb_l)’ (4= R)m [ ] ( )
Similarly, from (2-25), (2-26) and Lemma 2.6, we obtain
- o) y L m!®
m .- . : . 1
> 107 (g2 @) llsi00 < M(K;Ib—l)i R forall m,i >0, 1 €0, T]. (2-28)

j=0
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Given m,n > 0, consider i > 0 such thatn € {5i —r;r =0, 1,2, 3,4}. Then from (2-27) we get, for
(x,t) € [—1,0] x [0, T], that

i’ m!S

(K?’—lb—l)i (4—SR)m ’

o0
Yol (S )y V)l = M
j=0
and from (2-28),
i!s m!s

(K3'b=1)i (4= R)™’

o0
D187 (g5 (0P| = M
j=0
By the Weierstrass M-test, it follows that these series are uniformly convergent in [—1, 0] x [0, T'] for
all m,n > 0. Thus, defining u : [-1,0] x [0, 7] — R as in (2-4), we have that 0%07"u is continuous.
Consequently u € C*°([—1, 0] x [0, T']) satisfies
ils m!®

nam 7, :
0% 07 u(x, )| =<2M (K3—1b_1)i (4—s Ry

for all (x,7) € [-1,0]x[0, T]. (2-29)

As seen before, Stirling’s formula gives us (5i)! ~ 55""'%(«/2711')_41'!5 = 55i+%(271i)_2i!5, and so
i15 ~ (270)2(5i)!/(55F2). Therefore i!S ~[(277i)2(5i)!/(5%2)]5%. Once we have that i2/(5%+2) <1
forall i >0, we can infer that /! < M*(4n2)%s(5i)!%s for some constant M * > 0. Furthermore, n = 5i —r,
that is, 5i = n+r with r € {0, 1, 2, 3, 4}. Then, by (2-3),

P15 < M*(4r2)55 (22 nlr!)35 = M*(4r2 27 - p1)55(2)55n15S < M/ (255)n!5S,
where M’/ = M'(r) = M*(4x?-2" -r!)%s. With this, returning to inequality (2-29), we obtain

1 -~ 1
n!ss m!* 2MM’ n!ss m!*

1 u(x, 1) <2MM’ (25" < —
1997 ulx, )] = (255 (K;lb_l)%("'”) 4—sR)ym — (K;Ib—l)%r (K:;—%b—%z—%é‘)n (4= R)m

Finally, defining

) 2MM' 1L s
M" :=max————: r=0,1,2,3,4¢, R1:=K35b 5275 and R, :=4°R,
(K;lb—l)gr
we have
niss mis
|02 07 u(x,1)| < M//ﬁ R for all n,m > 0 and all (x,?) € [-1,0] x [0, T].
1 2
Moreover, u solves (2-11) by construction. The result follows. O

2.2. Estimates in W>"P (-1, 0)-norm. Let us start by remembering that the map

Il s W2P(=1,0) = Ry f 1 f =1 1o + I Pfllp,
is a norm called the graph norm associated with the operator P : W>?(—1,0) — L?(—1,0).
Lemma 2.4. Let p €1, 00] be given. For all n > 0, we have

IP" fllp < 3" fllsn,p forall f € W>P(-1,0). (2-30)
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Proof. For n = 0, the inequality is obvious. For n = 1, given f € W37 (—1,0) it follows that

1Pfllp =19 S + 33/ =33 /llp < 19 fllp + 193 S 1lp + 193 S 1lp <311/ U5, -
Suppose that (2-30) is satisfied for 0, 1,...,n — 1. Then for f € W>"P(—1,0), we get

5n
IP" fllp = 1 P"" Pfllp < 3" Pfllsns,p < 3" (3 > ||8,’cf||p) = 3" flsn,p
j=0

so (2-30) is true for n, which concludes the proof.

Lemma 2.5. Let p €1, 00] be given. There exists a constant K1 = K1(p) > 0 such that

1/ s, < Ki(l fllp +IPSlp) forall f € W>P(=1,0).

367

Proof. We know that |- || is a norm in W?3?(—1,0). We will show that (W >-2(—1,0), || - ||+) is a Banach

space. To do this, consider a Cauchy sequence in (W37 (—1,0), || - ||+), (f/u)n>0. Then,
I fm = Julls = fm = Jullp + | Pfn — Plullp = 0 as m,n — oo.
Since L?(—1,0) is a Banach space, there exist f, g € L?(—1,0) such that
[ /o= Sllp =0, [Pfa—gllp—0 asn—ooc.
Given ¢ € C§°(—1,0), we have

+o=1,

|-

1
I/n=Flpllellg, 1 <p<oo =

0 0
[ = Do) = [ 1= Pl = 3 1n= Fliloloos p=1.
I /o= fllooll@lls,  p=oo.
Therefore,

/_Ol(fn — e —0 forall ¢ € C§°(—1,0),
which implies that
fu— f inD'(-1,0).
Analogously, we infer that Pf, — g in D'(—1,0). But (2-31) implies that
3 fu— 0L f inD'(=1,0) forall i € NU{0},
and consequently Pf, — Pf in D'(—1,0). By the uniqueness of the limit, it follows that
Pf=g inD'(-1,0).
Consider Ty, T, € D'(—1,0) given by Ty = f + 32 f — 3% f and T = hy, where
me) = [ gwa.
Note that (2-32) implies that dx T; = g in D’(—1, 0). On the other hand, #; € L?(—1,0) and

(0xT2,9)pr,p = —/_01h1(X)<p/(x) dx = —/

(2-31)

(2-32)

—i(/jg(l) dt)‘p/(x) dx = —/_01 /_)ig(l)cp’(x) dt dx.
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For —1 <t < x <0, Fubini’s theorem gives us

0 0
0:T2.0). 0=~ [ 00O —p)di= [ g0e@)di ={g.¢)0,p.

and therefore dxT> = g = dx 717 in D'(—1,0). Consequently, there exists a constant k; € R such that
Ti =T, +k; in 'D/(—l, 0), that is,

f+32f—0%f=h +k inD(-1,0).
Defining i; = hy +k; — f, we have i1y € L?(—1,0) and
3Zf—0*f=h inD(-1,0). (2-33)
Now, consider T3, T4 € D'(—1,0) given by T3 = Bxf—afcf and T4 = h,, where h, € L?(—1,0) is
X ~
;12(>c)=/1 iy (1) dt.

Proceeding as before we obtain dy 73 = le = 0x T4 in D'(—1, 0), thus there exists a constant k, € R such
that 73 = T4 + k, in D/'(—1, 0), or equivalently,

Onf—02f=hy+ky inD(-1,0).
Defining 52 := hy + k,, we have izz € LP(-1,0), and
O f—03f=hy inD(-1,0). (2-34)
Set Ts, Tg € D'(—1,0) as T5 = f—a)ch and Ty = h3, where i3 € LP(—1,0) is given by
h3(x)=/xﬁz(z)dz.
By the same argument as before, B
f=082f=h3+k; inD(~1,0)
with k3 € R. Defining /;3 = f —h3y — k3, we have };3 € L?(—1,0) and
92 f=h;y inD'(-1,0). (2-35)
Now define 77, Ty € D'(—1,0) by T7 = 05 f and Ty = hy4, where hy € L?(—1,0) is given by

ha(x) = /_tlﬁ(z) dt.

Again, the same argument ensures that there exists k4 € R such that, defining h~4 := hy4 + k4, we have
hs € L?(—1,0) and
dcf =hs inD(-1,0). (2-36)
Since hy, hy. h3,hy € LP(—1,0), the equalities (2-32)—(2-36) give us that 9, f, 82 f, 83 f, 8 f
and 93 f belong to L?(—1,0), so that /€ W?3P(—1,0). Furthermore,

I fn = Sl = 1S = Sllp + 1 PSu= P Nlp = S0 = S llp + 1 P S =gl
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which implies that

lfo—fll« =0 asn— oo,

that is, f, — f in (W3?(=1,0), || - ||«), showing that (W?3-?(—1,0), || ||«) is a Banach space.
Consider the map

(WP (=1,0), ||+ ]I5,p) = W>P (=100, |- ), [+ I(f)= /.

Note that / is linear and bijective and || 7(f) ||« < || f|Is, p, so I is continuous. Thus, /! is also continuous.
Therefore, there exists K; > 0 such that

1/ 15, < Ki(l fllp +I1Pflp) forall f € W>P(=1,0),

showing the result. O

Remark. As a consequence of Lemma 2.5, we see that the norms || - ||« and || - || 5, , are equivalent in the
space W32 (—1,0).

Lemma 2.6. Let p €1, 00| be given. There exists a constant K, = K, (p) > 0 such that, for every n > 1,

n n
2:37EDN NP L < fllsnp <A +2K2)" " K2 Y IIP flp forall f € WP(-1,0).
i=0 i=0

Consequently,

n n
2:37 DY NP S llp < 1 flsnp < KS YO NP flp forall £ € WP (=1,0),
i=0 =0

for everyn > 0, where K3 = K3(p) =1+ 2K,.

Proof. Givenn >0 and f € WP (—1,0), we have / € W3"P(—1,0) and | fllsi,p < fl5n,p, 0<i =<m.
Then by Lemma 2.4, we get

n ; n ; n ; 3n+1_ 3n+1
S0P Al = 33 s = ()1 hsmp =1 E T s = Z 1 Vs
i=0 i=0 i=0

and therefore,

n .
237N P f |, <[ flisn,p forall £ € WP(~1,0) and all n > 0.
i=0

To finish, we use an induction argument over » and Lemma 2.5 to ensure that

n
I fllsn.p < (1+2K2)" 1K, Z |P f|, forall f € W>3P(—1,0)andalln>1. O
i=0
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2.3. Smoothing property. With the previous section in hand, let us show that for any uo € L2(—1,0),
the solution of (1-1) with 4#; = h, = 0 is a Gevrey function of order % in the variable x and % in the

variable ¢. Precisely, we will prove the existence of positive constants M, R, and R, such that

1 S
plz n!2

o u(x. 1)) < ——— L1
00Ol = G, s RY RY

forall ¢t € (0, 7] and all x € [—1,0]. (2-37)

To do this, using the inequality (2-37) on intervals of length one, we can assume, without loss
of generality, that T = 1. Consider the operator given by Au = —Pu = —d,.u — d3u + dJu, with
D(A) = {u € H>(—1,0); u(—=1) = u(0) = ux(—1) = ux(0) = uxx(0) = 0}. It has been proven in
[Araruna et al. 2012] that 4 generates a semigroup of contractions {S(¢)};>¢ in L?(—1,0). Moreover,
that smoothing effect is verified; that is, for 1y € L?(—1,0), the mild solution u(-,¢) = S(¢)uq of (1-1)
with 1y = h, = 0 satisfies u € C([0, 1], L*>(—1,0)) N L2(0, 1, H*(—1,0)) and

lull 20,7, 22¢-1.00) = V3llu0llL2(1.0)- (2-38)
From now on, we will for simplicity denote the norm || - || 2(_; o) by || - [ L2 and define the spaces

Xo=L*(—=1,0), X;=H,(—1,0), X,=H(-1,0),
X; ={ue H(=1,0): u(=1) = u(0) = ux(~1) = ux(0) = uxx(0) = 0},
Xy ={ue H (=1.0): u(=1) = u(0) = ux(~1) = ux(0) = uxx(0) = 0},
Xs = D(A).
For any m € {1,2,3,4,5}, (X, || - |lggm) is a Banach space. The next propositions are paramount in our

analysis and given several estimates in the X-spaces.

Proposition 2.7. There exists some constant Cy > 0 such that for all uy € L>(—1,0) and all t € (0, 1],
IS@)uoll g2 = (C1/~Dlluoll 2

Proof. Given uy € D(A), semigroup theory ensures that S(¢)ug € D(A) with
%S(z)uo =ASt)ug = S(t)Auyg (2-39)

and u = S(-)ug € C([0,00), D(A)). From (2-39), we obtain ||AS(¢)ugl;2 = ||S(¢)Aug|r2 and,
therefore, ||S(?)uollpa) < luollp(a)-

Using Lemma 2.5 (see also the Remark on page 369) we obtain a positive constant C’ > 0 (which does
not depend on #) such that || S(¢)uo|l gs < C{lluo|l gs. The map S(¢) : (D(A), |- gs) = (D(A). |||l g5)
is continuous. Since S(¢) : L?(—1,0) — L?(—1,0) is also continuous and, by interpolation argument,
[Xo. X5]2/5 = X, we have that S(7) : (X2, || [|[g2) — (X2, |- | g2) is continuous with [u(-,?)|| g2 =
IS@)uoll g2 < C{ lluoll g2, for ug € X, and ¢ € (0, 1], where C{" = max{C{, 1}.

In this way, given ug € X», for any ¢ € (0, 1], we have

(- Ol < (CHu(-,5)lI%,  forall s € (0,7].
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Integrating with respect to s from 0 to ¢, we get

t
t”u( ’ [)”12*.[2 = (Clﬂ)2 /(; ||u( ’ S)”%.IZ ds = (Clﬂ)z”u||%42(0’1’H2(_1,0))-

Using (2-38), we obtain

//\/_

Jt

Proposition 2.8. There exists a positive constant Cy such that, for all ug € D(A) and all t € (0, 1],

IS@)uoll g7 = (Ca/ VD) lluoll grs-

Proof. First, S(t)ug € H’(—1,0) whenever uy € D(A). Indeed, given uy € D(A), we have u(-,t) =

S(t)ug € D(A) and (2-39) holds. Then Au(-,t) = AS(t)ug = S(t)Aug € H*(—1,0), which implies

that Biu(- ,t) € H?(—1,0) and consequently u(-,t) € H’(—1,0). Furthermore, Proposition 2.7 gives

lu (-, Ol g2 = lluoll L2 .

luC-. Ol g2 + | Au(- . Ol g2 = —(||M0||L2 + [[AuollL2)- (2-40)

Jt
Now, let v e H’(—1,0). Observe that agv = chv + 8iv—8XPv and 8)7cv = 8)3Cv + 8§U—B§Pv. Then,
Ivllg7 < Co(lvllgs + | Pvllg2)

for some positive constant C;. Thus, using Lemma 2.5, we obtain

Ivlla; = Co (vl g2 + | Av] g2).
With this and (2-40), we get that

/ /

C2C1 -1 C2
luC-.Olg7 = i (luollr2 + | Augll2) = i luollp(ay = ﬁ”“O”HS- u

Proposition 2.9. There exists a constant C3 > 1 such that, for all ug € Xy, and all t € (0, 1], we have
IS @uoll m+2 < (Cs/ /) |uo |l rm.

Proof. The linear maps S(¢) : L*>(—1,0) — H?(—1,0) and S(¢) : D(A) — H’(—1,0) are continuous by
Propositions 2.7 and 2.8. Moreover, there exists C3 > 1 such that

C
1S (0ol g2 < 73;||“0||L2 for all ug € L2(~1,0),
s (2-41)
IS@)uoll g7 = $||“0||H5 for all ug € D(A).

Form =1, 2, 3, 4, thanks to the interpolation arguments, it follows that S(¢)([ Xy, X 5] w) CLH 2 H .
and the maps S(¢) : [Xo, X5]% — [H?, H7]1 are continuous with

IS@uollaz, a7y, 7“”0”[X0 xsly,, for all ug € [Xo, Xs]
5m

L
5m
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Since [HZ,H7]%m — g(1=3m)2+3m7 ynq [XO,Xs]%m = X, it follows that the maps S (¢) : X, — H™ 12
form =1, 2, 3,4 are continuous with )

C
1S (@) ol gtz < 73?||u0||Hm for all ug € H™. (2-42)
From (2-41) and (2-42) we obtain the desired result. O

It is convenient to remember that for n € N, we have the inductive definition
D(A™) ={ve L*(—1,0); ve D(A" Yy and Adv e D(A" 1)}, A"v=A""!(Av).
So, with this in hand, we have the following result.
Proposition 2.10. Let ug € L?>(—1,0) and t € (0, 1]. We have for u = S(-)ug that:
(1) u(-,t) e D(A) and c,
lAu(-. Oz = 575 luoll2
for some positive constant C4 > 1 (which does not depend on t).

(ii) u(-,t) € D(A") for every n € N and

Cl’l
5 3n/2
4" ( 0l 2 = 3 2n™ 2ol 2.

where Cs > max{l, C4} is a constant which does not depend on t.
(iii) u € C((0, 1], D(A™)) for every n € NU {0}.
Proof. (i) Assume ug € D(A). Splitting [0, 7] into [0, %t] U [%t %t] U [%t, l], using Proposition 2.9 and
taking in mind that Au(-,1) = —0,u(-,t) —d3u(-,t) + 02u(-,1), we get that

~

C
lAu(-. 1)l 2 < ﬂ—;‘znuonp for all ug € D(A), (2-43)

where Cy = 3C33/(,/1/3)3 and Cy > 1.
Thanks to the inequality (2-43), the linear operator S(7) : (D(A). | - l|z2) = (D(A). | - lIpcay) is
bounded, and

2C,
IS(uollpcay < m””OHLZ for ug € D(A).

Since D(A) is dense in L2(—1,0), there exists a bounded linear operator A, : (L*(—1,0), || - l2) —
(D(A), |l - | p(ay) such that

2C,
Atlpay=S() and [[Av]pa) =< m”U”LZ forall v € LZ(_l,O)_ (2-44)

Given ug € L*(—1,0), there exists (u;) C D(A) such that uy — ug in L?(—1,0). Then, from (2-44),

2Cy
[Arug—S@)ugllr2 < m”uo —up |2 + lluo —ugllp2.
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As k — oo, we obtain A,ug = S(t)ug. Therefore, S(¢)ug € D(A) for ug € L?(—1,0), and by (2-44),
Cy
[Au(-, )l 2 = [14S(O)uoll 2 = IS@uollpay = Aruollpiay = m”uo”u,

where C4 = 254, proving item (i).

(i) Assume uq € D(A"). From semigroup theory, S(t)ug € D(A") and A"u(-,t) = AS(t)A" 'u.
Using item (i), we get

_ C. _
14" u (- )l L2 = 1AS@) A" ugl 2 < 13_;2”14” Yol 2. (2-45)

Splitting [0, ¢] into [0,¢] =[0,¢/n]U[t/n,2t/n]U---U[(n — 1)t/n,t] and using (2-45) several times, we
obtain

n Cy n—1
1A% Dll 2 = 7 1A u (. (0= De/m) 2

Cy Cy Cy Cy Cy Gy '
37 loll2 = (5)—3/2 lluollL2;

n

=-r 2 3/2 3/2 32 3/2
()T (M) GO ()

n n n

thus, for ug € D(A"), it holds that

Cn
4 3n/2
|4 (0l = mn™ 2 uoll 2.

Now, remark that S(z) : (D(A"), |- |L2) = (D(A"). |- | p(4n)) is a bounded linear operator, since, for
ug € D(A"), the previous estimate ensures that

Cn
ISt uollpeany = 1S@Ouoll2 + 14" S@)uoll 2 < [ 1+ 25132 |||uo | L2
t3n/2

Since D(A™) is dense in L?(—1,0), there exists a bounded linear operator Ay, : (L?(=1,0), | - ||2) —
(D(A™), || | p(an)) such that

Cn
Atnlpany=S) and [[Aqnvlpean) = [3n5'/2n3”/2||v||L2 for all v e L2(—1,0) (2-46)

for some constant Cs > max{1, C4} which does not depend on ¢.
Given ug € L?(—1,0), there exists (13 ) C D(A™) such that uy — uq in L?(—1,0). Thus, from (2-46),
[Asnuo — S(O)uoll 2 < | Asno — Arntikc | p(amy + IS @ug — S@uol 2

Cn
5 3n/2
= aa" "2 |wo —ug || g2 + llug —uoll 2

As k — 0o, we obtain S(¢)ug = Ay nttg. Therefore, S(t)ug € D(A) for ug € L*(—1,0), and from (2-46),
Cl’l
[A"u (-, OlL2 < 1S@uollpany = [ Aenttollpany < mﬁnwzlluollp;

hence, item (ii) holds.
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(iii) Letn € N and ¢ € (0, 1) be given. By item (ii) we have S(¢)ug € D(A"). In particular, this means
that S(e)ug € D(A") and so, from semigroup theory, we obtain S(-)ug € ﬂ?:o C" I (e, 1]; D(A47)).
Taking j = n, we get S(-)ug € C([e, 1]; D(A™)), and since ¢ € (0, 1) is arbitrary, it follows that
S(-)ug € C((0, 1]; D(A™)), showing item (iii). O

The last lemma will be useful to prove the main result of this section.
Lemma 2.11. For every n € NN {0}, we have D(A") C H>"(—1,0).

Proof. This is obvious for n =0 and n = 1. For n = 2, given v € D(A?), there exists g € D(A) C H” such
that Av = g, that s, 8)5;v = g+8xv+8)3€v € H? and therefore v e H. Thus, 8;1) = 8)2Cg+8)3cv+8)5€v € H?,
so v € H®. Differentiating again, we get d3v = d4g + d3v + d%v € H', and so v € H'. Therefore
D(A%) c H'°.

To conclude the result for any n € N, we proceed by induction. Suppose that for some n > 1, we have
D(A™) C H>"(—1,0). Let v € D(A"*1), by induction hypothesis, and using the same procedure, we
have v, Av € H>", which implies that there exists f € H>" with Av = f, that is, Biv € H> 3 and so
v € H>" 2 Differentiating Av = f twice, we obtain v € H>" 14, Differentiating again twice it follows

that v € H3"+5 and therefore D(A"T1) ¢ H3"+D), O
The previous results ensue directly from the following one.

Proposition 2.12. For any ug € L?(—1,0), the solution u(-,t) = S(t)ug of (1-1) with hy = hy =0
satisfies u € C*°([—1, 0] x (0, 1]).

Proof. Consider n € N, ¢ € (0, 1] and ug € L?(—1,0). From Proposition 2.10 we have u(-,t) € D(A™).
Using Lemma 2.11, we obtain u(-,) € H>". The Sobolev embedding H>" < C>"~1([—1, 0]) provides
u(-,t) € C1([—1,0]). Since n € N is arbitrary, it follows that u(-,¢) € C*([—1,0]). On the other
hand, given & > 0 and n € N, Proposition 2.10 yields that u( -, &) € D(A" 1), so semigroup theory ensures
that u € ﬂ;’:é C"+t1=J (e, 1], D(A7)). In particular, taking j = 1, we have that u € C"([e, 1], D(A)).
Using Lemma 2.5 and the embedding H> — C*([—1, 0]), we obtain that aiu(x, -) is continuous at fg

and, as ¢y € [¢, 1] is arbitrary, we conclude that 8’;u(x, -) is continuous fori =0,1,...,n. Sincen e N
and x € [—1, 0] are arbitrary, we get u(x,-) € C*([e, 1]. Furthermore, u(x,-) € C°°((0, 1]), and we get
the result. O

We are now in a position to prove a smoothness property for the solutions of (1-1). With these auxiliary
results in hand, the main result of this section is the following one.

Proposition 2.13. Let ug € L*(—1,0) and hi(t) = hy(t) = 0 for t € [0, 1]. Then the corresponding
solution u of (1-1) satisfies u € G%’%([—l, 0] x [e, 1)), for all e € (0, 1); that is, we can find positive
constants M, Ry, R, such that

M p!% nl>

P u(x, 1) < —— P
19 0pu(x. )] = t3Gntp+s) RP RE
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Proof. Consider p € N U {0} and choose n € N such that 5# —5 < p < 5n — 1. Then the Sobolev
embedding, Lemma 2.6 and Proposition 2.10 ensure that

1052 t)lloo

<ok | Pl z>||Lz—csK"(||u( Dl Aiu. r)an)<csK"(1+Z—zz’)||uo||Lz

i=0 i=1 l:1t21
Ci (Sn) Sn

<CsKj(n+ 1)—’12"||M0||L2 =CeK5(n+ 1) luollp2. (2-47)

Using Stirling’s formula, we get

S5n %n % %n
e 1(Sn)!1 — (Sn)%”w e (ISn)! PN (5n3 1 ( )2 (5n)'2
(27)2(5n)2 (27)%(5n)4 52" (271) (5n)4

which implies that

(Sn)Sn ~

Gmi G

< (Le) 3" 5m1t < Cr(Le) 2" (St
53" T Qm)iGn)t :

for some constant C7 > 0. Since (n 4+ 1) < e3" forn e N, the inequality (2-47) gives us
p n,3n Cg 1 57" L 5 n %” 1
[0fu(-, )]0 = CsK3e2 e C7(ze) 2 (5n)!2 ||lugllL2 = C6C7[ K% (3e%)2" (5n)12||ul| 2
2

Remember that Sn — 5 < p < 5n — 1, which allows us to write p = 5n —r with r € {1, 2, 3,4, 5}; that is,
Sn=p+rwithr € {1,2,3,4,5}. Using (2-3), it follows that

L(p+r) .
s(p+n) 3(p+ 3
8- Dlleo = CoCr 3 K5 D (122 (p 4 ) o]l 2
2
1 1 1 C%‘D 1 1 1
=< C6C7C§’K§’(§e2)5’—(5+ )Kfp(%ez)jp(ﬂ’fp!r!)f||uo||L2
r

12

—_

%r Ly 1 2\>7~L 1 1 CS K;ez 1
= CsC1C K} (ge )2 2z’r!2||u0||th%(p+r) il pl2.

52
Consequently,

N\»—-

[02u(-,1)]loo <

l

1 1 1
Cyg (Cssngzz)p 1 Csg P!
13 (p+r) 53 P (3 (p+r) (52C sK 12—%)17’
with
Ly Lr 2 Ly 1, 01
=Cy(r) :=CeC7CS K3 (3€%)2" 227112 |Jugz> and Ko = K3+ 1.

Defining R = 52C 5 K5 3¢~ 1277, it follows that R € (0, 1) and

Cg P7

0Pu(- .t < s
(- Do = 35
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Here, p >0, r €{1,2,3,4,5} and ¢ € (0, 1]. Observe that,ast € (0,1]and 0 <r <5,

Gy pl*
[ 5(r+5) RP

102u(-,1)]loo < forall p > 0 and all ¢ € (0, 1]. (2-48)

Finally, for every n, p > 0 from (1-4), we have
Py = 023" u = 32 (—(—=1)" "1 P"u) = 0L ((—1)" P"u) = (—1)" P"9Pu.

Using Newton’s binomial theorem, we have that

P3Py = Xn:(g) i(;’.)(—a;)f(ai)q—fa;—qagu = Zn:(Z) Z(;’.)(—1)1'3;13;4—313;—qa§u.
j=0

q=0 q=0 j=0
Thus, from (2-48), for (x,¢) € [-1,0] x (0, 1],

q
10"92u(x, 1)| < Xn: (Z) Z(j{)w;ﬂqmwu(x, 0|

q=0 j=0
<i(”)i(4) Cs (n+2q+2j + p)!>
_q_o q et J/ ht2q+2j+p+s)  Rrt2at2itr

Sincet € (0,1], R<landn+2¢g+2j+ p < 5n+ p, it follows that

Cs  (Sn+ p)2yn q
idxute )l = SGntpts) RSP Z(61) Z(J)

Noting that =0 /=0
29 =(141)7 = i(;])ll 197 = i(‘j)
j=0 j=0
and . . ) )
ST = ()= S (e iy =y,

q=0 Jj=0 q=0 q=0

using (2-3) one more time yields

5 1 1 1
Cy  37-23m25P(5p)13 p13
1970 u(x, 1)| < s (Sm)t2 pt2.

£ 3(5n+p+3) RS RP
Stirling’s formula gives us
Sn 5n
(Sn)! ~ (5?”) V2r5n = (IOn)% (5?”) ne. (2-49)

We also have n! ~ (n/e)"/2rxn = (27)/2(n/e)"n'/2, hence
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This previous relation together with (2-49) leads to

551,15 10 %55n 15 10 %5%" !%
o Sy 00t onl st
(2m)2n2 Q2m)z n ()% n

[

: 1 Sp.3
Thus, there exists a constant Co > 0 such that (5n)!2 < C952"n!2. Hence,

5 _5.n 1 p 5 1
ofurn| = 00 (225 (2 o GO n: L
) JEEE AR R (ROmEP+) (3711073 . RSy (27T R)P

and the result is achieved with M = CgCo, Ry =2 2 Rand Ry =3~ 1-1073 - RS, O

2.4. Null controllability results. Let us now prove the null controllability result. Precisely, employing
two flat output controls, the solution of (1-1) satisfies u(-,7) = 0.

Proof of Theorem 1.1. Consider uy € L?(—1,0) and denote by i the solution of (1-1) for h; = hy = 0.
From Proposition 2.13 we have, for ¢ € (0, T'), that u € G%’%([—l, 0]  [&, T)). In particular, 83i(0, 7),
0%i1(0,1) € G%([s, T)) for any ¢ € (0, T'). Choose 7 € (0, T') and define

r—t _ r—t _
y(r>=¢s(T_T)aiu(o,r) and z(t)=¢s(T_T)a;tu(o,r>,
where ¢; is the function given by
1 if r <0,
¢s(r) = 0 ifr>1,

e~ K= j(o=K/r7 4 o=K/(U=)7y i1 € (0,1),

with K > 0 and 0 := (s — 1)7!. As ¢ is Gevrey of order s (see, for example, [Martin et al. 2018]) and

s> ;, we infer that y, z € G*([e, T]) for all ¢ € (0, T'). Then, defining u : [—1,0] x (0, T] = R by
uo(x) ift =0,

Yizo Si) OO + iz i)z () if 1 €(0. 71,

Proposition 2.3 gives us that u satisfies (2-11) with u € G%“([—l, 0] x[e, T]) for all ¢ € (0,T). In

particular,

u(x,t) 2{

Iu(0,t) =0 for m=0,1,2, 32u(0,¢) =y(t), and Isu(0,7) =z(t).
Furthermore, by construction,
7u(0,1)=0, for m=0,1,2
and for ¢z € (0, 7),

»(1) _¢s( )a3u(o 1) =033(0,1) and z(¢) _¢s( )84u(0 1) = 0%i(0,1).

— —
=1 =1
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Therefore 07'u(0,1) = 7' (0,¢) form =0,1,2,3,4 and ¢ € (0, r). Thanks to Holmgren’s theorem, we
conclude that u(x, ) = i(x, ¢) for all (x,¢) € [-1,0] x (0, 7). Hence, u € C([0, T], L?>(—1,0)) and it
solves the system (1-1) with

@)=Y fiDyPO+Y gDz and ha(0)=) fix(=DyP O+ gix(-=D)zP).

i=0 i=z0 i=0 i=0

Observe that /i1, hy € G*([0, T]) and h1(t) = ho(t) = 0 for 0 < ¢ < 7 since, for all ¢ € (0, 7),
hi@)=u(=1,t)=u(—1,t) =0, hy(t) =ux(—1,1t) =ux(—1,7) =0.
Finally, once we have supp y@ C supp y C (—o0, T') and supp z¥) C suppz C (—o0, T'), we get that
y(i)(T) =0and z®O(T) = 0 for every i > 0, so that u(-,7") = 0 and the first main result is proved. O
3. A class of reachable functions

We will now establish a class of sets that can be reachable from 0 by the system (1-1). Our goal is to
prove that, given u; € Rg (see the definition in (1-5)), one can find control inputs /; and /2, for which
the solution of (1-1), with ug = 0, satisfies u(x, T) = u1(x).

3.1. Auxiliary results. The following auxiliary results will be necessary in our proofs. The first establishes
the flatness property for the limit case s = 5.

Proposition 3.1. Let R > 25 and y,z € G3([0, T]) with

1y @), |z(f)(t)|<M(‘]3. forall j >0andallt €[0,T]. (3-1)

Then, defining u(x,t) as in (2-4), we have that u € G'»>([—1,0] x [0, T']) solves (2-11).
Proof. Let m, k > 0. For j > k we have, from (3-1) and Lemma 2.2, that

_x IXPUTRFL S 4 m))!

D kUt =y 2 G-k +1 RSGHm)

j=0 ik

Pick/ =5(j—k)and N = 5(k +m),sol + N = 5(j +m) gives that

1 (+N)!
(I+1)! RN~

S o)y @) < MY 25

j=0 1>0
If N <1, then

o0 1
Y1) < Z( é) .

j=0 >0
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Assume N > 1 and note that ({ + N)!=({(+ N){ + N —=1)--- (I +2)(/ + 1)!, so that

1;(/ Ji _ /
Zlf, UM () < b 324 LEN +1§+N1) (I+2)

j=0 =0

=My X 250N (1 4 NN

RI+N
q>0 gN=<I<(g+1)N

- M Z Z [(g+2)N]V-! ‘

g=0 gN<I<(g+1)N (2~ SR)I+N

For/ > gN,wehave [+ N > (¢ 4+ 1)N and, since 2"5R> 1, this ensures that
1 1
1 E 1 ‘
(2 5R)+N (275 R)@+DN
Thus, thanks to the relation (2-21), the estimate

Z|8’"Pk(f,(X)y(J)(l))| Y 3 (g +ONTINNT < NV Z(q+2)

_1 ;
420 gN<i<@g+)N (2 5 R)(@+DHN Ra+

is verified with R = 25 R. Pick any o € (0, 1) and define f,(x) = (x + 2)/(§1_")x+1. Note that
limy 00 (R179)**+1 = 00, since R > 1. L’Hospital’s rule ensures that
1

Jm folx) = lim, In(R1-0)(R1-0)x+1 =9
and so
q+2
—— =0 asg — oo.
(Rl—o)q—i-l

Defining a := sup,>(q +2)/ (R'=9)4+1 it holds that

Sy e a s e ()
pg+1 — BN BNog BN _1/RNc )’
70 R4+ R aqzoR oq RN\ 1—1/RNo

Once we have the convergence

1
oy  =——=——>1 as N — o0,
1—1/RNo

we can define M := supys1 N to get

Consequently,

o0
3197 PR 0y @) < MNN T o,
j=0 RNo
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and using Stirling’s formula, we get that
aVNVN 1 aVeN N!
RNo N2 RNo N%’

which ensures the estimate

NI
S PR eon e = (46 ) N

Jj=0 N2

for some constant M’ > 0. Noting that N! = (5k + 5m)! < 2%%25"(5k)!(5m)! and using Stirling’s
formula again, namely, (5m)! ~ 55m+%(\/ 2mrm) "4 m!3, we get

o0 5k
am pk (£ D ()] < ﬁM//({ﬁ) sk '(10‘“3) s
,;," (i )y P @) ) %) "

Now, define R; = (2ae)"'R®, R, =[(10ae) ' R]® and M"” = /5M". 1t follows that

§ : 15
j=0| PN R5k Ry (4 1)3

Observe that we can assume R; < 1. Let K3 > 0 as in Lemma 2.6 for p = co. Then, the previous

inequality yields that

. i
Z”am(fj (])(Z))||5l 0o — MWKS mS(SIS)z' Z 1
= RY RY =5 (k+ 1)?

for all i > 0. Given m,n > 0, consider i > 0 such that n € {5i —r; r =0, 1,2, 3,4}. Thus,

5 N i 1
8n8m ) < M"K: (5i)!
12;)' T ON= 3R’" R ,;)(kﬂ)z

for (x,t) € [-1,0] x [0, T]. Analogously, one can see that

mB3Gi 1
anam(g,(x)z(ﬂ(z)ﬂ < M"K; Rm( 5)1 '
j=0 Ry 2k + 1)

Therefore, these series are uniformly convergent on [—1, 0] x [0, T'] for all m, n > 0, so that the function u
defined by (2-4) satisfies u € C*°([—1, 0] x [0, T']). Furthermore,

mPGH 1
1979 (£ (x) (J)([))|+ 109" (g (x) (J)(t))| <M"K a
]Z(:) i (xX)y 12(:) gj(x)z 3R RSlkO(k+1)2

On the other hand, given p > 1, one can get a constant ¢ > 0 such that

i

1 .
Y ———<itl=c
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Hence, adjusting the constants M " and K3, we can write

- m!3(5i)!
|328't"u(x,t)| < MN,K;@ R5i .
1
Since n = 5i —r with r € {0, 1, 2, 3,4}, we have
Ki K3 or n!
26 s 20— : .
R Ry (Kys-27h-Ry
Defining
1
9 " ](;r_zr.r! ’ -1 1
M =2M max ————— and R} =K;5-27 -Ry,
0<r=<4 R}
it follows that
N ! 1
|0% 07 u(x, )| < M n/ p im for all n,m >0 and all (x,7) € [-1,0] x [0, T']. O
(RD" R

The next result is a particular case of [Martin et al. 2016b, Proposition 3.6] with ag = 1 and, for p > 1,
ap = [5p(5p—1)(5p—2)(5p—3)(5Sp—4)| .
Proposition 3.2. Let (dy)4>0 be a sequence of real numbers satisfying |dg| < CHY(5q)!, for all g > 0
and for some constants H > 0 and C > 0. Then, for each H>e'H , one can find a function f € C*(R)
such that f@(0) = dg forall ¢ > 0, and

| /D (x)| < CHI(5¢)! forallq>0andall x €R.

The next lemma is a consequence of the theory of analytic functions.

Lemma 3.3. Let ¢ € G'([—1,0]) be such that 3,{P”W(O) =0foralln>0andall j =0,1,2,3,4
Then ¢ = 0.

Proof. First, remember (from the proof of Proposition 2.13) that, for all n > 0,

pr— Xn:(’;) i(g)(_l)kaz+2q+2k = 3/ P = Xn:(’;) i(g)(_l)kaz+2q+2k+j for all j >0,

q=0 k=0 q=0 =0

We claim that for any n > 0,
3y (0)=0 forall j €{0,1,...,51n+4}. (3-2)
To prove this, we use induction on #n. For n = 0, this immediately follows from the hypothesis, since
3y (0) =Py (0)=0, j=0,1,2,34. (3-3)
Let us also analyze the case n = 1. Using the hypothesis and (3-3), we obtain

PY(0) =0 = 79(0) =0, dPyY(0) =083y (0)=0, d;PY(0)=0 = a7y (0)=0,
BPY0)=0 = 3ByY(0)=0, Py (0)=0 = 3,y (0) =0.
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Combining this with (3-3), we get (3-2) for n = 1. Now, suppose that (3-2) holds for some n > 1. We
will show that

Jy(0)=0 forall j€{0,1,....5n+1)+4}.

By the induction hypothesis, it is sufficient to show that 8{;1#(0) =0 for j = 5(n+ 1)+ r with
r =0,1,2,3,4. From the hypothesis, P”‘HW(O) = 0, that is,

(Y () <o
q=0 k=0 *
Thus,

Note that n + 1 + 2¢g + 2k < 5n + 1 for 0 < k < g < n. From the induction hypothesis, it follows that

8z+1+2q+2k1ﬂ(0) = 0 and the last equality becomes

Z (n+1>( 1)k83(n+1)+2kw(0)

or, equivalently,

Z(n+1)(—1)k3)3€(n+1)+2k1/’(0) n (n+1)( 1)n+185(n+1)w(0) =0.

For 0 <k <n,wehave 3(n+1)+2k < 5nrn+3, and the induction hypothesis gives us 8)3c(n+1)+2kW(0) =0
and therefore, from the last equality, we get that Bi(n+1)w(0) = 0. In a similar way,

I Py =0 = 3Dy 0) =0, r=1,23.4,

finishing the proof of (3-2), and we conclude that Bf;w(O) =0, for all j > 0. Since V is analytic in [—1, 0],
it follows that Y = 0. O

3.2. Reachable states. We are now in a position to prove the second main result of the article.

Proof of Theorem 1.2. Let R > 2Ry and u; € Rg. We will later show that #; can be written in the form
ui(x) = Z ¢ fi(x) + Zbig,- (x) forall x e[-1,0]. (3-4)
i=0 i>0

Assume for a moment that (3-4) holds with convergence in W% (—1, 0) for all n > 0. Then, using (2-20)
and (2-24), we obtain

PMuy(x) = (=1)" Y cifimn(¥) + (=1 Y bigi-n(x)

izn i>n
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and

0f P uy(x) = (=1)" Y cid] fin(x)+ (=1)" Y_b;id]gi n(x) forall j > 0.

i>n i>n

From (2-5)—(2-8), it follows that

83 P"u1 (0) = (=1)"cnd3 fo(0) + (1" 3 13 fi(0) + (1) 3 bi 33 gi=n(0) = (=1)"cs

i>n i>n
and
03 P uy(0) = (=1)" Y " cidy fi-n(0) + (=1)"bn03g0(0) + (=1)" Y _ ;93 gi—n(0) = (—1)"by
i=n i>n
This leads us to define
en = (=1)"33 P"u;(0) and b, = (—=1)"0% P"u,(0) foralln > 0. (3-5)

Claim. There exist r € (Rg, R) N (0,4) and a constant K = K(r) > 0 such that
!
[0%uq (x)] < KL forall x € [—1,0].
rn

Since R > 2Ry, we can write R = 2Ry + « with & > 0. On the other hand, by definition Ry ~ 3.54;
for k small enough, we have r := Ry + k < min{ R + «, 4}. Consequently, Ry +r <2R¢+ o = R and
D(w,r)C D(0, Ry +r) C D(0, R) forall w € D(0, Ry). Define K :=max{|z(w)|; w € D(0, Rg + r)},
where z € H(D(0, R)) is such that z|[_; o; = u. Under the hypothesis of u; € R, it follows that

|
0% (x)] < K= forall x € [~1,0],
rn

as desired, showing the claim.
Now, observe that for r < 4, the function

(x +3)!

ar:[0,00) >R, xta,(x)= pra

is increasing in [0, co). Thus, using this fact, Lemma 2.6 with p = oo, the claim, and inequalities (2-3)
and 5n+1<6n=<6-2", we get

n 3 n_~5n
: 9.2°.3! 6"-2
lenl = D IP 301 lloo = 33" 103001 lsmo0 = — 35— K- =5 — - (5m)\,

and analogously,

9.24.4!1  @n.25n

bul < == K- (sl

Therefore,

6-2%Y"
lcal, 1bal <K’( ) (5n)! forallm >0,
rd

for some positive constant K’ > 0.
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Define H = 6-2°/r> and observe that r > R, implies that He¢™' < % Choose H € (He"’_l, %)
Then, from Proposition 3.2, there exist functions f, g € C°(R) such that

F®0)=c,, §M0)=b,, and |fP)|, |87 () <K H"(5n)! forallfeR,
for every n > 0. Define f(¢) = f(l —T)and g(t) =g(t—T). Then f, g € C°°(R) with, for all n > 0,
D@y =FfD¢—T) and g™ ()=g"¢—T) forallzeR.
Moreover, f™(T) = ¢,, g™ (T) = b, and
| /@), 1g™ ()| < K'H"(5n)! foralln>0andall 7 € R.

From the last inequality, we have

5n)!
/D@, 127 @) < K’(R—Q forall n >0 and all 7 € R, (3-6)
3
1

where R; = H™5 > 25. From (3-6), we have f, g € G>([0, T]). Indeed, from Stirling’s formula,

1
52(2m) 72
(5n)! ~ 552 (V2n) " 4n!S = (—’2’)55";1!5.
n
Hence, for some positive constant K” > 0, we have
(5n)! mo ,  nb
SP@) gD ) < Ko <K't = K. (3-7)
RSn RSn (5_5R§)”
Pick any t € (0, T') and let
r—1
p(6) = 1—¢S(T_T), 1[0, T].

Observe that

O  C IR}
By definition, we have supp ¢ C (—o0, 1), so B(T) = 1 and B (T) = 0 for all i > 1. Define
y()=f(O)B@) and z(1)=g@)p(r), 1€[0,T]. (3-8)

From the Leibniz rule, we have
n

¥ =3 (1) /P00 ana 200 =3 (")gP 0 0.

. 2\
Jj=0 j=0
Then
yO@) =3 (5) s P @Iy = FODBT) = o (3-9)
j=0
and
20y =Y (7 )e V@I T) = gD (DBT) = b (3-10)

j=0
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On the other hand, by definition ¢ = 1 in (—o0, 0], so 8 = 0 in (—o0, 7). Consequently, y =z =0
in (—oo, 7) for any n > 0. In particular,

y™ ) =z"M©0)=0 foralln>0. (3-11)

Since B € G2([0,T)) and f,g € G>([0, T]), we have y,z € G>([0, T']). From [Martin et al. 2016b,
Lemma 3.7], the same constant R of f and g in the definition of G° ([0, T']) works for y and z. Hence,
from (3-7), there exists K" > 0 such that

5

|
()], |2 ()] < K" —=—— foralln>0andallr [0, ],
PO P01 < K e > 0. 7]
Using Stirling’s formula we obtain (51)! ~ 55n+3 (V2mn)™*n!3, and so

=Gzt sy = C22 O
52

Then, there exists a constant K > 0 such that
1 B (5n)! _ K. n2(5n)!.

) (n) 17
PO 12Ol = K (SR s R3"

Since R3 > 2%, we can pick p € (1, R32_%) such that the sequence (n%/p>"),en is bounded. Indeed,
using L' Hospital’s rule, we see that

x2 . 2x . 2
lim T = lim ——=lim — =0
x—00 p3%  x—00 (5Inp)p3*  x—o0 (5In p)?p3*

Hence, there exists K’ > 0 such that n2 < K’p>", and therefore

5n

S 5n)!

Y@@, 2P0 < K7 K- RO LA
RSn (R3,O_1)5n

3

Defining K" = K"K - K’ and R, = R3/p, we have R, > 2% and
y® @), |27 )] < K””(;/ ))5 forall n > 0 and all 7 € [0, T. (3-12)
Let u be as in (2-4) corresponding to y and z given in (3-8). From (3-12) and by Proposition 3.1, we
have that y € G1-*([—1, 0] x [0, T]), and it solves (2-11). Furthermore, (3-11) gives us

u(x.0)=>Y" i)y 0+ gi(x)z(0) = 0.
j=0 j=0
Setting iy = u(—1,¢) and hy = ux(—1,t), we get hy, hy € G>([0, T']), and therefore u solves (1-1) with
hy and K, as control inputs and y¢ = 0 as initial data. From the proof of Proposition 3.1 we know that
for all n, m € N, the series

> oran(f5 ()0 + g (x)z (1))

Jj=0
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>0,

converges uniformly on [—1,0] x [0, '] to 97"9"u and consequently, for all n, i
PMu(x,0) =) P"fix)yP @)+ ) P"gj(x)z (1)
jz0 j=0

= (1" Sy PO+ (1" Y gjn()z ()

jzn j=n
and

OLP"u(x, 1) = (=1)" Y 0L fi—a(@)yP @)+ (=1)" Y dLgj ()2 (1),

jzn j=n

for every (x,t) € [—1, 0] x [0, T']. In particular, (3-9) and (3-10) give us that

L P "u(x,T) = (—1)" ch-aifj_n(x) + (—1)" ijaigj_n(x) forall i,n >0 and all x € [-1,0].

jzn jzn
Thus, (2-5)—(2-8) provide us with
P"u(0,T) = dx P"u(0, T) = 32 P"u(0, T) = 0,
03 P u(0,T) = (—=1)" > ¢j03 fi-n(0) + (=1)" Y _ b;03.8j-n(0) = (—1)"cn,

j=n j=n
0x P"u(0,T) = (=1)" D ¢jd% fj-n(0) + (=1)" Y _ bjd3gj-n(0) = (—1)"bn,
jzn jzn

and
3 P"u(0,T)=0, ;j=0,1,2,

(3-13)
32 P"u(0,T) = 33 P"uy(0), 9% P"u(0,T) = 3% P"uy(0).

Define ¥ € G!([—1,0]) by ¥ (x) = u(x, T) —u;(x) for all x € [—1, 0], and using the fact that u; € R
together with (3-13), it holds that ajc P"yr(0) =0for j =0,1,2,3,4. From Lemma 3.3 it follows that
Y =0, that is, u(x, T') = u1(x), which concludes the proof. O
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