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BOUNDARY CONTROLLABILITY OF THE KORTEWEG-DE VRIES
EQUATION: THE NEUMANN CASE*

ROBERTO DE A. CAPISTRANO-FILHOT AND JANDEILSON SANTOS DA SILVA?

Abstract. This article gives a necessary first step to understanding the critical set phenomenon for
the Korteweg-de Vries (KdV) equation posed on the interval [0, L], considering the Neumann boundary
conditions with only one control input. We showed that the KdV equation is controllable in the critical
case, i.e., when the spatial domain L belongs to the set R., where c# —1 and

2
Re:= {3”\/7772 +ml4+m?2; m,zeN*}u{

) 'mGN*},

mm
Vet+1’
the KdV equation is exactly controllable in L2(0,L). The result is achieved using the return method
together with a fixed-point argument.
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1. Introduction

We had known when we formulated the waves as a free boundary problem of the in-
compressible, irrotational Euler equation in an appropriate non-dimensional form, that
there exist two non-dimensional parameters § ::% and ¢:= 7, where the water depth,
the wavelength and the amplitude of the free surface are parameterized as h,A and a,
respectively. See, for instance, [1-4,23,26] and references therein for a rigorous justi-
fication. Moreover, another non-dimensional parameter p appears, the Bond number,
to measure the importance of gravitational forces compared to surface tension forces.
Considering the physical condition § <1, we can characterize the waves as long waves
or shallow water waves. In particular, considering the relations between ¢ and 4, we can

have the following regime:

e Korteweg-de Vries (KdV): e=6%<1 and p#+. Under this regime, Korteweg
and de Vries [20]! derived the following well-known equation as a central equa-
tion among other dispersive or shallow water wave models called the KdV equa-
tion from the equations for capillary-gravity waves:

1
121, + 30, + <3 —u) Neza = 0.

Today, it is well known that this equation has an important phenomenon that di-
rectly affects the control problem related to it, the so-called critical length phenomenon.
Let us briefly present the control problem, which causes the phenomenon of critical
lengths to emerge. The control problem was presented in a pioneering work of Rosier [24]
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664 CRITICAL SET PHENOMENON FOR THE KDV EQUATION

that studied the following system

Up +Ug + Uy +Ugzr =0, in (0,L) x (0,7,
u(0,t) =0, u(L,t)=0, u,(L,t)=g(t), in (0,T), (1.1)
u(x,0) =ug(x), in (0,L),

where the boundary value function g(t) is considered as a control input. Precisely, the
author showed the following control problem for the system (1.1), giving the origin of
the critical length phenomenon for the KdV equation.

Question A:  Given T >0 and ug,ur € L?(0,L), can one find an appropriate control
input g(t) € L2(0,T) such that the corresponding solution u(x,t) of the system (1.1)
satisfies

w(z,0)=ug(x) and u(z,T)=ur(x)? (1.2)

Rosier answered the previous question in [24]. He proved that considering L ¢ N,
where

9
N::{\/%\/k2+k;l+l2 k1 eN*},

the associated linear system (1.1)

Ut + Uy + Ugze =0, in (OvL)X(OaT)v
u(0,t) =0, u(L,t) =0, u,(L,t)=g(t), in (0,T), (1.3)
u(x,0) =ug(z) in (0,L),

is controllable; roughly speaking, if LeN system (1.3) is not controllable, that is,
there exists a finite-dimensional subspace of L?(0, L), denoted by M = M(L), which is
unreachable from 0 for the linear system. More precisely, for every nonzero state ) € M,
g€ L?(0,T) and ue C([0,T]; L*(0,L))NL3(0,T; H*(0,L)) satisfying (1.3) and u(-,0) =0,
one has u(-,T) #1.

DEFINITION 1.1. A spatial domain (0,L) is called critical for the system (1.3) if its
domain length L belongs to N.

Following the work of Rosier [24], the boundary control system of the KdV equation
posed on the finite interval (0, L) with various control inputs has been intensively studied
(cf. [7,8,10,11,15,17-19] and see [9,25] for more complete reviews). Thus, this work
gives a necessary step to understanding this phenomenon for the KdV equation with
Neumann boundary conditions, completing, in some sense, the results shown in [7].

1.1. Problem set. In this article, we study a class of distributed parameter
control systems described by the Korteweg—de Vries (KdV) equation posed on a bounded
domain (0,L) with the Neumann boundary conditions

Up + Uz + Uz +uuy =0, in (0,L) x (0,7,

Upy (0,8) =uge (L,t) =0, in (0,7, (1.4)
uz (L,t) = h(t), in (0,7), '
u(z,0) =ug(z), in (0,L),

where h(t) will be considered as a control input. Recently, the first author dealt with
the control problem related to the system (1.4). Precisely, it was proved that their
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solutions are exactly controllable in a neighborhood of c if the length L of the spatial
domain (0,L) does not belong to the set

2m mm
Rei={ ————=V/m2+ml+m?; m,l€N* U{;mGN*},
{ 3(c+1) } Ve+1

that is, the relation (1.2) holds for the solution of the system (1.4). The result can be
read as follows.

THEOREM 1.1 (Caicedo, Capistrano—Filho, Zhang [7]). LetT>0, c#—1 and LE¢R..
There exists 6 >0 such that for any ug,ur € L*(0,L) with

luo —cll2(0,0) <0 and |Jur —cl|r2(0,1) <9
one can find h € L?(0,T) such that the system (1.4) admits a unique solution
u€ Zp=C([0,T];L*(0,L))NL?* (0,T;H"(0,L))

satisfying (1.2).

As in [24], the first step is to obtain a control result for the linear system, namely,

ug+ (14 ¢)ug +tgee =0, in (0,L) x (0,7,

Uz (0,8) =gy (L, t) =0, in (0,7), (1.5)
ug (L,t) = h(t), in (0,7), :
u(z,0) =up(x), in (0,L).

Precisely, the authors in [7] proved the following result.

THEOREM 1.2 (Caicedo, Capistrano—Filho, Zhang [7]). For c# —1, the linear system
(1.5) is exactly controllable in the space L*(0,L) if and only if L& R.. Otherwise, that
is, if c=—1, the system (1.5) is not exactly controllable in the space L*(0,L) for any
L>0.

With this in hand, they extend the result for the nonlinear system (1.4) using a
fixed-point argument, achieving Theorem 1.1 whenever L ¢ R.. It is important to point
out that fixing k€ N* and considering m=1[=k, we have L=2kw, when ¢=0, and,
from Theorem 1.2, it follows that (1.5) are not exactly controllable. Additionally, as
mentioned before, we do not know if the system

Ut+(1+C)UT+UIrT +uuy :0, in (O,L) X (O,T),
U (0,6) =0, g (Lyt) = h(t), tza(L,t) =0, in (0,T), (1.6)
U("E,O):UO(.’E), in (07.[/)7

is exactly controllable. So, in this context, the natural questions appear:

Question B: Given T>0, LER, and ug,ur € L2(0,L) close enough to ¢, can one find
an appropriate control input h € L?(0,T) such that the solution u of the system (1.6),
corresponding to h and wg, satisfies u(-,T) =up?

Question C:  Given T>0, LER,. and ug,ur € L?>(0,L). The system (1.6) is exactly
controllable in the critical length L, that is, when LeR.7
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1.2. Main results. Let us consider the nonlinear control system (1.6) with h as
a control input and u as the state. Theorem 1.1 says that when L ¢ R., system (1.6) is
locally controllable around ¢, but we do not know if the same holds when L €R.. The
main result in this work provides an affirmative answer to the Question C. Precisely,
we have the following:

THEOREM 1.3. Let T >0, ¢c=0 and LERy. Then, system (1.6) is exactly controllable

around the origin 0 in L*(0,L), that is, there exists 6 >0 such that, for very ug,ur €
L?(0,L) with

lwollzz(o,z)s llurll L2 (0,2) <6

it is possible to find h€ L?(0,T) such that the corresponding solution of (1.6) satisfies
u(+,0)=ug and u(-,T)=wur.

This previous result can be generalized for any ¢ as follows:

THEOREM 1.4. Let T>0 and LER.. The system (1.6) is exactly controllable around
c in L%(0,L) in the sense of Theorem 1.3.

To prove the previous results we need an auxiliary property that ensures that for ¢
near enough to 0 (small perturbations of 0), the system (1.4) is exactly controllable in
a neighborhood of ¢ in R..), or precisely, for d close enough to ¢ one has L ¢ R4 so that,
the system (1.5) corresponding to d is exactly controllable, answering the Question B.
In other words, the set of critical lengths is sensitive to small disturbances in equilibrium
¢, and the result can be read as follows.

THEOREM 1.5. Let T>0, c#£—1 and LER,. There exists €.>0 such that, for every
de(c—ecctec)\{c}, d#—1, we have L¢R4. Consequently, the linear system (1.5),
with c=d, is exactly controllable; and the nonlinear system (1.6) is exactly controllable
around the steady state d in L*(0,L), that is, there exists 54>0 such that, for any
ug,ur € L?(0,L) with

HUO_dHLZ(O,L) <dq and HUT _d”L?(O,L) <5d7

one can find h€ L*(0,T) such that the system (1.6) admits a unique solution u€ Zp
satisfying u(-,0) =wo and u(-,T)=wur.

1.3. Heuristic and paper’s outline. The proof of Theorem 1.5 is based on
the topological properties of real numbers together with Theorem 1.1. Moreover, with
this in hand, both results stated in the previous paragraph (Theorems 1.3 and 1.4) rely
on the so-called return method together with the fixed-point argument.

It is important to point out that the return method was introduced by J.M. Coron
in [12] (see also [13]) and has been used by several authors to prove control results in the
critical lengths for the KdV-type equation (see, for instance, [8,10,11,15]). This method
consists of building particular trajectories of the system (1.6) starting and ending at
some equilibrium such that the linearization of the system around these trajectories has
good properties. Here, we use a combination of this method with a fixed-point argument,
successfully applied in [16]. We mention that this method can be applied together with
quasi-static deformations and power series expansion. We refer the reader to the nice
book of Coron [14] for more details of the method.

It is important to emphasize that our control h€ L?(0,T) is guaranteed by the
construction of u (see below). In this setting, the resulting control (or trajectory) is
not unique. Furthermore, choosing smoother initial and terminal data yields higher
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regularity for both the control and the state within this framework. However, as is well
known in the literature, when the initial data lie in L2, the regularity of the control is
optimal at the L?-level.

Concerning the construction of solutions to the Theorems 1.3 and 1.4, we follow
the following procedure: In the first step, we construct a solution that starts from yq
and reaches at time T'/3 a state which is in some sense close to d (which is yet to be
defined). Then we construct a solution (close to the state solution d), which starts at
time 27'/3 from the previous state. In the last step, we bring the latter state to 0 via a
function usg, as we can see in Figure 1.1 below, considering the characterization of the
function w:[0,L] x [0,7] = R by

uy, in [0,7/3],
u={d, in[T/3,2T/3],
ug, in [27/3,T].
L0, L)
A ‘J T i
i : |
/ A | |
| ; BN
B | | 1
T 2T T
3 3

F1a. 1.1. Solutions driving states close to 0 to constants and vice versa.

We finish this introduction with an outline of this work, which consists of three
parts, including the introduction. Section 2 gives an overview of the well-posedness of
the system (1.6). Section 3 is devoted to proving carefully the controllability of the
system (1.6) when L€ R.. Precisely, in the first part of Section 3, we deal with the
proof of Theorem 1.5. In the second part, we prove the construction of the function u
mentioned before, and, in the third part of Section 3, we use these previous results to
achieve Theorem 1.3. Finally, Section 4 is devoted to final remarks and comments.

2. Overview of the well-posedness theory

In this section, we review the well-posedness theory for the KdV equation. The
results presented here can be found in [5,7,21]. For that, consider L >0 and Ty,77 € R
with Ty <T7. We define the space

Zry.m =C ([To,T1);L*(0,L)) N L* [Ty, T1); H(0,L))
which is a Banach space with the following norm

T 1/2
= ot SO adt .
1l 2z, 2, ter[r%oagl]lly(, M2,y + (/TO Iyl 50,1 )
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For any T'>0 we denote Zy 7 simply by Zr.
Additionally, let T'> 0 be given and consider the space

Hp:=H5(0,T) x L*(0,T) x H™5(0,T)
with a norm

[(h1s g hig) |94 2= [l | + 12l L20,7) + [lhs]]

H™5(0,T) H™5(0,1)"

The next proposition, showed in [7, Proposition 2.5], provides the well-posedness to the
following system

ut+u$zw:f7 in (OaL)X(O7T)a
uxz(oat) :hl(t)7 ux(Lvt) :hg(t), uxx(Lat) :h3(t)a in (OaT)a (2'1)
u(z,0) =wuop, in (0,L).

PROPOSITION 2.1 (Caicedo, Capistrano-Filho, Zhang [7]). For any vo € L?(0,L),
h=(hy,ha,h3) €Hr and f€L'(0,T,L*(0,L)), the IBVP (2.1) admits a unique mild
solution u € Zr, which satisfies

dlue LX(0,L; HY=9/3(0,T)), j=0,1,2.

Moreover, there exists Cy >0 such that

2

lull 2+ 1020 e 0,110 -5730,0y) < C1 (l0 ]l 20,2y + [Mllaer + | Il 21 073220, ) -
=0

REMARK 2.1. We highlight that the constant C; in the above result depends on
T. However, if 6 € (0,7] then, the estimates in the Proposition 2.1 hold with the same
constant C; corresponding to T'.

In fact, let ug € L?(0,L), he Hy, f€ L'(0,0;L%(0,L)) and u € Zy be the solution of
(2.1) corresponding to these data. We extend h and f to [0,7] (we will also denote
these extensions by h and f) putting

h=0in (,7] and f=0in (0,7T].

Now, denote by @ € Z7 the corresponding solution of (2.1). Then, from Proposition 2.1,

we have 11|[0 g = U and

[ull z, < llallz7 < Ch (luollL2(0,L) + 1Bll#r +1 fllL10.7:22(0,2)))
=C1 (luollz2(0,) + Il + 1 Fll 22 0,0:220,1))) -

Using the Proposition 2.1, we can get properties for the linear problem

yt+(ay)x +Yzaz = f, in (OvL) X(O7T)7
yzx(ovt) = hl(t)a yz(Lat) :hZ(t)v ymz(Lat) :hS(t)v in (OvT)v (22)
y(2,0) =yo(z), in (0,L),

where a € Z7 is given. To do this, the following lemma will be very useful and was
proved in [22, Lemma 3].
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LEMMA 2.1 (Kramer, Zhang [22]). There exists a constant C >0 such that

T
| w0l < (1473 fulz ol
0

for every u,v e Zp.

With these previous results in hand, the following proposition gives us the well-
posedness of the general system (2.2), which will be used several times, so, for the sake
of completeness, we will give the proof.

PropPOSITION 2.2. For any 1yo€L?*(0,L), h=(hy,ho,h3)EHr and f€
LY(0,T,L%(0,L)), the IBVP (2.2) admits a unique mild solution y€ Zr, which satis-

fies
dye L2 0,L; HA=9/3(0,T)), j=0,1,2,
and
lyllzr <Ca (lwoll 2o,y + IMll2r + 11l 21 0,7:2200,2))) »

for some positive constant Cy which depends only on T and ||al|z,. In addition, the
solution y possesses the following sharp trace estimates

2
Z ||Bg;yHL;O(O,L;HU*J.)/S(O,T)) g 02 (HyO”Lz(O,L) + HhHHT + HfHLl(O,T;Lz(O,L))) :
7=0

In particular, the map (yo,h, f)—y is Lipschitz continuous.

Proof.  Let yo€ L?*(0,L), he Hy and fe L*(0,T;L?(0,L)) be given. Consider ¢
satisfying 0 <8 <T and define the map I': Zy — Zy in the next way: for y € Zy, put I'y
being the solution of

Ut + Ugpze = [ — (ay)m» in (OaL) X (0,9),
Upa (0,8) =hq(t), ug(L,t) =ha(t), uze(L,t)=hs(t), in (0,0),
u(@,0)=yo(x), in (0,L).

Consider the set

B={yeZy; |lyllz, <r},

with 7 >0 to be determined later. From Proposition 2.1 and Lemma 2.1 we have for
any y € B the following estimate

ITyllz, <Ci (Ilyoll 20,y +1Bll2¢e + 1 Il L1 0.0:22(0.2)) + (@)l L1 0.0:220.1)))
<C1 (llyoll2 0,0y + Ml 226 + 11 fll 21 0,052 (0,2)))
+2010 (0% +6% ) lall 2, 1yl 2,
<C1 (llyoll2 0,0y + Ml 226 + 1 f 210,652 (0,2)))
+20,C (05463 ) lall ]l (23)
Choosing

r=2C1 (lyoll 2(0,z) + 1l + 1 /1121 0,0:22(0,1.)))
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and 6 satisfying

1 1 ].
2010(95+0§) lallz, <3, (2.4)

the inequality (2.3) gives us

.
ITyllz, < ol

,
2"

that is, I'(B) C B. Furthermore, I'y — T'w solves

Ut +Ugzr = [a(—y+w)]s, in (0,L) x (0,0),
Upa (0,8) =z (L,t) =Uqe (L,t) =0, in (0,6),
u(x,0)=0, in (0,L).

So, from Proposition 2.1, Lemma 2.1 and inequality (2.4), we have
[Ty —Twlz, < Chlllaly —w)]all21(0,6522(0,1))
<2010 (63 +6%) llallz, lly —wllz,
11
<2010 (63 +6%) [lal 2 ly — vz,
1
<2lly—wlz,.

Thus, I': B— B is a contraction so that, by Banach’s fixed-point theorem, I" has a fixed
point y € B which is a solution to the problem (2.2) in [0,6], corresponding to data
(yo,h, f). Additionally, inequalities (2.3) and (2.4) yields that

1
lyllzo < C (llyoll 20, + [Blla + 11122 0.6:22(0.) + 51112,
and, therefore,

lyllzo <2C1 (Ilyoll 2o,y + Bllao + 1 Fll L1 0,022 (0,1)) ) -

Since 6 depends only on a, with a standard continuation extension argument, the solu-
tion y can be extended to interval [0,7] and the following estimate holds

[yl zr < C2 (HyOHL2(O,L) + [[bf3, + ||f||L1(o,T;L2(o,L))) ) (2.5)

for some suitable constant Co > 0 which only depends on T and ||a|| z,.. Therefore, it fol-
lows from (2.5) that the map (yo,h, f) — y is Lipschitz continuous and, as a consequence
of this, we have the uniqueness of the solution y in Z7. The sharp trace estimates follow
as a consequence of the Proposition 2.1, showing the proposition. ]

Now, we will study the well-posedness of the nonlinear problem, namely:

Yo+ (ay)s + Yozw + YYo= [ in (0,L) % (0,T),
Yrx (0,8) =Ry (t), yu(L,t) =ha(t), Yuu(L,t)=hs(t), in (0,7), (2'6)
y(z,0) =yo(x), in (0,L).

The result can be read as follows.
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PROPOSITION 2.3. Let a€ Zr be given. For every yo € L*(0,L), h=(hy,ha,h3) €
Hr and f€ LY(0,T,L%(0,L)) there exists a unique mild solution y€ Zr of (2.6) which
satisfies

lyllz <Cs (llyollz2(o,) + Il 20,0y + 1 f L2t (0,7:L2(0,2)))

and

2

Z ||aiy||L;’,°(O,L;H(1*j)/3(O,T)) §C3 (||y0HL2(O,L) + ||hHL2(O,T) + ||f||L1(O,T;L2(O,L)))
=0

2
+Cs (Ilyoll 20,y + 1Rl 20,0y + 1f 11 21 0,15220,)))

for some constant C3>0. Furthermore, the corresponding solution map S is locally
Lipschitz continuous, that is, given A >0 there exist Ly >0 such that, for every

(y07haf0)a<y17g7fl> EL2(07L) X HT X Ll(OaT7L2<OaL))
with
lvollzz(0,0) + 1Bll#r + [l follLro,7;02(0,1)) <A
ly1llz2c0,2) + I8ll3r + I f1llr0,7:22(0,1)) <A,
we have
||S(y07haf0) - S(yhgafl)”ZT <Lx (HyO 7y1||L2(0,L)
+h—=gllw +I1fo— fillLrome2o,L)) -

Proof. We will proceed as follows: First, we will show the existence of a solution
and obtain the desired estimates. Secondly, we will get an estimate that provides the
uniqueness of the solution and guarantees that S is locally Lipschitz continuous.

To do that, consider yo € L?(0,L), h€ Hr and f € L*(0,T;L%(0,L)). Let 0 satisfying
0<6<T and define the map I': Zy — Zy in the following way: For y € Zy, pick I'y as
solution of the following problem

w4 (aw) g + Uzze = f = YYa in (0,L) x (0,6),
Upa (0,8) =hq(t), up(L,t) =ha(t), uze(L,t)=hs(t), in (0,0),
u(@,0)=yo(z), in (0,L).

Consider the set

B={yeZ; |lyllz, <r},

with 7 >0 to be determined later. Using Proposition 2.2 and Lemma 2.1 we obtain, for
any y€ B,

1Tyl z, < C2 (IwollL2o,) + 0ll3e, + 11122 0,022 0,)) + 1¥¥a | L1 (0,0:22(0,1.)))
1 1
< Ca (llyoll2(0,2) + Ihllge + 11 fll L1 0,0:22(0,1))) + C2C (92 +93> lyllZ,. (2.7)

Choosing

r=4C ([lyoll 2(0,z) + 1l + [ /111 0,0:22(0,1.)))
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and 6 satisfying

[oNe; (9% +0%) r<=, (2.8)
inequality (2.7) gives us

D)z, <5+ 2= <,

47472
that is, I'(B) C B. Moreover given y,w € B, I'y —T'w solves

g+ (aU) g + Upre = —YYu + WW,, in (0,L) x(0,0),
Uz (0,8) =0, uy(L,t) =0, uy(L,t)=0, in (0,6),
u(z,0)=0, in (0,L).

Therefore, from Proposition 2.2,
[Ty —Tw| z, < Calyye —wwallL1(0,6,22(0,1))-
Note that
e —wwe = [(y +w)ely —w) + (g w)(y —w)].
Then, thanks to the Lemma 2.1, we get that
”yyw —wwaLl(o,e;m(o,L))

5 [H (y+w)e(y—w)|lL1(0,0,2200,)) + (¥ +w)(y —w)e HLl(O,O;L2(O,L))]

IN

|
Q NI

(€ (03 +6% ) ly+uwlz, ly—wllz, +C (63 +6% ) ly+wlz, ly—wllz,
(0% +0%) ly+wllz, ly—wllz,

<20 (05 +0% ) rlly—wlz,

and, using (2.8) yields

IPy—Twllz, £265C (03 +0%) rlly —wllz, < 5lly—wllz,.

Hence, I': B— B is a contraction so that, by Banach’s fixed-point theorem, I" has a
fixed point y € B which is a solution to the problem (2.6) in [0,6], corresponding to data

(y()ahaf)'
Furthermore, due to the inequalities (2.7) and (2.8), we have

1
lyllzo <C2 (Iwollz2(0,) + 1Mll3s + 1 Fll L1 0,052 (0,L))) +1”y‘|29’

and, therefore

lyllz, < 02 (llyoll 20,z + Ml + [ f11 L1 0,0:22(0,2))) -

Since 6 depends only on a, with a standard continuation extension argument, the solu-
tion y can be extended to interval [0,7] and the following estimate holds

1yl 22 < Cs (Iyollz20,2) + M3 + 1 £l 10,7522 (0,2)) ) (2.9)
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for some suitable constant C5 >0 which only depends on T and a. Now, using one more
time the Proposition 2.3 together with Lemma 2.1 we obtain

2
Z‘|8§?JHL;o(o,L;H“*WB(OvT))
j=0

<Cy (||y0||L2(O,L) + 0|2+ fllzr 0,502 0,)) + ||Z/Z/;c||L1(0,T;L2(0,L)))
1 1
< Ca (Ilgoll 20,09 + llzer + 1122 07:22(0,00)) + CoC (63 +6% ) 1y,

By (2.9) it follows that

2
S 1020l -0
=0
<Cs (llyollz2(0,) + IRll3er + 1 fllr0,7:22(0,2)))
. N - 2
+C20 (63 +6%) O (luoll 0,0+ ler + 17121 0.7:220.20))
Choosing

Cs ::max{ég,czacZC (9% +0%) 02}

we obtain the desired estimates.
Now, consider

(yo,h, fo), (1,8, f1) € L*(0,L) x Hy x L' (0,T;L*(0,L))
with

llyollz2(0,) + IBllaer + 1l foll 1 0.522(0,)) <A
ly1llz2(0,z) + I8ll3r + I f1llr0,7:22(0,1)) <A

Write h=(hy,hs,h3) and g=(g1,92,93). Let y and u be solutions of

yt+(ay)z+yzmm+yyz:f07 in (O,L)X(O,T),
ym(O,t) =h (t), yx(Lvt) = hQ(t), yfcm(Lvt) = h3(t)’ in (O’T)v
y(x,O):yo(x) in (OvL)7

and
up 4 (au) ; + Upgr +uty, = f1, in (0,L) x (0,7,
uiw(oat) :gl(t)7 uw(L?t) ZQQ(t)7 ’U’IQJ(L’t) :g3(t)? in (O?T)v
U(.]Z,O):yl(l') in (O7L)7

respectively. Then, w =1y —u solves the problem

wi+ [ (a+ 5 (y+u) w], +Weee = fo— fr, in (0,L) x (0,T,)
wxx(o’.):hligh wﬂc(L?'):h27925 wxm(Lv'):hl}*ngv in (O7T)a
w(z,0)=yo(z) —y1(z), in (0,L).

From Proposition 2.2 it follows that

ly—ullze <D (llyo—v1ll2(0,0) + I —gll2r + | fo— fillLro,ric20,1)) » (2.10)
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where D is a constant which depends on T and [la+3(y+u)| z,. But, using (2.9) we
have

1 1
lat+ 5 (y+ullzr <llallzr + 5 (Iyllzr +ull2r)

C3
<l|lallz + > (Ilyoll L2 (0,2 + 1[Iz + 1 foll 10,7522 (0,)) )

Cs
Ly (ly2llz20,) + &ll#r + L2 llLr 0,7:22(0,1))

and, consequently,

1 -
lat+5(y+ullzr < llallz, +Cs.

Hence, the constant D can be chosen depending only on T and ||al|z, (and also on A),
so that (2.10) gives us the uniqueness of the solution, which turns the solution map S
well-defined. Moreover, from (2.10)

||S(y07haf0) 7S(y17g7f1)||ZT SD (”yO 7y1||L2(0,L)
+h—gllar +11fo— fillLro.r20.1)) »

which concludes the proof. 0

Finally, the following lemma, whose proof can be found in [24], will be useful in the
next section.

LEMMA 2.2 (Rosier [24]). Ify€ Z7 then yy, € L*(0,T;L*(0,L)) and the map

Zp — LY(0,T;L%(0,L))
Y = YYa,

s continuous. More precisely, for every y,z € Zr we have that

lyye — 222l L1 (0,7302(0,0)) <Ca (1Yl L2 (0,711 0,

+l2ll 220,11 0,£))) 1y — 2l 20,7318 (0,))

where Cy is a positive constant that depends only on L.

REMARK 2.2.  We end this subsection with the following remarks.

(1) For every a € Zp, the Proposition 2.2 gives us the well-definition for the solution
operator

Ag:L*(0,L) x Hp x L' (0,T;L*(0,L)) — Z¢

where, for each (yo,h, f) € L?(0,L) x Hr x L*(0,T;L?(0,L)), Au(yo,h, f) is the corre-
sponding solution to the problem (2.2). Furthermore, the Proposition 2.3 guarantees
that A, is a bounded linear operator.

(2) Of course, the constant Cy >0 in the Proposition 2.2 depends on ||a||z,. However,
given M >0, the same constant Cy can be used for every a € Zr with |al|z, <M.
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3. Boundary controllability in the critical length
In this section, we study the controllability of the system

Yt + Yz + Yzzz +YYe =0, in (0,L) x (0,7),
Yoz (0,8) =0, yo(L,t) =h(t), yae(L,t)=0, in (0,T), (3.1)
y(xvo) :yo(x) in (OvL)’

when L is a critical length. We will use the return method together with the fixed-
point argument to ensure the controllability of the system (3.1) when L€ R,.. Before
presenting the proof of the main result, let us give a preliminary result that is important
in our analysis.

3.1. An auxiliary result. Given c¢# —1, the set of critical lengths for the
linearization of (3.1) around c is

2
R:{ m2+ml+zz;m,ZEN*}U{;;%;meN*}.

3(c+1)

As mentioned before, when L € R, the linear system

Yt + (L4 )Ys + Yuaz =0, in (0,L) x (0,T),
yww<07t)20? ym(L’t):h(t)7 yww<L7t):07 in (OaT)v (32)
y(xvo):y()(x)a in (OaL)7

it is not exactly controllable. So, in this section, we first give the proof of Theorem 1.5.

Proof. (Proof of Theorem 1.5). We will split the proof into two cases.

First case: L=2rY 2" 1 some (J,k) e N* x N*.

v/ 3(c+1)
Let d# —1 and suppose that L € R4. Then
/2 1112

- WM; m,l € N* (3.3)

3(d+1)

or
mm

L=———; meN", 34
Vd+1 (3.4)

If (3.3) is the case, we have that

Vi2+ik+k? vm?2+ml+12
s =27 ,
3(c+1) 3(d+1)

which implies

(c+1)(m?+ml+1?)

2 gkt k2

with m,l € N*.
Otherwise, if (3.4) holds, so

7T\/]'Q—I—jk:—I—k2 _mm
V3(e+1)  Vd+1
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giving that

_ 3m*(c+1)
CA4(52+ ik +K2)

where m € N*. Therefore, if L € R, then we necessarily have d € A; UB;. Here,

| (e+1)(m2+ml+1%) .
A:{ PRSI ALES

and
3m?(c+1)
=] 1: N* 5.
b {4<J‘2+jk+k2> e }

We are now in a position to prove that A; UB; is discrete. To do that, consider
x,y € Ay such that vy in the form

. (c+1)(m3+myly +12) _q
32+ gk + k2
and
. (c+1)(m3+maly+13) 4
72+ ik + k2 ’

with mq,l1,mo,ls € N*. Note that

c+1

V=T e [(m3 +maly +13) — (m3+maly +13)] .

Since x #y we have

(M2 +myly +13) # (m3 +maly +13).

Thus
[(mT+maly+13) — (m3+mala+13)| > 1
so that
c+1
d > v .
(Ivy)—j2+]k+k27 xayEAh x#y
Analogously, we get
3(c+1)
d > 7 Y B .
(:E’y)_4(]2+]k+k2)’ maye hx#y

Now, let z € A; and y € B; with x #y, as follows:

(c+1)(m?+ml+1?) 1
x= —
32+ jk+k?

and

3p*(e+1)
y= 4(j2+jk+k2)
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where m,l,p e N*. Observe that

(c+1)(m?+mi+1?) 3p2(c+1)

J2+gk+k? 4(j% + jk+k?)
~Ac+1)(m*+ml+1?) 3p%(c+1)
A2 +k+k2) 424 jk+k?)
c+1

= _[4(m? 141%) —3p?].
4(j2+jk+k2)[(m +mi+17) p}

Since x #y we have that 4(m?+ml+1?) and 3p? are distinct natural numbers so
[4(mP+mi+1%)—3p*| >1

and, consequently, we have
c+1
d(2,y) > ————5-
=9)2 [ e )

From all the above, we conclude that

1
d(l‘,y)24 ot ) vxayEAIUBh x;«éy,

(j2+Jjk+k?)
which implies that A, UB; is discrete.
Note that ce A, UB; since
(c+1)(j* +jk+k?)

= —1 .
C j2+jk+k2 €A1

As any point in A; UB; is isolated, there exists €3 >0 such that
(c—er,c+e1)N[ALUB | ={c}.

Therefore for d € (c—e€1,c+€1)\{c} we have that d¢ .4, UB; and, therefore, L ¢R.

. _ _km . *
Second case: L= JerT for some k € N*.

Let d# —1 and suppose that L€ Ry, that is, (3.3) or (3.4) holds. If (3.3) holds,
then

km 5 vm2+ml+12
=27
Ve+1 V3(d+1)

giving that

i (c+1)(m?+mil+1?) )
B 3k?2 o

with m,l e N*. If (3.4) is the case, thus

km _omm
ve+l  Vd+1

so that
g etm?
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Therefore, if L € R4 then we have necessarily d € A UBy where

Ay e { (c+1)(m?+ml+1?)

a2 -1; mJeN*}

and

c+1)m? "
BQ:{(kQ)L meN }

As done before, taking z,y € Ay with x #y, such that

(et 1)(m2 +mqly +12) 1
= 3k2 N
and
B (c+1)(m3+maly+13) 1
- 3k2 o

where mq,l1,mo,lo € N*, yields that

_c+1
-~ 3k2

[(m%—kmlll +13) —(m§+m2l2+l§)]
and, as x £y we have

|(m%—|—m1l1 —‘rl%) — (m§+m212+l§)| >1.

Consequently,
d(z, y)_ 3k2 ,V:z: y€As, T#Yy.
In an analogous way,
d(.’L‘,y)Z k2 ) Vo yEBQa .’L‘#y
and
+
d(x y)— 3k_2 ) vxeAZa yGBQ, x#y
Therefore,
c+
d(z,y) > 3k2 , Ve,ye AsUBy, x#£y.

Proceeding as in the first case, we conclude that there exists e; >0 such that,
for every d € (c—ez,c+€2)\{c} we have d¢ A2UBs so that L¢R,4. Considering €. :=
min{ey, ez}, thanks to the [7, Proposition 3.6] and Theorem 1.1, the proof is completed.
0

REMARK 3.1. It can seen that, for c¢#—1 and L€ R, we must have 0<e. < 3’%
Hence, €. does not depend on the control time 7" and ¢, — 0 when L — co. On the other
hand, for L close enough to 0, the tolerance €. can be considered extremely large.
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3.2. Construction of the trajectories. In this subsection, for simplicity,
we will consider ¢=0 in R.. Let T'>0 and note that by Theorem 1.5 there exists
€p >0 such that for every de€(0,¢p), the system (3.2) is exactly controllable around d.
Henceforth, we use C,C7,C5 and C5 to denote the positive constants given in Proposition
2.3, corresponding to T'. One can see that, for every 7€ [0,7T], the same constants can
be used to apply the corresponding results for ||- ||z, so, for simplicity, we will consider
now on 7= %

The first result of this section ensures that we can construct solutions for the system
(3.1) which starts close to 0 (left-hand side of the spatial domain) and achieves some non-
null equilibrium in a certain time 7'/3. The result is shown by a fixed-point argument.

PROPOSITION 3.1.  There exists 81 >0 such that, for every d € (0,81) and yo € L?(0,L)
with ||yoll12(0,) <01, there exists hy € L*(0,T/3) such that, the solution of (3.1) for
t€[0,7/3], satisfies

y(-T/3)=d.

Proof.  Let 61 €(0,e0) be a number to be chosen later. Consider d € (0,61) and
yo € L?(0,L) satisfying

||yOHL2(O,L) <41.
For € € (0,¢p) such that
C (T% —&—Té) lellzr <01 and C (T% +T%) ||5||2ZT <oy, (3.5)

where C >0 is the positive constant given in Lemma 2.1, [7, Proposition 3.6] guarantees
the existence of a bounded linear control operator

Ue: L%(0,L) x L*(0,L) — L*(0,7)

such that, for any ug,u, € L?(0,L), the solution u of

ur+ (14 &)Uz +Upze =0, in (0,L) x (0,7),
Upz(0,8) =0, uz(L,t) =h(t), uze(L,t)=0, in (0,7),
u(an)ZUO(x)a in (OaL)7

with the control h=WU*¢(ug,u,) satisfying u(-,7)=u,.

We will denote, for simplicity, the solution operator Aj;. (given in Proposition 2.2
and Remark 2.2 with a=14¢) by A.. Observe that, if y is solution for (3.1) for some
control h, then y is a solution of

yt+(1+5)ym+yxzr:_yyw+5yxa in (07L)X(O>T)>
ymx(oat) :07 yw(Lvt) = h(t)7 yww(Lat) 207 in (077-)7
y(x,O):yo(x) in (OvL)’
that is,
y=Ac(yo,h, —yya +€yz) =Ac(y0,7,0) + A (0,0, —yyo +eya).- (3.6)

Let y€ Z; and h, € L*(0,7) given by

hy =% (yo,d— A (0,0, —yys +ey2) (7))
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Define the map I': Z. — Z by
I'y :Ae(ymhyao) +A€(Oa07 —YYz +5yw)'

Note that if I" has a fixed point y, then, from the above construction, it follows that y
is a solution of (3.1) with the control h,. Moreover, from (3.6) we have

y:AE(y07hy70)+AE(0707_yyz+€yI)
so, by definitions of A., h, and V¢, we get that
y('77—) :Aa(y07hy70)(')7—) +A8(050a —YYx +€yw)(')7—)

:d_AE(O7O7_yyw +5y:v)('77-) +A€<0707_yy:v +5ym)('77-)
:d7

and our problem would be solved. So we will focus our efforts on showing that I' has a
fixed point in a suitable metric space.
To do that, let B be the set

B={yeZ; |lylz <r},

with >0 to be chosen later. By (3.6) and Proposition 2.2 (together with Remark 2.2)
we have, for y € B, that

ITyllz, <l[Ac(yo,hy,0)ll 2, +11Ac (0,0, —yys +eya) || 2.
<Ca(llyollzz(0,0) + hyllz20,m) + | = yye +eyallLr0,m2(0,1)) ) -
From Lemma 2.1 and Young’s inequality, we ensure that

1YYz — €Ya HLl(O,T,L2(O,L)) =(y—¢)y= ||L1(O,T7L2(O,L))

1 1
<C(r+r8) ly=cliz lyllz,

23
ol

1 1

<c(ri+rd) 5 (ly—elz, +lvlz,)

1 1

1 1\ 1

<C(rd+r8) S (i, + I, + el +Iel, +Ivlz, ) -
Thus,
1 1\ 3, 11 2
lyge —evellis0m iz SC (75 +7%) Sllglig, +C (75 +7F) Jlellz,

and, by (3.5) we obtain

1 1\ 3
lyye —eyellLr0,,02(0,)) < C <T2 +T3) §Hy||237 +4d1,
that is,

Hyya: — &Yz HLl(O,T,LZ(O,L)) SéHyHQZT +(51>

where
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In this way

Iyl L2(0,7) = 11° (o, d — Ac(0,0, =Yz +eya) (7)) | 2(0,7)
<IN (Ilyoll 20,) + 1l 20,2y + 1A (0,0, —yya +2ye ) (-, 7)| 20,1 )
<161+ (%= [|dV L+ ||| A (0,0, —yy + ey ) | 2.
<[ WE||81 + 19|60 V LA+ 92| Co | =y + Y|l L2 (0,712 0. )
<61+ (9|61 VL + |89 CoCllylIZ, + [ %° | Cady
= (14 VI+Co ) 981+ G 9 2.

Therefore,

Tyl z. < Cady +Co [(1+\/Z+02) |\\1/€||51+026Hx1ﬁ||r2} +Cy (Cr2+4))
= [202+C2 (1+\@+02) ||\I/5||] 81+ (C3|| W[+ C) Cr2.
Choosing
r—2 [202+02 (1+\E+02) H\IIE||} 5
and ¢; is small enough such that
(C2[| %[ +Cs) Tr < % 2(C'Q2||\I/€H—|—C’2)r<%, (C21 W2+ Cs) 6, < % (3.7)
yields that

IT| 2, S%Jrg:r — I'(B)CB.

Additionally, observe that for y,w € B, Proposition 2.2 gives us

”Fy—FwHZT :||A6(07hy - hw70> —|—A5(O,O, —YYz +WWy +EYy _gwx)HZ,.
<Callhy = bl L2(0,r) + C2llyys — wwzll L1 (0,7:22(0,1))
+Colle(yz —wa) || L1(0,7:22(0,1))-

Since
hy —hy =9 (0,—A:(0,0,—yy, +cys ) (-, 7) + A (0,0, —wwy +ewy) (-, 7))
=% (0,Ac(yyz — Y —wwy +ewy)(+,7)),
we have again from Proposition 2.2 that

Collhy —hw ||L2(0,7—) SCS H‘I’E Ilyyz — eys — wws +ews ||L1(0,T;L2(0,L))
SC%H‘I’EHH?J% _waHLl(O,T;L2(0,L)) +022H‘I’6||H5yz —szHLl(o,r;LZ(o,L))-

Putting these two previous inequalities together, we find that

Ty —Twl|z, <(C31¥°||+C2) |yye —wwe || L1 (0,7522(0,))
+ (022 08| +C2) [|e (Yo — wa)ll L1 (0,752 (0, L)) -
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From Lemmas 2.1 and 2.2, together with the choices (3.5) and (3.7), it follows that

Ity —Tullz, <2(C31%°)1+C) rlly—wl =,
+ (CBI7)|+C) C (73 +7F ) ez, lly —wllz,
< [2(CBI° I +Co)r+ (G121 + Co) 8] ly—wl =,
<lly—wllz..

Therefore, I': B— B is a contraction so that, by Banach’s fixed-point theorem, I" has a
fixed point y € B, concluding the proof. O

The second result of this section ensures the construction of solutions for the system
(3.1) on [27/3,T] starting in one non-null equilibrium and ending near 0.

PROPOSITION 3.2.  There exists 0o >0 such that, for every d€ (0,62) and yr € L*(0,L)
satisfying ||yr || 120,y <02, there exists hy € L*(2T/3,T) such that, the solution of (1.6)
fort€[2T/3,T) satisfies

Proof.  Let d5€(0,69) be a number to be chosen later. Consider d € (0,d3) and
yr € L?(0, L) satisfying

lyr|l2c0,0) < 02-

Let € € (0,€¢p) be such that
C(r 478 lellze <02 and C(rd+78) elZ, <o, (3.8)

where C' > 0 is the positive constant given in Lemma 2.1. If z is a solution to the problem

2+ Zp + Zoge +22: =0, in (0,L) x (0,7),
220(0,8) =0, 2z, (L,t) =h(t), 242(L,t)=0 in (0,7), (3.9)
z(x,0)=d, in (0,L),

then z is a solution of

ze+(14€)zp + 2pnn = —224 + €24, in (0,L) x (0,7),
222(0,8) =0, 2z, (L,t) =h(t), 242(L,t)=0, in (0,7),
z(z,0)=d, in (0,L),
that is,
z=Ac(d,h,—zzy+e25) =Ac(d,1,0) + A (0,0, — 225 +€25). (3.10)

Given z € Z,, let h, € L*(0,7) defined by
h,=W* (d,yT —A-(0,0,—zz, +EZ$)(~,T)) )
Now, consider the map I': Z, — Z, given by

Iz=A.(d,h,,0)+A.(0,0,—22, +£2;).
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Once again, if " has a fixed point z, from the above construction, it follows that z is a
solution of (3.9) with the control h,. Moreover, from (3.10) we have

z2=Ac(d,h;,0)+A:(0,0,—22, +e2,)
so, by definitions of A, h, and W¢ it follows that
z2(+,0)=Ac(d,h2,0)(-,0) + A (0,0, — 22, +e25)(-,0) =d+0=d
and

Z('7T) :A€(d7h270)('v7-)+A€(0’07_2Z$+62$)('7T)
=yr —AE(O,O,—ZZw +€Zw)("7—)+AE(O’07_ZZ:E+€ZI)('7T) =yYr.

Hence our issue would be solved defining y:[0,L] x [2T/3,T] =R by
y(x,t)=z(x,t—2T/3).

Now, our focus is to show that I" has a fixed point in a suitable metric space. To
do that, consider the set B given by

B={zeZ:; |lz]lz, <7},

with 7 > 0 to be chosen later. By (3.10) and Proposition 2.2 (together with Remark 2.2)
we have, for z € B, that

1Tzl 2, <[ Ac(d,hz,0)l|2, +1[Ac(0,0, 225 +e24) | 2.
<O (lldll 20,0y +1PallL2(0,7) + | = 220 + €20l L1 (0,722 (0,1)) -
As in the proof of the Proposition 3.1,
|22 — €2zl L1 (0,7,220,1)) §6||Z||ZZT +d2.
Moreover,

||hz||L2(O,T) = H\IIE (dny _A6(070a —ZZz +Ezz)('77>) ||L2(O,T)

<E( (Nl 220,y + Nyl 22 0,0y + 18 (0,0, =225 +222) (-, 7) | 22 (0,1
<8V ]| 9|62 + [ 2° |4 (0,0, — 22 +22) | 2,
<8I0y + 19|62V LA+ [ OF||Ca || — 220 + €22 ]| 1 0,m522(0,L)
< || WE |62 + [T (|0 VD + | 8[| Co O 2|2, + || 5] Cada
= (14 VL+Co ) 9182+ T 9.

Therefore,

0212, < Ca0aV/L+Co | (14 VI +Co) 0503 + G| W# |12 + G (Cr* +32)
= [CoVE+Co (14 VI+Co ) |9+ Ca] 6+ (G319 + C3) T
Choosing

r=2[CoVL+Cs (14 VL +Co) |99 + G b
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and Jo is small enough such that
_ 1 1 1
G394+ Co) Cr< g, 2(C3[ e[+ Co)r <y (C3P°[+ o)<y, (3.10)
we get that

T r
IPz]|z, <545 =r = T(B)CB.

Furthermore, observe that for z,w € B, Proposition 2.2 gives us
ITz —Tw| z, =||A(0,hy —hy,0)+A(0,0,— 22, +wwy +e2, —ewy )| 2
<Cs||h, _hw”L?(O,T) +Col|22, _wwz”Ll(O,T;LZ’(QL))

+C2lle(2e —wa)ll L1 (0,7:L2(0,L)) -

-

Since
hy—hy=9°(0,—A.(0,0,—z2z; +25)(-,7) + A (0,0, —ww, +ew, ) (+,7))
=% (0,A (22, — 2, —wW, +ewg)(+,7)),
we have, again from Proposition 2.2, that
Callhz = huwllL2(0,7) SCINYE|[|22, — 20 —wwy +wg || L1(0,7L2(0,1))
<C311¥°|||| 22 — wwg || 1 0,7;12(0,1.))
+C31 ¥ |leze — ewg || 11 (0,722 (0, 1)) -
Then,
Tz =Tl z, < (C3¥°||+C2) |20 — wwa | 10,7522 (0,1))
+(CFY [ +C2) lle(za —wa)ll21.0,m:22(0,1))-
From Lemmas 2.1 and 2.2, together with (3.8) and (3.11), it follows that
T2 —Twl|z, <2(C31 8[|+ C2) |z —w] 2,
+ (CBIF)|+C2) C (73 +7F ) fellz, Nz —wllz,
< [2(CFIIEE ||+ Ca) r+ (C3 ¥ + C2) 62] | 2 —wl| 2,
<|lz—wllz, .

Therefore, I': B— B is a contraction so that, by Banach’s fixed-point theorem, I' has a
fixed point z € B, which concludes our proof. O

REMARK 3.2. It is important to note that Propositions 3.1 and 3.2 guarantee that
||Z¢|| can be chosen uniformly bounded for sufficiently small €. This uniform bound is
crucial to ensure the existence of a fixed point in both theorems.

3.3. Controllability on R..  We are in a position to prove Theorems 1.3 and
1.4. For the sake of simplicity, we will give the proof of the case L € Rg (Theorem 1.3),
and the case L € R, (Theorem 1.4) follows similarly.

Proof. (Proof of Theorem 1.3). Let §; and 3 be positive real numbers given
in Propositions 3.1 and 3.2, respectively. Define § :=min{d;,d2} and consider d € (0,0)
and yo,yr € L?(0,L) such that

lyoll 20,1y, lyrl 220,y <.
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From Proposition 3.1 there exists hy € L?(0,7/3) such that, the solution y; € Zpg of

Yt + Yz T+ Yzzz +YYs :07 in (OaL) X (OaT/?))a
yzz(ovt) :07 ym(Lvt) :hl(t)a ymx(Lvt) =0, in (0,T/3),
y(w70):y0($)’ in (OaL)v
satisfies
y1(x,T/3)=d.

On the other hand, thanks to the Proposition 3.2, there exists hy € L?(27/3,T) such
that, the solution ys € Zo7/3 7 of

Yt + Yz +Yzzz T YYx =0, in (O,L) X (2T/3,T)7
yza:(oat) :07 yw(L7t> :h2<t)a yxw(L7t> :05 in (2T/37T)7
y(z,21'/3) =d, in (0,L),
satisfies
y2(x,T) =yr.

Defining y:[0,L] x [0,T] =R by

y1, in [0,7/3],
y=< d, in [T/3,2T/3],
Y2, in [27/3,T],

we have that y € Zp and y is solution of (3.1) driving yo to yr at time T, showing that
the system (3.1) is exactly controllable, and the proof is completed. 0

4. Conclusion and open issues

In this work, we established the exact boundary controllability of the nonlinear
Korteweg—de Vries equation under Neumann boundary conditions in the critical length
case. By combining the return method of Coron [14] with a suitable fixed-point argu-
ment, we extended previous results in the literature that were restricted to the sub-
critical regime. Our analysis shows that, for small perturbations of the steady state
u=c, the system is exactly controllable in L?(0,L) when L€ R.. This completes the
controllability theory for the Neumann case and opens perspectives for future research
on control and several important conclusions, which we will mention now.

4.1. Control cost and small-time behavior. Observe that Theorems 1.3 and
1.4, and consequently Theorem 1.5, guarantee controllability in small time. This is in
contrast with the setting considered in [7,24], where the control cost cannot be directly
characterized. In our approach, small-time controllability follows from Propositions 3.1
and 3.2, specifically from the assumptions on 7 given in (3.5) and (3.8).

This naturally leads to the question of characterizing the constant in the observ-
ability inequality associated with the control problem (1.6). Moreover, we expect the
control h to blow up in the L?norm as T — 07, since the control is bounded by the
constant

3C

C: 7(T%JFT%).

Both questions remain open and provide interesting directions for future research on
the control problem.
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4.2. Neumann versus Dirichlet/mixed controls. In this work, we inves-
tigated the Korteweg—de Vries (KdV) equation on a bounded domain under Neumann
boundary conditions. In the classical Hilbert Uniqueness Method (HUM), the main
difficulty lies in the fact that the boundary conditions for the adjoint system differ from
those of the original system. For this reason, the return method cannot be applied di-
rectly, unlike approaches based on series expansions as in the works of Crépeau, Cerpa,
Coron, and others [10, 11]. To overcome this issue, we adapted Glass’s idea [16] and
employed a fixed-point argument applied to a specifically constructed trajectory, which
is, in general, not unique.

Several open problems remain concerning the KdV equation with Neumann bound-
ary conditions. For instance, it is still unclear how to use power series expansions to
obtain similar results as in [11] or how to define a manifold (a subset of L?(0,L)) asso-
ciated with the set R. to characterize all admissible trajectories in the critical length
regime, see for instance the references [8,10]. In this sense, the present work not only
extends the existing literature but also highlights important directions for future re-
search.
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