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A qualitative study of the generalized dispersive systems with time
delay: the unbounded case
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VILMOS KOMORNIK

Abstract. We study the asymptotic behavior of the solutions of the time-delayed higher-order dispersive
nonlinear differential equation

ur(x,t) + Au(x, t) + ro(x)u(x, 1) + A(x)u(x,t — 1) =0

where 1
Au = (=192 Ty (—nyma2my 5 laxul’“
P

withm < jand 1 < p < 2j. Under suitable assumptions on the time delay coefficients, we prove that the
system is exponentially stable if the coefficient of the delay term is bounded from below by a suitable positive
constant, without any assumption on the sign of the coefficient of the undelayed feedback. Additionally, in
the absence of delay, general results of stabilization are established in H (R) fors € [0, 2j 4 1]. Our results
generalize several previous theorems for the Korteweg—de Vries-type delayed systems in the literature.

1. Introduction
1.1. Model description

Under suitable assumptions on amplitude, wavelength, wave steepness, and so on,
the study on asymptotic models for water waves has been extensively investigated to
understand the full water wave system; see, for instance, [1,6,7] and references therein
for arigorous justification of various asymptotic models for surface and internal waves.

Formulating the waves as a free boundary problem of the incompressible, irro-
tational Euler equation in an appropriate non-dimensional form, one has two non-
dimensional parameters § := % and e := 7, where the water depth, the wavelength
and the amplitude of the free surface are parameterized as %, A and a, respectively.
Moreover, another non-dimensional parameter u is called the Bond number, which
measures the importance of gravitational forces compared to surface tension forces.
The physical condition § < 1 characterizes the waves, called long waves or shallow

Mathematics Subject Classification: 35Q53, 93D15, 93D30, 93C20
Keywords: KdV-type equation, Damping mechanism, Delayed feedback, Stabilization, Lyapunov
approach.

Published online: 10 October 2025 ® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00028-025-01135-0&domain=pdf
http://orcid.org/0000-0002-1608-1832

102 Page2of 49 R. DE A. CAPISTRANO-FILHO ET AL. J. Evol. Equ.

water waves. In particular, considering the relations between ¢ and §, we can have two
well-known regimes:

1. Korteweg—de Vries (KdV): ¢ = 8> « 1 and u # % Under this regime, Korte-
weg and de Vries [24]! derived the following well-known equation as a central
equation among other dispersive or shallow water wave models called the KdV
equation from the equations for capillary-gravity waves:

1
21, + 3nny + (3 - M) Nxxx = 0.

2. Kawahara: ¢ = 8* « land u = % + vs%. In connection with the critical Bond
number y = % Hasimoto [16] derived a fifth-order KdV equation of the form

1
21 + 300y — Vixxx + Enxxxxx =0,

which is nowadays called the Kawahara equation.

In the last years, many authors have been interested in finding the behavior of
solutions for the time-delayed KdV equation, time-delayed Kawahara equation, and
other time-delayed dispersive systems see, for instance, [2,3,11,12,21,32] and the
reference therein. In this article, our goal is to study general results for a higher-order
dispersive equation which in some sense recovers the equations mentioned in the cited
articles. Due to this advance for this type of dispersive equation, our main focus is to
investigate the stabilization of the higher-order extension, for example, of KdV and
Kawahara equations.

To be precise, we will consider the Cauchy problem for the following higher-order
KdV-type equation posed in R:

w (e, 1)+ (=D ue, ) + 1o, =0, (1,x) eR xR,

(1.1)
u(0, x) = up(x), x e R.

Specifically, (1.1) is called KdV and fifth-order KdV-type equation when j = 1 and
J = 2, respectively. More generally, we aim to prove the stabilization results of the
solutions for a time-delayed higher-order dispersive system with a strong dissipative
term, namely

(1) + (DI )+ (D™ u(x, 1) + Ao(ulx, 1)
AU, t — 1) + ﬁaxu’”'l(x, 1) =0, in R x (0, 00),
u(x,s) =ugp(x,s) in R x [—t,0],

(1.2)

IThis equation was first introduced by Boussinesq [9], and Korteweg and de Vries rediscovered it twenty
years later.
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where we often write uq(x) instead of ug(x, 0) with ug the initial value? and j.meN,
m < j,1 < p < 2j. Here, the constant 7 > 0 is the time delay and the coefficients
are considered with the following regularity

A0 (x), A(x) € L®(R).

Thus, our main intention is to furnish sufficient conditions on the coefficients A, Aq to
have well-posedness and exponential decay estimates for the model (1.2).

It is crucial to emphasize that the initial condition u(x,s) = up(x, s) must be
taken into account, as it arises from the initial-boundary value problem for a transport
equation. This is a classical setup, as detailed in [27]. Specifically, the well-posedness
of the delay differential equation (1.2) is studied using the following change of variable:
z2(x, p,t) = u(x,t — pt), where x € R, p € (0, 1), with ¢ > 0. Substituting this, the
function z(x, p, t) satisfies the transport equation:

10,2(x, p, 1) + 0pz(x, p, 1) =0, xR, pe(0,1),t>0,
2(x,0,1) = u(x, 1), xeR,t>0, (1.3)
Z(x’p’0)=Z0(x’p’_lOT)9 xeR’pe(Ovl)9
where zo(x, p, —pT) := ug(x, —pt). With this formulation, the linear system associ-
ated with (1.2) can be rewritten as an abstract problem. Let U (t) = (u(-, t), z(-, -, 1))

and denote z(1) := z(x, 1, ¢). Incorporating the linear system derived from (1.2) and
(1.3), we obtain the following system:

wr + (=18 (™2 A+ A(0)2(1) = 0, (x.1) € R x (0, 00),

10:2(p) + 9pz(p) =0, (x,1) € R x (0,00), p € (0, 1),
2(x,0,1) = u(x, 1), (x,1) € R x (0, 00),

u(x, 0) = up(x), x eR,

z(x, p,0) = zo9(x, p, —p1), xeR,pe(0,1),

which is equivalent to the abstract Cauchy problem:

LUty = AU®),
U(0) = (uo(x), zo(x, —=p7)) ,

where A : D(A) C 'H — H is defined as
Al D) = (D797 = (<102 u = rou — 2w)z(D), —r79,2)

and the dense domain D(A) = {U € 'H : AU € 'H}, where H is an appropriately cho-
sen Hilbert space. Henceforth, we will focus on analyzing the stabilization properties
of the system (1.2).

zHere, we consider the following compatibility condition uq(x, 0) = ug(x).
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1.2. Review of the results in the literature

Let us briefly discuss the preceding works [2,3,11,12,21,32] and the results con-
cerning the well-posedness of (1.1).

The local and global well-posedness of (1.1) has been widely studied. The local
well-posedness result was first proved by Gorsky and Himonas [15] for s > —1, and
Hirayama [17] improved this to s > —%. Both works were based on the standard
Fourier restriction norm method. Hirayama improved the bilinear estimate by using
the factorization of the resonant function. The global well-posedness of (1.1) was
established for j = 1,2 by Colliander et al. [13] and Kato [19], respectively, via
the “I-method”. In [18] the authors extended the results of [13] and [19] to j > 3.
Their method follows the argument in [13] for the periodic KdV equation, while some
estimates are slightly different. They proved that the IVP (1.1) is globally well-posed
in H*(T) for j > 3and s > —%.

To our knowledge, the only work concerning the control and stabilization properties
for the system (1.1) was done by the first author with two collaborators in [10]. The
authors studied the local and global control results for (1.1) posed on the unit circle.
More precisely, they considered the system

o+ (=DM w4 1o, ) = £, %), (t,x) eRxT,
u(0, x) = up(x), x € H(T),

posed on a periodic domain T. They showed the globally controllability in H*(T), for
s > 0 by the forcing term

f(t,x) = g(x) (h(l,x) - /Tg()’)h(l, y) dy>,

supported in a given open set w C T, where g is a given nonnegative smooth function
satisfying

/g(x)dx:l and w:= {g > 0},
T

and £ is the control input.

Considering the particular cases of the system (1.2), without delay and damping
terms, we recall some results from the literature concerning the asymptotic properties.
The well-known Korteweg—de Vries—Burgers equation

U +Uyyy —Uxy +uuy =0 in R x (0, 00), (1.4)

corresponding to the case j = m = 1, was extensively studied. For example, in [4]
Amick et al. proved that the L2-norm of the solutions to (1.4) tends to zero as t — 00
in a polynomial way, namely

luC,0)ll, < C1=% forall 1> 0,
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with a positive constant C. More recently, Cavalcanti et al. [12] studied the following
damped KdV-Burgers equation:

Ur(x, 1) + tppx (X, 1) —uxx(x, 1) + 2o(X)u(x, 1) +ulx, Hux(x,t) =0, in R x (0, 00),

u(x,0) = up(x), in R. (1.5)

Under appropriate conditions on the damping coefficient A, the authors established
its well-posedness and exponential stability for indefinite damping A¢(x), giving ex-
ponential decay estimates on the L% —norm of solutions. In [14], the results of [12]
were extended by generalizing the nonlinear term of (1.5) and proving the global well-
posedness and exponential stabilization of the generalized KdV-Burgers equation un-
der the presence of the localized and indefinite damping. In [21] the authors consider
the KdV-Burgers equation (1.5) in the presence of a delayed feedback A (x)u(x, t — 7).
They considered the system with damping and delay feedback, showing the exponen-
tial decay estimates under appropriate conditions on the damping coefficients.

It is important to point out the exponential decay estimates obtained in [26,29]
for the KdV equation posed in an interval with localized damping. Also, periodic
conditions have been considered in [20,23] while more general nonlinearities have
been considered in [31]. Additionally, the robustness concerning the delay of the
boundary stability of the nonlinear KdV equation has been studied in [5]. The authors
obtain, under an appropriate condition on the feedback, with and without delay, the
local stabilization results for the KdV equation with noncritical length. Moreover, in
[32], the authors extended this result for the nonlinear Korteweg—de Vries equation in
the presence of an internal delayed term.

In two recent articles [2,3] the authors studied the qualitative and numerical analysis
of the following nonlinear fourth-order delayed dispersive equation in a bounded
domain I = [0, L] with boundary and initial conditions:

ur(x,t) —ouxx(x, 1) + pugyxx (x, 1) +ulx, t — Dux(x,t) =0, (x,1) € I x (0, 00),

u(0,t) =u(L,t) =ux(0,t) =uyx(L,t) =0, t >0,

u(x, h) = f(x, h, (x,h) € I x [-1,0].

(1.6)
The well-posedness, as well as the exponential stability of the zero solution of (1.6),
was established in [2]. The main ingredient of the proof was the exploitation of the
Schauder Fixed Point Theorem. This improved an earlier result [3] in the sense that
no interior damping control was required. Additionally, numerical simulations were
also presented in this article to illustrate the theoretical result.

Finally, in a recent paper [11] the authors considered the Kawahara equation posed
on a bounded interval under the presence of localized damping (a (x) u(x, t)) and
delay (b(x)u(x, t —h)) terms. They proved its exponential stabilization under suitable
assumptions. First, they showed the Kawahara system is exponentially stable under
some restriction of the spatial length of the domain. Next, they introduced a more
general delayed system and suitable energy functions, they proved, via the Lyapunov
approach, the exponential stability for small initial data, under a restriction on the
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spatial length of the domain. Then they used a compactness—uniqueness argument to
remove these hypotheses, thereby obtaining a semi-global stabilization result.

We end our review with a recent paper [22] where abstract linear and nonlinear
evolutionary systems with feedback were studied. Specifically, the authors considered
the system

U'(t) = AUt) + k(t)BU(t — 7) + F(U(2)), in (0, +00).
U(0) = U, fort € (0, 7), (1.7)
BU(t —1) = f(1),

where A generates an exponentially stable semigroup in a Hilbert space H, B is a
continuous linear operator of H into itself, k() € Llloc (0, +00) and T > 0 is a delay
parameter, with F' : H — H is a Lipschitz function. The main purpose of [22] was to
give a well-posedness result and an exponential decay estimate for the model (1.7) with
a damping coefficient k(¢) belonging only to L }OC. By using the semigroup approach
combined with Gronwall’s inequality, under some mild assumptions on the involved
functions and parameters, the well-posedness of the problem was established and an

exponential decay estimate was obtained.
1.3. Main results

With this state of the art, let us now present our main results which give a necessary
next step to understanding the asymptotic behavior for generalized dispersive systems.

From now on, for the sake of simplicity, the norms in the spaces L? (R) and L*°(R)
will be denoted by || - ||, and || - ||, Tespectively. Furthermore, we introduce the
Banach space

By.r := C([0, T]; HS(R)) N L*(0, T; H 7/ (R))
with the natural norm
Il = el cqo.ryms @y + 185wl 20 7.2
Here, we will consider the H* (R)—norm defined as
el sy = (1 + €D 2A(E) 2,

where it denotes the Fourier transform of . Moreover, we mention that an alternative
equivalent norm for || - || gs(ry can also be defined using interpolation methods, for
details see [25]. For s = 0 we omit the subscript s, so that By = Bo 7.

In the following theorems and corollaries, we always assume that

jymeN, m<j, and 1<p <?2j. (1.8)

Our first result ensures the well-posedness of (1.2) in the space H* (R):
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Theorem 1.1. Assume (1.8), and let s € [0, 2] + 1]. In addition, assume that
Mo, A€ LX) if s=0, and A =0, Ao € H' (R) if s> 0.

Then, for s > 0, any ug € H*(R) and T > 0, the IVP (1.2) admits a unique solution
u € Bg . Moreover, if s = 0, ugp € C([—r,0]; L2R)) and T > 0, the IVP (1.2)
admits a unique solution u € Br. Moreover, there exists a non-decreasing continuous
function Bs : RT — R, such that

lulls,r < BsUluoll2) luoll a5 ®)-

Remark 1.2. The same result as stated in Theorem 1.1 is obtained when considering
the Cauchy problem described in equation (1.2) without the presence of a time delay,
i.e., when the parameter t is set to be zero.

Consequently, the subsequent result demonstrates that every mild solution of equa-
tion (1.2) qualifies as a regular solution when the origin is not taken into account.

Corollary 1.3. Consider A = 0. Under the assumptions of Theorem 1.1, for any
ug € L*(R), the corresponding solution u of (1.2) belongs to

Byjsiger = C(le, TI; H¥THR) N L*(e, T; HY T (R))
forevery) <e <T.

The second main result is related to the exponential stabilization of (1.2). For that,
consider initially the following assumption

M(x) >y forae. xeR (1.9)

with some positive constant yg. If the coefficient of the delay term A satisfies the
estimate ||A]lo, < 0, We can obtain the exponential decay estimates for the £(¢)
associated to the solution of the system (1.2), where

t
EW) = E@®)) = %/Ruz(x,t)dx + %/ /Re_(t_s)|)\(x)|u2(x,s) dx ds.
-1

In that case, the delay effect is compensated by the undelayed damping term (cf. [27]),
and the following result holds:

Theorem 1.4. Assume (1.8). Let Ay € L*°(R) satisfying (1.9) and » € L°°(R) satis-
fying
et +1
2
with B € L1(R) for some 1 < g < 0o, such that

Mx)| <y + Bx) forae x€eR (1.10)

_ 1—5L 1 22j-1c2j 1
0<y <y and |Bll, < (M) 4 where g = (1 — —)(7> et
Cq 2qj qJ
(1.11)
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Here C is the constant given by the Gagliardo—Nirenberg inequality (see inequality
(2.15) below). Then the solution of (1.2) is exponentially stable. More precisely, the
solution u of (1.2) satisfies the estimate

E(t) < C(ug, t)e™M!

with i
; Zqﬁl
v =min {2(y0 =y = gl 817 ). 1 (1.12)
and
1 2 0 s 2
Cluo, ™) = 3 u@I3 + [ e Ixllsollus) I3 ds. (113)
-7

After having restricted ourselves to the case where ¢ is bounded from below by a
positive constant, the next issue is to extend our results to the case where the coefficient
of the undelayed feedback Aq is indefinite. We have the following result:

Theorem 1.5. Assume (1.8). Consider ). € L*°(R) satisfying (1.10) and Ay € L (R)
is an indefinite damping, that means that

Ao(x) > yo — Po(x) forae x €eR, (1.14)

with yo > 0 and By, B € L9(R) for some 1 < q < o0, satisfying the inequalities

Yo\~ 27
ol < (7)™ (1.15)
and 1
0 — y\ -2
lBo + Bllg < ()/C_)/> U for some 0 <y < yp. (1.16)
q

Then for every uy € C([—t, 0]; L2(R)), the system (1.2) has a unique global mild
solution. It is exponentially stable, that is,

E(t) < Clug, r)e !
with C(ug, t) as in (1.13), and

29

. 20) — 12\ s y
v‘/:mln{2<V0—V— S ()78 + ol )1} (1.17)

As a consequence of Theorem 1.5, we can find information on the solution of the
system (1.2) for any interval [¢, t 4+ T'], for T > 0. The following result will be crucial
in getting the exponential stabilization in the space H>/T1(R).

Corollary 1.6. Assume (1.8), consider Ao and A satisfying (1.10) and (1.14), respec-
tively, and let T > 0. Then for every ug € C([—t,0]; L?(R)), the corresponding
solution u of the problem (1.2) satisfies the estimate

N4l Bo s isr)
_ 12
< Cor {ZC(uo, e + Moollull L1 —r.r 2Ry + 31155 ”u”Lz(t—r,t;Lz(R))}

with Cr is given by (2.9) below and C (ug, t) defined by (1.13).
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Considering the general equation (1.2) in the H*-norm, with s € [0, 2j + 1] without
the presence of the time delay term, that is, A = t = 0, the previous corollary helps
us to prove the following general theorem about the exponential decay:

Theorem 1.7. Assume (1.8), and consider the system (1.2) withh = 7 = 0, and Ag €
L (R) satisfying (1.9). Then the system (1.2) is exponentially stable. More precisely,
there exists a time Ty > O such that for every ug € H*(R) with s € [0,2j + 1], (1.2)
has a unique global mild solution satisfying

)l @) < 7 luollz, To)luoll s ye ™", fort = To, (1.18)
where 1(s) is a positive number, and y : Rt x RY — R is a continuous function.

1.4. Comments and article’s structure

1. Itis important to point out that to prove Theorem 1.1 we use a method introduced
by Tartar [33] and adapted by Bona and Scott [8, Theorem 4.3]. This method
was first used to prove the global well-posedness of IVP for the KdV equation
on the whole line, and here, we adapt the spaces for our purpose.

2. Theorems 1.4 and 1.5 generalize the results in [21] for the general differential
operator

Au = (=197 e, ) + (=D u(x, 1),

that is, considering appropriate values of j, we can recover the results in [21].
Additionally to that, considering the real line, the results proved here can be seen
as extensions of [2,3,11,12,32], showing the dependence of the decay rate of
the order j of the operator A.

3. Note that Theorem 1.7 extends (and recovers) the previous results of [12,14] by
proving the stabilization in B, 7 for 0 < s < 2j + 1 with only a damping term,
without the presence of the time delay term.

4. The main results of the paper are summarized in the following table:

Type of the feedback law Well-posedness Exponential stabilization
Damping (indefined Bo.r = Br [ ()2 <
and localized) term + C(ug, t)e M,
Time Delay term in L?-norm
Damping term (inde- Bsr,0<s<2j+1 lu@) g @y <
fined and localized) e M uoll s ®), 0 <
s <2j+1

This paper consists of five parts including the introduction. In Sect. 2 we ana-
lyze the well-posedness of the system (1.2) when the initial data belongs to space
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C([—7,0]; H*(R)), where s € [0, 2 + 1] under some assumptions of Ao and A. Sec-
tion 3 is devoted to the exponential stabilization of the system (1.2) in L2(R), that is,
to the proof of Theorems 1.4 and 1.5. In Sect. 4 we prove Theorem 1.7, establishing
the exponential stabilization of the system (1.2) without the presence of time delay
term (A = t = 0) in the space H*(R), for s € [0,2j + 1]. Finally, in Sect. 5, we
conclude the work with some further considerations.

2. Well-posedness theory

In this section, the strategy is to establish the well-posedness theory in H*(R), for
s € [0,2] + 1]. The strategy is to establish the well-posedness results in L*(R) and
H?/+1(R), respectively. After that, we will use interpolation arguments, due to Tartar
[33] and adapted by Bona and Scott [8, Theorem 4.3], to achieve Theorem 1.1.

2.1. Linear system

For simplicity, consider m = j € N in the system (1.2). Let us start studying the
following linear model associated with (1.2), namely

e (6, 1) 4+ (= DI Ty )+ (— 1702 uix, 1) + ru(x, 1)
+Aiu(x,t —1) =0, in R x (0, 00),
u(x,s) =up(x,s), in R x [—t,0].

2.1
This section is devoted to proving the well-posedness via semigroup theory. We first
take a look at the properties of the following operator

Asout = —(=D) T (e, )= (=173 u(x, 1) — rou. (2.2)

The following well-posedness result can be proved.

Proposition 2.1. If1y € L°°(R), then the operator Ay, defined by (2.2) on D(A;,) :
HY+Y(R) generates a strongly continuous semigroup in the Hilbert space H =
L*(R).

Proof. Note that A;, = A + Aj,,, where
Au = — (=D G ) — (=179 u(x, 1)
and
AAO = —Aol.

It suffices to observe that A 2o 1S a bounded perturbation of the operator A and to
prove that A generates a strongly continuous semigroup in L*(R). Indeed, according
to the Lumer—Phillips theorem it is sufficient to check that A is dissipative and that



J. Evol. Equ. A qualitative study of the generalized dispersive systems Page 11 of 49 102

I — A is onto. The dissipativity follows by a direct computation: if ug € H**(R) is
real-valued, then u is also real-valued and

* P1a2j+1 P02 o
(Au,u)py = / (—(—1)!+‘a)/+ u—(—l)Jax]u) udx = —/ (0lu)2dx <0,
—00 —00

since we have

o0 ; 2j+1
/ (=@ M wyudx = o.

—00

Thanks to the fact that RAv = A(NRv) for all v € H2F1(R), it follows that

0 .
R(Au, u)y = —/ (@Iu)?dx <0

—0o0

for all ug € H¥TL(R).
In order to prove that I — A is onto, it remains to show that for every f € L*(R)
there exists u € H>/T1(R) satisfying the equality

=78 u(e, (=178 ux, 1) +u = f.
Taking the Fourier transform in the previous equation, it is equivalent to

f®©
L+ (—1)J(i6)2) + (= 1)1 (ig)2+T

This is possible by the fact that the denominator

u) =

h(E) == 1+ (=17 (i&)*) + (= 1)/ T (ig) 2 +!

never vanishes. Since, moreover, i(£) is a continuous function satisfying |2 (£)] — oo
as || — oo, 1/h is bounded, and therefore, the last equation has a unique solution
i € L>(R). Finally, since the function

(1 483> (1485
h@?> |1+((—1)](1’5)2/)+(_1)j+l(i%-)2j+1|

tends to 1 as |£€| — oo and hence it is bounded by some constant M on R, we conclude
that

2j+1

701y = 11+ 872 al3 < M1 F113-

Since f € L?(R), this implies the regularity property u € H*T1(R). U

Let us now use an iterative procedure (see, e.g., [28]) and semigroup theory (see,
e.g., [30]), to prove that (2.1) is well-posed.

Theorem 2.2. If Ao, A € L*°(R) and ug € C([—1, 0]; H), then there exists a unique
solution u € C([—1, 400); H) of the problem (2.1).
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Proof. Consider the interval [0, T]. Note that (2.1) can be seen as an inhomogeneous
Cauchy problem of the form

u(t) — Ajou(t) = go(t), in (0, 7),
u(0) = uo,

with go(t) = —Aug(t — 1), for t+ € [0, ], which have unique solution u(-) €
C([0, t), H). Now, considering the interval ¢ € [t, 27], problem (2.1) can be rewritten
as

u(t) — Apou(t) = 1), in (z,27),
u(t) = u(r-),

where g1 () = —Au(t — 7). Thanks to the first step of the proof the function u(z), for
t € [0, t], its known, thus g1 (¢) can be considered as a known function for ¢ € [z, 27].
Therefore, this analysis yields the existence of a solution u(-) € C([0, 2t], H). By a
bootstrap argument we get a solution u € C([0, 00), H). O

2.2. Non-homogeneous system

We are interested in extending the previous results to the nonlinear system (1.2).
In this way, we first consider the corresponding linear inhomogeneous initial value
problem

(e, 1)+ (DI e, ) + (=17 93 uix, 1) + roux, 1)
+iu(x,t —1) = f(x,1), in Rx (0,7),
u(x,s) = up(x,s), in R x [—1,0],

2.3)
for some T > 0. Consider the operator A;, defined by Proposition 2.1. So, we may
rewrite (2.3) in the following way

:uz(x, D+ ru(x, 1 —1) = Apoulx, 1) + f(x,0), in Rx(0,7), 2.4)

u(x,s) = up(x,s), in Rx|[—t,0].

Since Aj, generates a strongly continuous semigroup of contractions in L%*(R) by
Proposition 2.1, for any given value ug € C([—7,0], H) and f € L! o, T, L2(R)),
problem (2.4) has aunique mild solutionu € C([—7, T']; L? (R)), satisfying Duhamel’s
formula:

t t
u(t) = Sug(0) — / St —s)iu(s —1)ds +/ St —s5)f(s)ds, te][0,T].
0 0
(2.5)
Therefore, we can prove that the mild solution of (2.4) depends continuously on the
initial data.
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Proposition 2.3. If uy € C([—1,0], L>(R)) and f € L'(0,T; L*(R)), then the
solution of (2.4) satisfies the following estimate:

0
lell o,y 2ry) < €M=" (||u0(0)||2 + 1l 0,7 2@y + 2o / ||M(S)|I2dS>
—T
2.6)
and
lelleq—r. 2@y < € (luolleq—r.o 2@y + 1 lL10.7:2@)) - 2.7)

where A is a function in L*°(R) (see (1.10)) and C is a positive constant given by

Proof. The Duhamel’s formula (2.5) gives us that

t
u(ll2 <lluo@)l2 + II)»Iloof lu(s — Ollzds + 1 fllLro,7;2R))
0

0

<ol + 1 £ 1121 0.7 22y + 12 loo / ()2 ds
T

t
+ II)»Iloo/O llu(s) 2 ds

t

o) ll2 + 1 110,112 + I1-loc / lu(s)ll2 ds.
T

Thus, the result follows as a direct application of Gronwall’s lemma. g
As a consequence of the previous inequality, we have the following proposition.

Proposition 2.4. Let uy € C([—1,0], L2(R)) and f € L'(0, T; L*(R)), then the
solution of (2.4) belongs to Br and the following estimate holds true:

lullz, < Cr {luoO)llz + 1 fll L1 0,7:22)) + IMloollll Lt (7 0:22(R))

L (2.8)
HIA 1l 2 e 2280 |
where
Cr = \/g(l n eznxnoor)me<||x||oo+uxonoo>r 2.9)

Moreover, we have

1 1 . t t
7||u(z)||§+/ ||a;u\|§ds+/ /Aouz(x,s)dxds—l—/ /xu(x,s—r)u(x,s)dxds
2 0 o Jr 0 Jr

1 t
=§||M0(0)||2+/ /f(x,s)u(x,s)dxds,
0 JR
(2.10)

forallt € [0,T],
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Proof. Multiplying the equation (2.3) by u and integrating by parts, taking into account
that

/(—1)/’+1(a§f“u)udx =0 and /(—1)fa§fu(x,z)udx = /(a,{u)zdx,
R R R

the relation (2.10) holds.
Let us now prove (2.8). Thanks to (2.6) we infer that

t .
||u<t>||§+z/0 193 ull3ds < llug(0)3
Moo T 0
+20F L1 0.7: L2y e ||uo<0>||2+||f||L1(0,T;Lz(R))+||A||oof le(s) 112 ds
-7

t t t
+2||Ao||oof0 ||’4(S)||%ds+||)»||oo/0 ||M(~Y_T)||%ds+||)»||oo/(; luts)ll5ds.

The previous inequality together with the following one

t 0 t
/ lu(s — )13 ds s/ lu(s)1I5 ds +/ lu(s)113 ds,
0 —T 0
ensures that
t .
||u(r>||%+2f 1odull3ds
0
= MO( )”2 + ”f”Ll(O,T;LZ(R)) (2 1])
, @
+ 2T (ug )y + 1 10,7 22y + 1Mool 1 (e 0: 22 )))
t
F oo lullZ2 012y + 2(0Rlloo + A0llo0) / lul3ds.
o 0
From (2.11) we have
2 ! ) ! 2
()13 +2 /0 197 ull3ds < 2(llloo + 10 ll0) /0 luell3ds

+ (14 24T fug ()l + 171110, 7:220R)

1/2 2
Hirloollull 1~z 0, 22®)) T 1Moo ||’4||L2(_f,();L2(R))} .
(2.12)

An application of Gronwall’s lemma gives the following:
1 .
Juo13 +2 [ ot s
< (1 n eznxnﬂ) UM loo+Rolloo)T o
x {102 + 1 130 7en2cey) + 7l e.0rr2)

2
1/2
+ I 2@ | -
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thus

2
luly, <

3 (1 21T ol
2
X

{10112 + 1711210, 229 + ¥l Il 21— 0112 R

2
1/2
IRl 2 2 | -

and so

3 1/2
lull B, 5\/; (1 +e2llkllooT) UM lootlI20lloc) T

X {||M0(0)||2 + 11 0.7 2@y + IMloolltell Lt —r.0:L2®))
+ I N 2 02 |
showing (2.8) with Cr defined by (2.9). O
2.3. Nonlinear estimates
In this subsection, we present some nonlinear estimates that will be used to prove
Theorem 1.1.

Lemma 2.5. Let 1 < p < 2j with j > 1. Then, there exists a positive constant C,
such that, forany T > 0 and u, v € By, we have

p . 4ip=2
luP vl 2@y <22CT % ||u||gT||U||BT

Proof. Recall that H/ (R) < H'(R) < L*(R) for j > 1. On the other hand, note
that the following inequality holds:

I3 < 2llvllalivela, 2.13)
for all v € H/(R). Indeed, if v € C °(R) and y € R, then we have the following

inequality:

‘v(y)z‘ = '/_yoo 2uvydx

proving our estimate for smooth functions. Note that the general case, that is, for
v € H/(R), follows by density. Thus, we have that

o
<2/ ol - Juxldx < 2[vll2 loxllz (2.14)

—00

T
luPvullLi 0 712 < € /0 lu@ 5 llvs )l
o 5
<2%¢ / lu@)13 e (013 12 02t
0

T
» 2 2
< 25 gy [ a1 B ).
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We recall the following case of the Gagliardo—Nirenberg inequality:

m

107 ¢lla < Cllodelly ||<0|I2 , om< . (2.15)
Hence, taking into account (2.13) and considering m = 1 in (2.15), we get that
.1 21
lpllZ, < 2llell2llexllz < 2C1 @ll3 llll, - (2.16)

Moreover, by using (2.15) and Holder inequality, we obtain

NP vxllLo0,7:22®))

p

g 5 . (1_%>
<22 C”u”é([O,T];LZ)/(; 9wy’ IIM(t)||2 e 0)ll2de

2 1 2j-p
(z_l_) j ZLLJ 4j T ) 2 T 4j
=25CIull g o Y 12y / laduny” /0 o () 13d1 /0 dt

1
p e 5(2-5 & T 2 2(1-1 2
2:CT i) 107 ul (/ ||a§v(r)||2f||v(;)||2< ’)dz

IA

”””cqo T]:12) L2([0,T1:L?)

1’(2 1) A 2 \2
<2ber’ el o, 71 Lz)na’uan 0.5 105, (/0 ||a;v(z)||2fdt)

p(2-1 -1 L(p_1
< 22 CT 4 ”u”C(([O T/)L2) ”a]M“LZ 0 T] LZ) ”v”BT (||3]v(t)||L2([0 T] L2) 2( J>>

2j-p 1 1
<25cT T T? ( f)llullnglvllst,

proving the result. 0
The next lemma gives the estimates for the nonlinear terms.

Lemma 2.6. ForanyT > 0,1 < p <2j, Ao € L°R) and u, v, w € Br, we have
(i) llroull Lo, 7;02R)) = T3 ||)~0||oo||u||BT,
(ii) ”uwx”Ll(O T:L2(R)) = cr 4’ ||14||BT ||w||BT»

_ P 2j-p 1-1 —1
(iii) NulvlP will o 2@y < 25CT™H Tz( ’)llullBrllwllBrllvllgT ;
(iv) The map

M : Br — LY(0, T; L*(R)),

defined by Mu = u”u,, is locally Lipschitz continuous and satisfies the in-
equality

[Mu — Mvll[L10,7;12R))
p 2i-p 1(1_1 —!
<2t 1)C<Ilull’éT+“““Br””“%r +”””%r)”“_v”BT

143
+22T % Cllullg;llu —vliBy.

with a positive constant C.
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Proof. Note that (i) follows using Holder inequality. For (ii), observe that thanks to
(2.13) and (2.15), we have

luwsllz10,7:22m®))

T
< /O 1) oo s (1) 12dt
T (-1 . L
scfo 1 D 101 e ods

Se-4) [T ai =g T
< Clluls; ! 105 u@I5" Tw@ll, * oz w@)ll; dt
0

1 =

1(2—1 _1
ECIIuIIBT2< ’)IIwIIBT1 -’/0 ||3]u(t)|| 3]||w(t)||2dt

1 1
1(o_1 1 T aj T 2 4j-3
scnuusﬁ( f>||w||BT (/ ||a£u(t>||§dr> (/ lofw(®)|3de ) T
0 0

gz 3(-g) b
<CT 4 Julg, lwlg,’ lulg lwl, -

Let us now prove (iii). Note that (2.15) implies that
leelol? ™ will 10,722 R)

—1 —1

T
52[7/0 Ilu(t)II2||ux(t)|I2I|v(t)|I2 IIUx(t)||2 llwx (2) [l2d1

p=1
<22C||ull,3 vl 5,

T . 1 11 p-l(_1
fo 18Lu)ll,’ ||u<r)||§( )na’v(r)n;f o)l = ’>||wx<r>||zdr

) 50D

<2zc||u||BT||v||B§ lullg, " lvlls,

fo ||ax’u<z>||§f ||ava<r>||;f llwi (1) [l2dt

1

11 p=l(p_1 T 1 p=l
i : :
:22cnun;£ )n ||BT< ’)/O 187w 13 194 ()1, llws (1) [l2d1.
Thus, Holder’s inequality ensures that

-1
lulv]? wx||Ll(o,T;L2(R))
1

'(2 l) 1’*‘(2—1,) T aj

L i J 2

<2:2C ”””BT ||v||BT <f ||3¥M||2df>
0

p—1

1
T . e T 7 g
(/ ||8§v||§dr) (/ Iwa||§dt> T
0 0
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The previous inequality and (2.15) give us

—1
Izt v] P wxll 10,7 22(R))

1

i— (=1 p=l(p 1 1 p=l T -1 2 2
p e A(2-1) (=) Lo 211y 2
<22CT ¥ ullg, ~lvlg, lullg, lvlig; /(; llwl, I9{wl; dt

T

1
1

P 2j=p 1 -1 T : 2j 1 1—1
<22CT 9 |l llvlg, lwl,’ /0 194 wli3dt r(-3)

» 2j-p 1(1_1 1 -1 1
5 17 2 b 14 J J
<ot )”u”BT”U”BT lwllg,” lwl .

which allows us to get (iii). Finally, using the mean value theorem, (ii), (iii) and Lemma
2.5, we have

||Mu - MUHLI(O,T;L2)

< CIA+ulP™" + P Dl = vluxll o702 + 107 @ = v)cllp10,7:12)
4j-3 p 2j—p 1(1_1
<C {T T u— vl llulp, +25T75 Tz( ’)Ilu — vl llullz,
p2-p L(1-1 —1
+22T 4 T2< ’)Ilu—UIIBTIIMIIBTHUII%T
2j—p 1(1_1
4257 Tz(l /)||u - v||BT||vII%T},
and (iv) holds. O
2.4. Nonlinear system

We are in a position to consider the nonlinear model (1.2), with ug € C([—t, 0]; L?
(R)). Before presenting it, let us introduce the following definitions:

Definition 2.7. A mild solution of (1.2)is a function u € By, T > 0, which satisfies
t
u(t) = S(t)up(0) — / St — ) u(s — t)ds
0
t
—/ S(t — s)uP (s)0,u(s)ds, tel0,T].
0

A global mild solution of (1.2) is a function u : [0, c0) —> H L(R) whose restriction
to every bounded interval [0, 7] is a mild solution of (1.2).

2.4.1. Well-posedness theory in L*(R)
With these definitions and the previous estimates in hand, the following result gives

the local well-posedness for the higher-order dispersive equation and an a priori esti-
mate for the solutions of (1.2).
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Proposition 2.8. Let | < p < 2j with j > 1, and Lo, » € L®¥(R). For ug € L*>(R),
there exist T > 0 and a unique mild solution u € Bt of (1.2), such that

1/2
lullsy = €7 { IO ll2 + Wlloolo i e sz + 13166 Nuoll 2 0:12m0 |-

Here, C is given by (2.9).
Proof. LetT > 0be determined later and consider the operator I' : By — Br given

by I'(u) = v. For each u € Br consider the problem

{vl:Akov—kv(X,t_t)_Mu’ in R x (0, 7), 2.17)

v(x,s) = ug(x,s), in R x [—t,0].

Note that Aj, generates a strongly continuous semigroup {S(#)};>¢ of contractions in
L%(R). Moreover, Proposition 2.4 allows us to conclude that (2.17) has a unique mild
solution v € By, r, such that
Ivllz; <Cr {lluollz + IMull10.7:12w))
12 (2.18)
0 o0l (e 0r22) + IMIE ol 2 12280 )

where Cr is given by (2.9). Moreover, we have

1 t . t
_||v(t)||§+/ ||a,{u||§ds+/ /onz(x,s)dxds
2 0 0 JR
t
+/ /Av(x,s—r)v(x,s)dxds
0 JR

1 t
- —||uo||%+/ /Mu(x,s)v(x,s)dxds.
2 0 JR

The idea now is to prove that the operator I' : By — Br is a contraction mapping.
To see it, first, note that, thanks to Lemma 2.5 and (2.18), we have

e +1
ITulls, < Crilluolla +2P2CT 7 lullgh" + Illoolluoll 11 (—r.0,12))
IS N0l 22 r.0: L2 -
and, foru € Br(0) := {u € Br : |lullg, < R}, it follows that
ITulls, < Crilluglla +27/CT “5° RP+1
oo lluoll L1 (—r.0: 2y + 1M1 N0l L2z 0: 22 -
Choosing
R =2Cr (luoll2 + (IIMloolluoll L1 (—r.0:12R))

12
RN ||u0||L2(7r,0;L2(R))) “"‘OHLZ(fr,O;LZ(]R))) ;



102 Page20of 49 R. DE A. CAPISTRANO-FILHO ET AL. J. Evol. Equ.

we obtain the following estimate
1
ITullo,r =\ K1+ 3 R,

2j—
where K1 = K(T) = ZP/ZCTCT]“*IPR”. On the other hand, note that 'u — T'w is
solutions of

vy = Apv—2Av(t —t) — (Mu — Mv), in Rx(0,T7T),
v(x,s) =0, in Rx|[—t,0].

We will now prove that I has a unique fixed point. To do that, note that thanks to
Proposition 2.4, we have

”FM — FU)HBT S CT”MM — Mw||L1(0,T;L2)’

Lemma 2.6, precisely estimate (iv), allows us to conclude that
J p p—1 p
ICu = Twilg, < Cre {2877 (lullf, + lulls, Il + lwl,)

11
+22T % ullgy | e — w5
Suppose that u, w € Br(0) defined above. Then,
ITu —Twlg, < Kallu—wls,,
where
1.1 PN
Ky = Ko(T) = CrC{22T4R +3(22)T % R}

Since K; < K5, we can choose T > 0 to obtain K, < %,

1
IPulls; = R and |[Tu = Twlis, < Sllu —wls;.

for all u, w € Bgr(0) C Bo,r. Hence, I' : BR(0) — Bg(0) is a contraction and, by
Banach fixed point theorem, we obtain a unique u € Bg(0), such that I'(#) = u and
consequently, the local well-posedness result for 0 < T < t small enough to the
system. Thus, u is a unique local mild solution to the problem, and the estimate 2.8
holds. O

We are now able to present the main result of this subsection.

Theorem 2.9. Consider Ao, . € L*(R) satisfying the hypotheses of Theorem 1.4 (or
Theorem 1.5). Then the system (1.2) admits a unique global mild solution for every
initial datum ug € C([—t, 0]; LZ(R)) satisfying

1

l t t
Ew@ﬁ=§wmﬁ+/nwﬁw+/ /mfmnww
0 0 R (2.19)

t
+/ /Au(x,s—r)u(x,s)dxds
0 JR
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forallt > 0. Moreover, there exists a non-decreasing continuous function fy : Ry —
Ry, such that the solution u (1.2) satisfies

1/2
lull, < Cr {||'4(0)||2 + ||)~||oo||M0||L1(_r,o;L2(]R<)) + ”)\”cx/) ||MO||L2(_L0;L2(R))}

and
lullB; < Bolluoll2) luollc—r,01:L2(R))>

with Bo = Cr (1 + (||A||oorl/2 + ||A||1/2>) and Cr given by (2.9).

Proof. To prove the global well-posedness, we need to prove that the norms of the
solutions of (1.2) remain bounded in the existence time interval. To do that, let us
consider the functional

1 1 (! )
EW) = E®) = _/ u*(x, t)dx + -/ / eI U (x, 5) dx ds.
2 Jr 2 Ji—Jr
(2.20)
Taking the time derivative in time of this function, we have that

%(I) =/ () (=D 9 u(t) — hou(t) — hult — 1) + u? (D (1))dx

/|A|u (t)dx
—5¢ / IMu?(r — T)dx — —/ f ~E= |\ u?(x, s)dxds.

Integrating by parts, using the Young inequality and taking into account the hypotheses
(1.9), (1.10), and (1.11) we get that

d_(z) <—/(8ju) (t)dx — /u (1)dx + et; : / Ao 2 (1) dx
R

——/ / =910 u? (x, s)dxds
t—T

< / @ u)D)dx — (vo — ) / WP(0)dx + / B (1)dx.
R R R

Now, the Holder inequality ensures that

d& ;
O = =103 = (vo = V@3 + 1Bl 3, (2.21)
with ¢’ 71 Observing that
||u||§q/ = (/ ()™ dX> = (fRu (1) (u(r)) = ldx)

2 _2 2 2
7 /( —1) / -
< llully Nulls = lully llulid (2.22)
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and using (2.22) in (2.21), yields

d& - 32
—2 ) == 1{u® 13 = 0= VIO + 1Bl 13 nolk.  2:23)

Using (2.13) and (2.15) and applying Young’s inequality, we deduce from (2.23)
for every fixed § > 0 the following estimates:

d€ . 2 5 1 29-1 1
E(t) < —18{u®l5 — o — Mu@3 + 20 Bliglully * luxll

2qj—1 1

; L1 . .
< —13{u@®3 = oo — @3 +27Ca|Bllgllull, ¥ 18ully
< —13{u®3 — (o — P lu@®)|3

2qj—1 _24j 1oL 2qj
(3Bl )™ (827 C lazull3
+ + . .

2qj

2qj
2qj—1

Picking 8§ > 0 such that 22/ C%/§%4/ = 24, this gives

26]] _1(22j—lc2j) 1 2qj

d¢ 2qj-1 2qj-1 2
a0==(n-r-" 18137 ) lu ()13 < 0.

This inequality ensures that ||« () ||> remains bounded for ¢ € [0, T'].

Finally, thanks to the estimate (2.19), we deduce that |||/ 5, remains bounded for
t € [0, T], and so, the local solution u given by Proposition 2.8 can be extended on
[0, T]. Now, once we have a solution # € B;, we can apply the same arguments as we
did on Theorem 2.2 to prove the existence of a global mild solution of (1.2). Finally,
note that the proof of Proposition 2.8 guarantees the function Sy is given by

Bo) = Cr (1+ (Illoo? 2 + 1157) ).
completing the proof. 0

Remark 2.10. The previous results are still valid when A(x) = 0. All the results of
this subsection will be used several times in the next one considering A(x) = 0.

2.4.2. Well-posedness theory in H*+1(R)

We will analyze the well-posedness in By 7, with 1 < p < 2j with j > 1. To
do that, let us first consider the following linearized problem:

v+ (=D Ty (= 1)ma2my + B, (uPv)
+ro(x)v + A(x)v(x,t — 1) =0, in R x (0, 00), (2.24)
v(x,s) = vo(x, s), in Rx[—1,0],
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when A(x) # 0 and

v+ (DI Ty (—1)M32my 4+ 9, (uPv) + Ao(x)v =0, in R x (0, 00),

v(x, 0) = vo(x), in R,
(2.25)
when A(x) = 0. We can establish the following proposition:

Proposition 2.11. For T > 0, 19, A € L®(R), and u € By, ifvg € C([—7,0]; L?
(R)), then the system (2.24) admits a unique solution v € By, r, such that

10 ez 7122y < CUrlloos T 0 (W0l v, 01228y + P+ DIl vl )
(2.26)
where C (|| Mo, T, T) is a positive constant and

1/2
lolsy <Cr {012 + lulG, + I4loolvoll 1 —r.0; 22y + 165 1001 2 c.0; 23 |
(2.27)

and

1/2
||U||BT = G(||M||BT, T){ lv(0) 2+ ||)h||oo||UO||L1(_L0;L2(R))+ ||}~||oé ||U0||L2(—r,O;L2(R))] .
(2.28)

Here, 1 < p < 2j, with j > 1, and o : RT x R™ — RT is a non-decreasing
continuous function.

Proof. The existence of a solution follows the same steps as done in Proposition 2.8
and Theorem 2.9, so we omit it. Let us prove the inequality (2.28). Thanks to (2.7)
and (2.8), we deduce (2.26) and

Ivlls; <Cr {IlvO)ll2 + 1P V)l L1 0.7:12R))
oo 021 —c.0:2268y + IMIE 00l 2 e 0i22 | -
Lemma 2.6 and Young’s inequality imply that there exists a constant C > 0 such that
IOl ey < =T (IO + (0 + Dlul§, v]5, )
and
lolisy < CCr {1012+ I, + I3l lvolli ez + 1M1 00l 2 orr2n | -

giving (2.27). On the other hand, by multiplying (2.24) by v, using (2.12) and following
the same ideas as in the proof of Proposition 2.4, we infer that

t . t
||v<t>||%+2/0 187 vl13ds sz(||x||oo+||xo||oo>/0 lvli3ds
+ (14 TN o)l + 100 @P )0l 1 0,122

2
12
+ Mool (—z 0,2 ®)) + 1318 ”U”Lz(fr,O;Lz(R))} .
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Using the Gagliardo—Nirenberg inequality (2.15) and integrating by parts, we obtain
that

13x @P V)Vl L1 0. 22R)) = I@P VIVl 101 L2R))

< /0 14 (5) vz (5)0(s) 1 2ds
t
< lull}, /0 1o () 12 10(5) oods
t 3 1
—2%“”"2%/ ||vx(s)||§||v<s)||§ds
1_) . zi 1
Cllull}, / 12" i) 12 o) 12 ds

—2zcnu||6 f ||v(s)||22’ ||a’v(s)||§’ds

Furthermore, by Young’s inequality, we have

)/ v ()ll%ds+—/ 10 v(s) 12
4] 3

. 47'
. _ 4]
with n = |:3ﬁC(1+62*°°T)|u|gT :| . Hence, we obtain that

/ ||v(s)||22’ ||afv<s>||2’d <
4jn

t . t
oI5 + /0 lozvli3ds <p(lulls;) /0 lo@)Bds + (1+ =) vl

2
1/2
o Dloollvllzr egczaqey + I 012 22 |
with
pluligy) =210 + l2olloo)

4j-3) 4j e
+ (1 T2 gy
4j [3v2C0 + M) ull

=2(AMloo + I20llc0)
4
3v/2C1 +62\|A||00T)||u”gT } 3

4j

+(4j—3)|:

Finally, we have

t
()13 + [0 10fvi3ds <p(lulls,) / <||v<s)||2 / ||a’v<t>||§dr)ds
+ (14 2T o) ll2 + 1 loo IVt r.0:26e0)

2
1/2
+ M I 2@ | -
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Employing Gronwall’s inequality, we conclude that

t .
o113 +/0 197 vl13ds 5(1 + ezll)‘”mr)ep(“”HBT)t{||v(0)||2 + 1 loollvll L1 (—r.0:12R))

2
+ 1ML I 2 e0: 2Ry | -
Estimate (2.28) follows directly from the above inequality. g

Note that the previous proposition remains valid even when A(x) = 0. We will use
this fact to establish the existence of a solution to problem (1.2) in the absence of the
delay term.

Theorem 2.12. Let T > 0, A =0, Ao € H/ (R) and 1 < p < 2j, with j > 1. If
up € H¥\(R),
then there exists a unique mild solution u € Baj1,7 of (1.2) such that

lullByji1 7 = Baj+1Uluoll2) luoll g2j+1 Ry
where Brj11 : Ry — Ry is a non-decreasing continuous function.

Proof. 1t is important to keep in mind that in this prove A = 0. We split the proof into
several steps.
Step 1: u € L%(0, T; H**1(R)).

Since ug € H?/ ! (R) — LZ(R), by Theorem 2.9 there exists a unique solution
u € Br, such that

lullBr < Bollluoll2) lluoll 2 (wy- (2.29)
We will show that u € Byj41,7. Let v = u;. Then, v solves the problem (2.25) with
vo(x) = ur(x, 0) = —(—= 1) ug () + (= 1)"82" ug (x)

1 1
—— 3 wlt —A .
P i (ug ) (x) — Ap(x)uo(x)
We can bound vg as follows:

2j+1 2
lvoll2 < 105" uoll2 + 119" uoll2 + llug dxuollz + Aouoll2
P
< (I + [xollLee@) ol g2i+1 ) + lluollso | dxuoll2
pt2

» 2 P2
< (1 + lI2ollzee@) luoll i+ gy + 22 luolly dxuoll,” -

Using the Gagliardo—Nirenberg inequality, we have

1 1
2j+1 T I=o5r
ldxuoll2 < C|13y’ uolly” lluolly, 7. (2.30)
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Applying (2.30), we ensure that

lvoll2 < (1 + llAollLee@) luoll g2i+1 r)

. p+2 p+2 1_# + 2
4 2j+1 202j+D) 2 ( 2j+1> 2
+22Cl0" uolly ™ Hluolly :

Then Young’s inequality guarantees the following:

lvoll2 < (1 + [[AollLoe ) 1ol gr2j+1 ()

ety (B (1- gy )+ 52 ) D 2j+1
+2 4= |luoll, ' " luollz 4+ 105 uoll2

This leads to
lvoll2 < Clluoll2) luoll g2i+1 () 2.31)

with
pQi+D (P2 (1 14 p=2)2@j+D
C6) = 2+ Iollpsqey + 27575 (F (1) 122 557
Thanks to Proposition 2.11, we see that v € By, r and

vz < olulls)lvoll L2(r)-

Combining (2.29) and (2.31), we get

vl < oBollluoll)luoll2)C (luoll2) luoll g2i+1 Ry (2.32)
which means
u,u; € L>(0, T; H (R)). (2.33)
Therefore,
u € C([0, T]; H' (R)) < C([0, T]; C(R)). (2.34)

On the other hand, note that u”u,, Aou belong to L>(0, T'; L*>(R)). Moreover,
(=D 4+ (=192 u = —u, — uPuy — dou in D'(0, T, R).

Hence, '
(=D aF 4 (192" u = f e LX(0, T; LA(R)).
Taking the Fourier transform, we have
f+u
[(1 = (=DIHIEE)2H) — (=1)/ (i§)2)]

u=

and

(132741 gy < € {nf(z)n% + ||u<r)||%} (2.35)
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with )
co L+ [&]+ EP + 6P + - + &)Y

= sup TEPIYECY] —
ger |1 — (=DJH &)X+ —(=1)] (&) |
Integrating (2.35) over [0, T'], we deduce that

ue L*0,T; HVT (R)), (2.36)

achieving Step 1.
Step 2: u € C(0, T; HYTI(R))

Observe that, according to (2.33), u;, € L*>(0, T; H~?/*D(R)). Then, considering
the Gelfand triplet H>T1(R) — H?™(R) — H~@*D(R), by [34, Chapter III -
Lemma 1.2] we have u € C([0, T]; H2™(R)). This implies further

32" u, rou € C([0, TT; L*(R)) N L*(0, T; H'(R)). (2.37)
On the other hand, note that

()P uy () — ulto)?Pux(t0)ll2
< NMu(@)? — u(to)” Tux (@) ll2 + luto)? [ux (1) — ux(t0)1ll2

= {10+ @ 1P + )17l — w012
(1 + )| (1) = (@)1 2}
= {0+ @5 + T 12 Iu@) = o) locllx ()12
1+ ) 15 a2 (1) = (o)1}
Then, the regularity given in (2.34) ensures that

Jim lu(@)Pux (@) — u(to)’ux(to)ll2 =0

and, therefore u”u, € C([0, T, LZ(R)). The above results also guarantee that
uPu, € C([0, T1; L>(R)) N L*(0, T; H'(R)). (2.38)

Indeed, since (uPuy), = pup’lu)% + uPuyy, it is sufficient to combine (2.34), (2.36)
and the following two estimates:

—1.2
Ipu? " uill20,7:02R))
-1
<cC [(1 + ||1,¢||C([0’T];C(R)))||Mx||C([0,T];C(R))||Mx||L2(IO,T];L2(R))}

and

luPuxall 20,7502y < € {(1 + ”””g([O,T];C(R)))””“”Lz([O,T];LZ(R))}

to ensure (2.38).
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Now, since
(=D = — (=192 u — uy — WPuy) — hou,
from (2.33), (2.37), (2.38), we obtain
ue L*0, T; HY*'(R)) — L*(0, T; HY 2 (R)).

Finally, considering the
Gelfand triplet

[34, Chapter III - Lemma 1.2] gives

u e C([0, T]; HY(R)),

and Step 2 is proved. Note that (2.40) and (2.41) imply that u € Byjy1,7.

Step 3: The following estimate holds:

lullco.my: m2i+1 )y < o1Uluoll2) luoll g2j+1 (-

Indeed, according to (2.35) we get

J. Evol. Equ.

(2.39)

(2.40)

(2.41)

lu()ll g2i+1 gy < € {lue @2 + [u? @Oux @) ll2 + 2ou@) 2 + lu@)ll2} . (2.42)

Now, by using the Gagliardo—Nirenberg inequality, we obtain that

p2 4j(p+D+p

1 2 przs 1 -
lu(®)Puc@)ll2 < 27 [lu 13 lux @), <27 Clu@)ll, ™" Ju@)|

Moreover, Young’s inequality gives

4j(p+D+p

lu®Puc®ll2 = Cllu@®lly ¥+ Sl 2 ).

Substituting the above estimate into the inequality (2.42), we get

p+2
22j+1)

H2j+1 (R) .

T

Then, using (2.29) and (2.32) it follows that

lu(@) 1l 2i+1 @y <C {o Bollluoll) luoll2)C luoli) ol r2i+1 )

+ (C + [120lloo) Bo(lluoll2) l[uo 2

iy Py
+By " luol2)lluoll, ~7"

4j(p+D+p 4j(p+D+p
||Mo||2}

=o1(lluoli) luoll g2i+1(w)

4j(fjf»l)+p
el g2i+1ry) = € {||14z||BT + (L4 lolloo) lullB, + llullg,”™" }
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with

_ 4j(p+D+p  4j(p+D+p 4
o1(s) = C 10 (Bo(s)$)C(s) + (C + [1Dlloc) Bo(s) + (Bo(s)) *=r s 4=

Therefore, we obtain that

||M||c([o,T];H2j+l(R))) <0 (||M0||2)||M0||H2J+I(R)'

Finally, we deduce from Theorem 2.9 and the previous inequality the relation

lull o,y m2ie @y < orUluoll2) luoll g2ivt gy

with o1 (s) = o1(s), finishing Step 3.
Step 4: The following estimate holds:

3j+1
[0y’ ullp20,7;2®y) < o3(lluoll2) luoll g2j+1 ry-

Indeed, we deduce from the equation (2.39) that

T T ) T

fo ()23 dt = /0 1837 u(e)13dr + /0 (e |3d
- ’ 2 T o) 2 . 2,
< | lu@I3dr+ |10 e+ | ot o) 3dr

T r .
+ [ it wraniac+ [ 1ol GouniBar
0 0
<CT (||M||C([0,T];H2j+1) + ||u||c([o,T];H2m+j)) + lluell By 7

T T
+/ Ila;{(u”ux)llgdt+/ 197 (hou(2)) I3
0 0

Note that H3/+1(R) ¢ H*"*/(R). Therefore, by Step 3, the Gagliardo—Nirenberg
inequality (2.15) and Proposition 2.11, there exists a function o, such that

T T
2 j 2
/0 (@)l 335+1dt < o2 (luoll2) luollcq—r.01, m2i+1 +/O 185 (uPux) |2t

T .
- f 1187 (rou())|I3d1 (2.43)
0

‘We must estimate the last two integrals on the right-hand side of (2.43). For the estimate
of the last integrals, we observe that

J .
. j »
B (hou) = ];0 ( k) 9 Go)or " @)
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Using it we obtain that

T J T /. )
fo 2 Gow () l3de <y fo (i)“afc{(}»o)a){k(u)(t)”%dt
k=0

T .
_ /0 1ol 2104 ) 1) Bt

J T .
) 2190k 5

T .
< Clirolg g /0 195 () (1) |5dt

J T ;.
+y fo (i) 130 sy 1 O 11454
k=1

2 2
=< cr ”)"0 ” HI(R) ”M ”C([O,T];HZ-H" R)

(2.44)

Now, we concentrate on the estimate of the first integral on the right-hand side of
(2.43). Observing that

J

ol whuy) =y (i) ok P)a! ™ (),

we get

T .
/0 187 (P ) (1) |1 3dt

() / 185 Py O 121197 () (0) 131

( ) / 10 ) O 1121 e

-3
2

: T
sy (1) [ 1ot O b0 sy
k=0

On the other hand, note that the k-order derivative of the function u” can be written
in the following way:

k—1
WPy = CopuP ' Fu+ Y CppuP " Fy() + Cp pu? ™ uf,
n=1

where the constants Cy, ,, are given by the formula

n
Cn,p - Mn H(P - i)

i=0



J. Evol. Equ. A qualitative study of the generalized dispersive systems Page 31 of 49 102

with M,, € N, and F, () is a differential operator involving sums and products of
derivatives of u with order less than n 4 1. Thanks to this fact, we have the following
estimate:

k-1
185 @)oo < [Co.pllulle 1851100 + D o 1C Nl 1 Fn () oo

n=1

—k k
+ [Cr.plllulloo ™ llux o

k—1
m (k)
<|Co Pl o e i @) + 9 1Conp o g I e

n=1
H1Ck, pl s gy N2 s )
where m(n) € N and C > 0 is a constant. Since
HYHY®R) ¢ H*M'(®), HYY'(R) ¢ H"M'(R) and HY1'(R) € H*(R),

it follows that
k p—n+m(k)
1§ @P)lloo = € (|co,,|||u||H2,+1(R) + Z; (Conpllnll o)y + 1€ p|||u||H2,+l(R))
n=

It follows that

T T
j 2 1
/0 187 (uPuy)(0)|3de < C|Co,p|2/0 IIu(t)IIH(f_,ﬁ.zR)dt

J ok . T
J 2 +mk)+1
+c Y (k) |cn,,,|2/O lu @58 Var

k=0 n=0
J J 2(p+1)
+cz(k) (% / (12751 gy -
k=0
Finally, we obtain that

T
j 2(p+1
/0 ”a){ (Mplxlx)(t)”%dt SCT <|C0,p|2”””C((IEO’T)];HZJ'H(R))

j ok .
J 2(p—n+m(k)+1)
+ZZ< k) 1Cop Pl o 7y w21y (2.45)

k=0 n=0
L/ 2p+1)
P+
+Z (k) |Ck p| ”u(t)”C(OT] H2-1+1(R))
k=0

Step 3 and thus the proof of the theorem is completed by putting the estimates (2.44)
and (2.45) together into (2.43). O
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2.5. Interpolation arguments

In this part of the work we prove the well-posedness of the system (1.2). To do that,
let us introduce an interpolation argument due to Tartar [33] and adapted by Bona and
Scott [8, Theorem 4.3].

Let By and B; be two Banach spaces, where By C By with the inclusion map
continuous. Consider f € By and define

K(f.t) = inf {|If —glg, +1lgls}.
gebB

fort > 0.For0 <0 < 1land 1 < p < +o00, we introduce the set

1
By.p = [Bo, Bilp.p = {f €Bo: | fllo.p: (fo K(f, t)r—ef’—ldt)' < oo} :

with the usual modification for the case p = oo. Then, By, is a Banach space with
norm || - [|g, ». Given two pairs (01, p1) and (62, p2) as above, (01, p1) < (62, p2) will

denote
{91 < 6, or

61 = 63, and p; > pa.

If (61, p1) < (62, p2), then By, ,, C By, p, with a continuous inclusion. Then, the
following result, proved by [8, Theorem 4.3], holds:

Theorem 2.13. Let Bé and Blj be Banach spaces such that B{ - B({ with continuous
inclusion mappings, for j = 1,2. Let « and q lie in the ranges 0 < o < 1 and
1 < g < o0. Suppose that A is a mapping satisfying:

(i) A: Bull’q — Bg and, for f, g € B,

o,q’

IAF = Agliga = Co (I1£11gy, +gllay, ) 1f =gl
(ii) A: Bl — B} and, forh € B},
1451 g2 < Cr Ikl ) 1Al g1

where C; : Rt — R are continuous non-decreasing functions, for j = 0, 1. Then,
if @, p) > (a, q), Amaps Bgl’p into Bgzgp and, for f € Bel  we have

IAflg =C (IIfIIBl;q) 1 Ngy -

where C(r) = 4Co(4r)' =0 C(3r)?, with r > 0.
It follows from Theorem 2.9 that, for each fixed 7 > 0, the solution map
A:L*R) — Bor., Aug=u (2.46)

is well-defined. Moreover, we have the following result:
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Proposition 2.14. The solution map (2.46) is locally Lipschitz continuous, that is,
there exists a continuous function Cy : RT x (0, 00) — RT, non-decreasing in its
first variable, such that, for all ug, vo € L*(R), we have

Aug — Avollo,r < Co (luoll2 + llvoll2, T) lluo — voll 2 (w)-
Proof. Let0 <0 <T andn = [%] Theorem 2.9 ensures that
I Auoll By = Bollluoll2)lluoll 2wy (2.47)
where By is a constant function given by Theorem 2.9 and
I Auo — Avollo.e < Co {lluwo — voll2 + 1M (Aug) — M(Avo)ll 110612y} -

16l Moreover, thanks to Lemma 2.6 we have

where Cy = 2e
| Auo — Avollgy, <Colluo — voll2

+CoC {229 T (Aol + 1Auoll sy, IAvol 5,

Il Avolg,, ) + 2267 [ Auoll s, | I4uo — Avoll 5,

Now, inequality (2.47) together with the following estimate:

p 2=p
I Aug — Avollo,e <Colluo — voll2 + CoC {229 7By (lluollzz(R)

1 0]l z2ay | vl 52z, + 1l w0l )
+27 BB luoll 2z | Il Auo — Avollzy

yields that
I Auo — AvollB,, < 2Crlluo — voll2, (2.48)

if 0 is chosen small enough. Observe that setting
Boko. o = C (k0. (k + DOL; L2R)) N L2K6, (k + 1o: HI (R)).

with norm || - |8, 9. 410> 10 @ analogously way as done to (2.48), we can deduce
thanks to estimate (2.47) that

I Auo — Avoll By, o, 441761
p L Lp P
< Collutkd) = v(k0) 2 + CaCBo {25075 85 (Iluol?, e,
w0l 2y | vl g2 g + 1l w0l )

“‘27/309Z ||u0||L2(R)} ||-A140 - AU0||B(),[1{9,(1(+1)9]'
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Lastly, we get
Auo — Avoll By o asney < 2Cr llukd) —vkO)ll2, k=0,1,...,n—1. (2.49)
On the other hand, note that (2.48) and (2.49) imply that
I Auo — AvollBy o ey < 2°Chlluo —vollz. k=0,1,...,n — 1,

and, therefore,
n n
||~Au0 - AUOHBO,[kG,(kH)G] <2 CT””O —voll2.

Finally,
n—1 n—1
1 Auo — Avoligy, < Y I Au0 — Avoll By g e < 2 2" Chlluo — voll2
k=0 k=0
< 2"Crnllug — voll2 < Co(lluoll2 + llvoll2) luo — voll 2w,
with Co(s) = % [ZCT]%, completing the proof of the proposition. U

We are in a position to prove the main result of this section.

Proof of Theorem 1.1. We define
Bl =L*(R), Bi=DBor, Bl =HY(R) and B} =Byjii1.

Thus,

B! [L2®R), HH ®)] o s

s == :
2j+1 2 2j

= H*(R) and B%’z =[Bor, B2j+1.1] s » = By 1.

2j+1
Combining Proposition 2.14 and Theorem 2.12, we obtain (i) and (ii) in Theorem

2.13. Then, Theorem 2.13 gives the existence of the solution to the equation (1.2), and
Theorem 1.1 follows. g

Finally, we prove Corollary 1.3, which establishes that every mild solution of system
(1.2), with A(x) = 0, is indeed a regular solution when the origin is not considered.

Proof of Corollary 1.3. Theresultis shown by using the bootstrap argument. Consider
T >0and 0 < & < T. So, for up € LZ(R), it follows from Theorem 1.1 that the
problem (1.2), with A(x) = 0, has a unique solution

u e Byr =C(0,T]; L>(R)) N L*(0, T; H/ (R)).

So, we have u(r) € H’(R) for almost every t € [0, T]. Let tp € (0, &) such that
u(tg) € H' (R). Applying Theorem 1.1 and Remark 1.2 with uy = u(#y), we conclude
that the restriction of u to [#y, T'] is the solution of (1.2) with the initial value u(#y)
and A(x) = 0, and it belongs to the following class:

Bj.1.11 = C(lto, T1; HY (R)) N L?(19, T; H* (R)).
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Thus we have u(t) € H% (R) for almost every t € [fg, T]. Let t; € (fp,¢€) be
such that u(t;) € H¥ (R). Again, it follows from Theorem 1.1 and Remark 1.2 that
the restriction of u to [t, T] is the solution of (1.2) with the initial value u(z;) and
A(x) = 0, and it belongs to

Byjin.11 = C(t1, T1; H¥ (R)) N L (11, T; HY (R)).

Finally, since u(t) € H3/(R) for almost everyt € [t1, T]and H3(R) ¢ HYT(R), it
follows the same way that for #, € (t1, €) such that u(;) € H 2j+1(R), the restriction
of u to [tp, T] is the solution of (1.2) with the initial value u(t,) and A(x) = 0,
belonging to the following set:

Bajit 1) = Clta, TT; H¥ Y R) N L2 (12, T; HYIT(R)).

This completes the proof of the corollary. 0

3. Exponential stabilization: damped and delayed systems

This section is devoted to the proof of the exponential stability of the system (2.1)
in L2(R). First, we prove the result for the linear system, and then we extend it to the
nonlinear one. To do this we consider the following Lyapunov functional:

E@®) = Eu@)) = %/Ruz(x,t)dx, 3.1)

and we recall for A € L°°(R) the definition of £(-), given in (2.20).
3.1. Linear system

The first result ensures the exponential stability of the linear system (2.1) with
localized damping and delay terms:

Theorem 3.1. Let 1, Ag € L*°(R) and Ag satisfy (1.9). If there exist a constant y > 0
and a function B € LP(R), for 1 < p < oo, such that the function X satisfies (1.10)
and (1.11), then the system (2.1) is exponentially stable. More precisely, the solutions
u of (2.1) satisfy the inequality

E(t) < Clug)e ™", (3.2)

where v; and C(uo) are defined by (1.12) and (1.13), respectively.

Proof. Using the same argument as in [12, Theorem 4.7], we considerug € C([—t, 0];
H%*1(R)); then u € C ([0, T]; H**1(R)). Taking the derivative in  of £(r), we get

ﬁ(t) =/ u(z)(—(—l)faffu(t)—/\ou(t)—)\u(z—r))dx+l/ Iu(t)dx
dt R 2 Jr

1 L[
e / U2t — T)dx — ~ / / =079 30 WP (x, 5)dx ds,
2 R 2 Ji—r Jr
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since we have
/(—1)/‘+1(a§f“u)udx —0. forall ue HY*!
R

Integrating by parts, and using the Young inequality, remembering that (1.9) and (1.10)
are satisfied, we have

et +1
2

E(t) <- / () u)*(t)dx — o / u?(t)dx + f 2.0 u? (1)dx
dt R R R

1 t
— —/ /ef(tfs)|)»(x)|u2(x,s)dxds
2 t—7 JR

<- / @) (t)dx — (yo — y) / u?(t)dx + / B U (t)dx
R R R

1 t
— —/ / e ) U (x, 5) dx ds;
2 t—17 JR

we have used the relations
(-1)/’/ uaﬁfudxzf(a{u)zdx.
R R
Now the Holder inequality ensures that
d& ;
— O = =103 = (o = VO3 + 1Blq I3,
1 t
—-/ /e*<fff>|x(x)|u2(x,s)dxds (3.3)
2 t—t JR

with ¢’ = qu. Hence, using (2.22) in (2.21) in (3.3) we obtain that

2 2

d& ; 5 2
=" 19{u@)1I3 = (ro = W) @5 + 1Bllg @15 @)l

1 t
— —/ /e_('_s)M(x)qu(x,s)dx ds.
2 t—t JR

Now, following the same steps as in the proof of Theorem 2.9, that is, using Young’s
inequality, (3.4), (2.13) and (2.15) in (3.4), we obtain for every fixed § > O the
following relation:

(3.4)

d€ ;
(0 =< 18u(®)13 — (vo — ) lu(®)113

-1 2l 82l Lo % 2qj
1 7 4j—
(L1081 Nal, ) 7 Jodul3
+

- +
29j i
201 24]

1 t
- —/ /e_('_s)|k(x)|u2(x,s)dxds.
2 t—1t JR
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Picking § > 0 such that 2%/ C%/§%9/ = 243, this yields

2qj — 1 (22‘/_1C2j>2qj171 e 2
. . 18137 Yol
ZQJ q 2

1 t
——/ / eI [u®(x, s)dxds.
2 t—t JR

Taking (1.11) into account, hence we infer the inequality

d&
0 =-(w-r-

%(t) = —v;E@)

where v; is as in (1.12). We complete the proof by observing that the estimate (3.2) is
a direct consequence of Gronwall’s Lemma with C (ug) := £(0). O

3.2. Nonlinear system

In this section, we are interested in proving that the higher-order dispersive system in
an unbounded domain is asymptotically stable when we introduce a localized damping
mechanism and a delay term. We will use the Lyapunov approach to prove that the
energy £(t) defined by (2.20) tends to O as ¢ goes to co.

Observe that we can consider the functions Ag, A € L*(R) satisfying (1.9), (1.10)
and (1.11). Thus, in this case, we have a simple situation that can be easily proved
using the arguments developed in the previous section.

Proof of Theorem 1.4. The proof of this result is a consequence of the Lyapunov
functional defined in (3.1) and is analogous to what was done in Theorem 3.1, so we
will omit it. O

3.3. Indefinite damping case

In this section, our issue is to see what happens with general dissipative damping.
To be precise, consider the coefficient Ao changing sign. Let us assume that there exist
anumber y > 0 and a function 8 € L?(R) for some 1 < p < oo, such that (1.14)
and (1.15) are satisfied. We can prove the following asymptotic result for the solutions
of the linearized system associated with (1.2), for m = j:

Theorem 3.2. Consider 1, g € L (R), with Lg satisfying (1.14) and (1.15). If there
exist a constant y > 0 and a function B € LP (R), with the same p as in (1.15), such
that the function X satisfies (1.10) and (1.16), then the system

wr (e, 1) + (=I5 e )+ (178 utx, 1) + rou(x, 1)

+Au(x,t —1t)=0 in R x (0, c0),

u(x,s) =up(x,s) in Rx[—1,0]
3.5)

is exponentially stable. Moreover, the solution of (3.5) satisfies the estimate
E(t) < Clug, T)e ", (3.6)
with V; defined by (1.17).
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Proof. Taking the derivative in time of £(¢), using the equation (3.5), and then inte-
grating by parts and using the Young inequality, we get

9 < / @Lu)2(t) dx — yo / u? (1) dx + / (Bo(x)
dt R R R

1 1
— —/ /e_(’_s)|k(x)|u2(x,s) dx ds
2 t—t JR

<- / @) dx — (vo — ) / W21 dx + / (Bo(x) + BN () dx
R R R

1 t
— —/ /e—<’—s>|x(x)|u2(x,s)dxds,
2 t—1t JR

Holder’s inequality ensures that

d€ ;

0 <= 13u®)13 ~ 4o~ P)lu@]3

3.7

+ 1180 + Bllg lull3, — / / O (x, 5) dx ds
1—T

with g’ = q 7- Thanks to the inequality (3.7) and the Gagliardo-Nirenberg inequality
(2.13), we ded uce that

d .
(0 =— I187u() 13 — (vo — ) lu(®)113
;
+||ﬂ+ﬂo||q||u<r>||oo||u||§ ——/ / == |01 (x, 5) dx ds
< —13Ju®3 - (vo — )/)||M(t)||2

2q9j—
L2 CHIB + ol 1,7 Nodul? / / 9 (v, 5) dix ds.

By Young’s inequality hence we infer that

d€ ;
— (0 == 13u®3 ~ o~ a3

291 200 ; 2qj
(416 + foll luto, ™ )7 (820710 wOl?
+ +

—2[” ; 2qj

1 ! )
- —/ /‘ef(tﬂ)|)»|u2(x,s)dxds
2 t—1 JR

for every fixed § > 0. Now taking § > 0 such that 22/ C%/§%4/ = 24, we obtain that

d& 2qj — 1 ,2%~1¢c? 2p
== (r-n-"—(——)" T gy + BIF ) I
24i 4 (3.8)

- —/ / ~E= 10w (x, 5) dx ds.
-7
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Finally, under the assumption (1.16) and taking (3.8) into consideration, we get
d&é -
— () = —v;E@)
dt !

with

. 2qj — 1 ,2%71C%\ 7= -
w=2(n—r - ()" 18+ ol ).
2qj J
This gives us the exponential estimate (3.6) for the solution of (3.5), with C(ug, )
defined as in (1.13). O

We can directly extend the well-posedness and stability results to the nonlinear
system. Precisely, Theorem 1.5 is a consequence of the previous theorem and the
results presented in Sect. 2.4.1. So, with this in hand, let us prove Corollary 1.6.

Proof of Corollary 1.6. Note that, after a change of variable, the restriction of u to
[, 4+ T] is a solution to the problem (1.2) with the initial value u(¢). Observe also
that u € C([t1, t]; L*(R)) for all 7y € [—1, t). Thus, by Theorem 2.9 we have

1/2
1080 0y < Corr {1 O+ ool .22+ IS Nl 20 12 |

where C; is given by

C, = \E (1 n eznxnoos)”z oMo IR0 loo))s

Now it follows from Theorem 1.5 that

llll Bo,[1,1+T]

_ 1/2
< Cor HZC(uo, e " + | Moollullpt—rr: 22y + AFS ||u||L2(z—r,z;L2(R))}

where C (ug, 7) is given by (1.13), completing the proof of the corollary. O

4. Exponential stabilization: Damped system

In this section, we establish the exponential stability in the space H*(R), for s €
[0, 2 + 1], for the general dispersive system (1.2) without the time delay term (r =
A =0)

(e, 1) + (=IO e 1) + (=)™ 02 ux, 1) + ro(0ulx, 1)
+oppoaul T, n =0, in R x (0,00),
u(x,0) = ugp(x), in R,
@.1)

withm < j,jymeN,and 1 < p < 2j.

Remarks 4.1. Tt is important to point out the following:
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(1) The strategy to obtain the stabilization results in H*(R), forany s € [0, 2 + 1],
will be to prove the result first in LZ(R), and secondly in the domain of the
operator, that is, in H2/*1(R). With these two results in hand, we employ the
interpolation results due to J.-L. Lions [25] to get the exponential decay for any
se€[0,2j+1].

(i1) In case t = A = 0 the stabilization for the system (4.1) in L2(R) holds thanks
to Theorem 1.4 with localized damping Aq (see Sect. 3).

4.1. Stabilization in H2/T1(R)
Due to Remarks 4.1, we will consider the stabilization problem associated with the
solutions of (4.1) in the space H 2J+H(R).

Proposition 4.2. Let T > 0. For 1 < p < 2j, with j > 1 and Ag satisfying (1.9) or
(1.14), there exist y > 0, Ty > 0 and a nonnegative continuous function az : Rt —
R™ such that, for every ug € HZ+! (R), the corresponding solution u of (4.1) satisfies

lu @)l g2i+1 gy < a2j+1(luoll2, To)lluoll g2i+1rye ", Vi = To. (4.2)

Proof. First, we note that there exists a positive constant ¢ such that the following
estimate holds:

1 2j+1
;||M([)||H2.i+l(R) < lu@ll2 + 182" u@)ll2,
Then it follows from Theorem 1.5 that
1 —t 2j+1
;||M([)||H2j+l(R) <2C(up,t)e” " + [|0y" " u(t)||2, forallz > 0, “4.3)

with v defined by (1.17) and C(ug, 7) > 0 asin (1.13). Since T = 0, then C(ug, 0) =
% lluo ||%. The inequality (4.3) shows that we need to establish an exponential estimate
for the (2 + 1)s derivative in the space of u(¢). To do that, observe that

185 u@)ll2 < e () + 182" () 12 + 1uPux ()12 + | Aou(®) 2. Ve > 0.

Using the Gagliardo—Nirenberg inequality (2.15) we obtain that

2m

2m
2j+1 2j+1 2711 I=7
" u@)lla < lu O + 19" u@l" flu@)ll,

+ (@) 156 llux Dll2 + 1 Aolloo (@) [12-

Young’s inequality together with Theorem 1.5 for A = v = 0 imply that

1241 g, B 242
S0 u@ll2 < llur (O + Cllu@llz + 22 lully 10xully” + 2ol lu(@)ll2
< Nu @Il 4 (€ + [120]loo) lu(®)]l2

. _pt2 p2 17# +£
4 2j+1 2027+ 2 ( 2]+l) 2
+22C10" ully T Nully .
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Hence, we obtain

L 2j+1
Z”ax u@ll2 < llur (O + (C + Irolloo) (@) l2

p+2 1 P (22j+D
(7(1*2j+1)+7)( Ti—p )

+ Cllull,
1 1 v
< llus ) +22C(ug, 0)2 (C + [Aolloc) €™ 2"

g(4j(p+l>+p),

+23C(up, 03¢ 2\ (4.4)

Let v = uy;. Then, by Proposition 2.11, with A = t = 0, v solves the linearized
equation (2.24) with initial value

. , 1
vo(x) = — (=)o g 4 (=1)" 92" ug — max(ug’“) — ho(x)ug

such that
lvllgy < o(lullsy, THvO)]2. 4.5)

Now, after a change of variable, the restriction of v to [#, ¢ + T] is a solution of the
system (2.24), considering A = t = 0, concerning the initial value v(¢), thus

IV By 7y < ol By iy DVE 2 (4.6)

Applying Corollary 1.6, it follows that

10500y < o (Cor {2C(0, 0™} T Iv(®) .
Therefore, we obtain that

Il By ey = ¥ (o, £, THv(D)l2,

where y(s,t, T) = o (2C27C(s,0)), T). On the other hand, the solution v may be

written as
t

v(t) = S(t)vo — / St — s)[uf (s)v(s)]ds
0

where S(t) is a Co-semigroup of contraction in L?(R) generated by the operator
associated to system (2.24). Note that vi(f) = S(#)vg is a solution of the problem
(2.24) with u? = 0. Then, proceeding as in the proof of Theorem 3.2 with A = t = 0,
we have

loi@)ll2 < 2'2C(vg, 022", V1 >0, (4.7)
with v defined by (1.17). Set

t
v2(1) =/ S(t = 9)[uP (s)v(s)lxds.
0
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Note that

-1
lv2(D)ll2 < lpu? ™ uxvll g . 2ay) + 1P vallLo.7:L2R))-

Hence, thanks to Lemma 2.6, the following holds:

P 2j=p 1(1-1
lva(T)ll2 <22CT 4 TZ( f)llullgojllvllso,r- (4.8)
Using (4.5), (4.7) and (4.8), we obtain
lo(T)ll2 < lloi (T2 + o1 (T)ll2 < 2Y2C vy, 0)!/2e 2
A e B Y § B
Laterit i f>||u||gO,T||v||st,T.

Let us now consider a sequence y,(-) = v(-,nT) and set wy, (-, t) = v(-,t +nT).
For ¢t € [0, T], wy, solves the problem

dwn + (=D w, 4 (—1)"92mw,, + [u(- + nT)Pw,]y + Aow, =0, inR x R,
wn (0) = yn, in R.

Observe that we can obtain for y, an estimate similar to the one obtained for v(7T),
namely

[Ynsill2 = llwa (THll2 < IS(T)yull2 +

T
/ S(T — s)[[u(s +nT) wa(s)]xds
0

2
<2'2C((- +nT),0) /227
po o 2-p 1(1-1
+25CcT 7T Tz( 1)||u(.+nT)||go_T||wn||Bo_T
<2'2C((- +nT),0)/2e 2T
R ) P
+22CT % Tz( ])”u”lzjso,[nr,(nmn||””Boq[nr-<n+l>ﬂ'
Thus, (4.6) implies that
Iynstlla < 2V2C(u(- +nT), 0)1/2e2T
P 2j=p 1(1-1 »
patertri f)||u||BW,<”+DTJG(||u||BW,(W],T>||yn||2
with |
C((-+nT),0) = Euynn%,
whence

v )4 2j—p 1(1-1
Iyntillz< (e 2" +22CT 4 TZ( ’)Ilullg o (lullByr.genry I )Ynll2-
0,[nT,(n+1)T] [nT,(n+1T]
4.9)
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Moreover, we can choose B > 0 small enough, such that

T b er® 00 prpe(a ) < 1.
With this choice of 8, Corollary 1.6 allows us to pick N > 0, large enough, satisfying
litllo, 7, m4+171 < 2C27C (o, 0)e ™" < 2Co1Clug, 0" < B, Vn > N.
Thus, from (4.9) we obtain the following estimate
lynstllz < 7llyullz,  VYa> N, where0 <r <1,

which implies
lo( + D)2 < H v T2, ¥n = N. (4.10)

Now, pick To = NT and t > Tjy. Then, there exists k € N and 0 € [0, T'], satisfying
t=(N+kT+6.
Therefore, from (4.6) and (4.10), it follows that

lv@) 2 < llvllo,jv+0)T, (N+k+1)T] < ¥ Wo, t, T)[v((N + k)T)ll2
t—NT—6
<yuo,t, T)r T |lv(To)ll2
t—NT—6
<y(up,t,T)r o ((lullsg, » ToN v 2
< yuo,t,T)r — 7 o ((llullBg, To) v

w
< ni(lluole™ " lvoll2,

where §; = %ln (%) and n1(s) = y(uo, t, T)o (Bo(s, ToNr~@+D Hence,

lur )2 < Cni QluoliD) ol i1 @ye ™, Vi = To,

Finally, from (4.4) and since C (g, 0)'/? < C|luoll g2j+1, we have

Lo 2j4 -
leax"+ u(®)ll2 <Cmi(luoll2) lluoll g1 ye ™"
_i, _£(4j(11_4r1)+p)t
+(C + llrolloo) e 2 luoll g2+ +e 2% =7 Jlugll g2j+1,
showing the inequality (4.2). 0

4.2. Stabilization in H* (R)

Finally, we prove the third main result of this work.

Proof of Theorem 1.7. We already know that there exists a unique solution u of the
system (1.2) in the class By 7 for every T > 0. Moreover, if 0 < ¢ < T then it
follows from Corollary 1.3, u € B2 j+1,[¢,7]- On the other hand, from the interpolation
inequality [25, inequality (2.43)], we have

S S

I=575 2j+
=Cllu®lly " Mu®l o gy Yize

()Nl ms )y = Il (1) ||[L2(R),HZJ+I(R)]2.ﬁ
J
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where C > 0 is a constant that comes from the interpolation argument. Thus, Propo-
sition 4.2 and Theorems 1.4 and 1.5, with A = 7 = 0, imply the existence of Ty > O,
v > 0 and y > 0 such that

(N as (R)

—(1—ﬁ)Vf (172js+1> yES] by — iyt
<Ce lluoll, 062j+1(||14(8)||27TO)||M(€)||H2,~+](R)€ JHZT Ve > Ty,

Hence, (1.18) holds with

S S
—(1- 0
n(s) ( 2j+1>v+2j+1y>

and

y(s, To) = Cs™ T az”" (|u(e) 2, To) llu(e)l ;)21

and the proof is complete. 0

5. Concluding remarks

In this work, we gave a more general framework to treat stabilization problems
for a general higher-order dispersive system, which extends several previous results
that appear in the literature. So, in terms of generality, we can consider the nonlinear
general differential operator

. . 1
Vu = (=05 u(x, 1) + (=102 ux, 1) + Taxu’”—l(x, n., (.1
p

with 1 < p < 2j, instead of the typical KdV equation (or co-related systems) as is
usual in the literature.? Thus, summarizing, we studied the asymptotic behavior of the
equation (1.2) posed on an unbounded domain R with the constant 7 > 0 as a time
delay, and with the coefficients

A0(x), A(x) € L°(R) and j,m e N.

Considering p = 1, when we have j = m = 1,in (5.1), we recover the result proved
in [21] for the KdV-Burgers operator. Additionally, when j = 2 and m = 1, we have
that the results of this manuscript are still valid for the fifth-order KdV-Burgers-type

30ne may generalize the linear operator associated to V' as

J j
Vu = Z ama)%mﬂu + Z ﬁmafmu,

m=0 m=0

where o, Bin € R. However, the main analyses in the paper are almost analogous without additional
difficulties, thus the operator (5.1) does not lose the generality in a sense of the aim of this paper.
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operator. Finally, we can take, without loss of generality, j = m € Nin (5.1). So, we
can define Lyapunov functionals associated with the solution of (1.2)

E(t) = E(u(t)) = %/Ruz(x,t)dx

and, for A € L*°(R),

t
EW) = Eu@®)) = %/Ruz(x,t)dx + %/ /Re_(t_s)|)\(x)|u2(x,s) dx ds.
-7

thanks to the damping mechanism and the delay term, we showed that solutions of
(1.2) satisfy

E@t) < Cug)e™.

Additionally to that, it is important to note that Sect. 4 extends to the operator (5.1)
and the space H®, for s € [0, 2] + 1] the results proposed in [12, 14]. It also extends
for an unbounded domain the results showed in [11,32] with appropriated choice of
J in the operator (5.1). However, considering the full system (1.2), that is, the system
with damping and delayed terms, is still an open problem to prove the stabilization
and well-posedness results in H2/*!(R). Finally, let us give some further comments.

5.1. Weak versus strong damping mechanism

Observe that taking B(x) = 0 in Theorems 1.4 and 1.5, the results are still valid.
However, we keep this term for a more general framework. Keeping in mind that
B(x) # 0, additionally, we can consider Ao and A are constants such that || < X,
and the delay 7 is sufficiently small, so Theorem 1.4 gives us the exponential stability
for the solution of (1.2). This is possible using the method introduced in [27] for wave
equations. In fact, in this case, we choose a sufficiently small delay T and a constant
y such that

et +1

Al <y < Ao.

Since now Ay = yp (see (1.9)), the conditions (1.10) and (1.11) are satisfied, and
Theorem 1.4 follows. The same remark applies if A, Ag € L>(R) with Aq satisfying
(1.9), and |A| < yp.

With respect to Theorem 1.5, for a more general framework, if Ag satisfies (1.14) and
(1.15) instead of Aog(x) > yp for a.e. x € R, then for the same function, g satisfying

et +1
2

A(x)| <y + Bx) forae. x eR,

we expect a smaller decay rate v than v in Theorem 1.5. The explanation for this is
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the fact that there is a “good” part y of A¢ that will compensate for the delay feedback
and its indefinite component .

5.2. General framework

One may generalize the system (1.2) as follows:

j n
qux, )+ Y @nd? u(xe, )+ Y BrdFulx, r) + ro(u(x, 1)
k=1

m=0
AU, t — 1) + Fdu’(x, 1) =0, in R x (0, 00),
u(x,s) =up(x,s), in Rx[—1,0],
(5.2)

where oy, fr € Rand j, n € N. The previous system, which depends on the param-
eters o, and B, recovers various delayed dispersive equations. Note that depending
on the choice of the constants, we have:

Burgers equation (o, = 0 and n = 1);

KdV equation (j = 1 and B¢ = 0);

Kawahara equation (j = 2,09 = 1, 1 = —1 and g = 0);
KdV-Burgers equation (j = 1 and n = 1);

Kawahara—Burgers equation (j = 2,090 = 1,1 = —l andn = 1);
Fourth-order dispersive equation (¢, =0, n =2, 81 = —1l and 8> = 1).

AR

However, we point out that for the system (5.2) the main analyses in the paper are
almost analogous without additional difficulties; thus, the equation (1.2) does not lose
the generality in a sense of the aim of this paper.
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